
Stratified Relational
Workspace Theory

A Core–Transfer Framework for Distributed Cognition,
Collaboration, and Epistemic Systems

Komorebi P.

Foundations, Dynamics, Agency, and Empirical Certification

August 2026



Stratified Relational Workspace Theory Core–Transfer Theory

Abstract

Collaborative reasoning increasingly spans people, computational models, documents, software,
instruments, and persistent records. Yet the existence of many interacting components does not,
by itself, establish a shared workspace, and successful group performance does not show that
the operative state is genuinely distributed rather than copied, centralized, or merely correlated.
Stratified Relational Workspace Theory develops a formal answer to this problem. A realization
is represented by heterogeneous local state spaces connected by transfer maps. Its exact shared
core is the space of global compatible sections, equivalently the fixed subspace of relational
holonomy when the transfers are invertible. A transfer Laplacian identifies approximate shared
directions and provides spectral stability, gauge covariance, and pathwise leakage bounds.

The structural theory is joined to a dynamic and causal account. Canonical predictive states
determine whether a proposed workspace retains the conditional law relevant to a declared
future task. Feasible interventions, coalition risk, matched relational nulls, and reconstruction
tests distinguish causally operative distributed organization from archives, replicated memory,
and centralized controllers. Further results address persistence under changing realizations,
stable reconstruction after component loss, identity under replacement, local-to-global gluing,
hierarchical composition, learned transfer structure, boundary recovery, goal-conditioned action,
and certificate-directed repair. Because distributedness can be destroyed by merging components
or manufactured by splitting a centralized state into complementary shares, the theory also
treats decomposition as part of the claim. Faithful coarse-graining preserves exact structural
cores, while family-robust certification requires every gate to retain a positive margin across
a declared set of admissible decompositions. The same discipline is applied to the complete
scientific specification. Targets, losses, horizons, interventions, nulls, and thresholds are made
explicit, and the theory develops specification envelopes, transport radii, experimental-equivalence
classes, partial-identification bounds, and uniform finite-sample certification. A certificate is
therefore distinguished from a favorable analysis: it may be pointwise valid, specification-
robust, sign-identified, or statistically unresolved. The resulting rule is noncompensatory.
Structural coherence, predictive alignment, causal efficacy, relational irreducibility, non-collapse,
reconstructive continuity, provenance, and self-maintenance are separate claims, and failure of
one cannot be hidden by success on another.

Exact finite examples show how the same framework applies to human collaboration, human–
AI research loops, and multi-agent control. A review of adjacent work locates the individual
mathematical ingredients in established traditions including distributed cognition, local systems
and sheaves, spectral perturbation, sufficient statistics, structural causal models, frame recon-
struction, system identification, and feedback control. The candidate contribution is therefore
not a new name for any one of these constructions. It is their integration into a single falsifiable
account of persistent relational workspaces and the matched near misses that such an account
must reject. The framework does not infer phenomenal consciousness, personhood, or moral
status from coherence, agency, or self-maintenance.
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Introduction

Scientific and technical work rarely resides in a single mind or device. A proof may be divided among
a conjecture, a critic’s counterexample, a notebook, a computer algebra system, and a verification
script. A human–AI research process may distribute objectives, formal manipulations, execution,
and persistent memory across different components. Multi-agent systems divide sensing, planning,
communication, and repair in still other ways. In each case, it is natural to speak of a shared
workspace. The phrase is useful, but without a formal criterion it can conceal several fundamentally
different organizations.

A common archive is not necessarily a workspace. Nor is a group whose apparent coordination is
produced by one complete controller surrounded by decorative channels. Two systems can contain
the same local information while differing in how that information is related, transported, and
used. Likewise, a system can perform well without preserving its operative organization through
interruption, replacement, or component loss. The central problem is therefore not simply whether
information is shared. It is whether there is a persistent relational state whose structure and causal
capacities cannot be reduced to any single declared component.

The philosophical background is supplied by extended and distributed cognition, transactive memory,
collective intelligence, and theories of group agency [28, 15, 52, 35]. Those traditions motivate the
possibility that cognitive organization may span people and artifacts. The theory asks a narrower
mathematical question: what would have to be measured and proved before such an organization
should be called a relational workspace? The answer must distinguish physical realization from
abstract identity, local representation from globally compatible content, and statistical association
from causal operation.

The static theory begins with an interaction graph whose vertices carry heterogeneous local state
spaces and whose edges carry transfer maps. Each local state is decomposed into a transferable core
and a substrate-specific residual. Exact shared content is represented by global compatible sections.
When core transfers are invertible, the same object appears as the fixed subspace of the holonomy
representation. Approximate shared content is extracted as a low-energy spectral subspace of a
transfer Laplacian. This formulation supplies explicit obstruction, stability, gauge, and leakage
calculations rather than relying on an informal appeal to shared context.

Structure alone is insufficient. A proposed workspace must also retain the predictive state relevant
to a declared future, respond under feasible intervention, outperform matched relational nulls, and
resist reduction to an individual node or a local-storage surrogate. Persistence introduces further
requirements: the workspace must remain trackable as its realization changes, preserve nontrivial
content, support reconstruction after loss, and maintain an identity profile under admissible replace-
ment. Local workspaces must glue without hidden incompatibility, and hierarchical organization
must not conceal centralization. Formation claims are evaluated separately from operational claims
so that a scaffolded but functional workspace is not dismissed, while an endogenously learned but
causally irrelevant pattern is not promoted. A separate decomposition analysis asks which claims
survive faithful coarse-graining and plausible alternative interface descriptions. This is necessary
because arbitrary merging can conceal relationality, while arbitrary splitting can manufacture it.
The analysis is then extended from decomposition to the full scientific specification. A workspace
claim depends on its declared target, loss, horizon, intervention family, null panel, and thresholds.
The theory therefore distinguishes pointwise validity from robustness across defensible specifications
and distinguishes both from identifiability under the experiments that are actually available. This
prevents a favorable target or threshold from being mistaken for a general result and prevents an

1
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observationally indistinguishable hidden controller from being ruled out by assertion.

The theory extends to domain-relative agency only after these lower-level conditions are in place.
Goals must persist without repeated external rewriting, counterfactual values must guide feasible
actions, damage must be detected through the workspace, and repairs must improve a matched no-
repair trajectory while preserving identity. These criteria define an engineering notion of workspace
agency. They neither assert nor deny phenomenal consciousness. Consciousness, personhood, and
moral status remain separate questions that require independent evidence.

Most of the mathematical tools used here are established. Inverse limits, holonomy, connection
Laplacians, perturbation theory, sufficient statistics, causal models, frame reconstruction, system
identification, and feedback control all have substantial prior literatures. The contribution sought
here is integrative: a noncompensatory framework that places these tools in one common architecture
and specifies the near-miss systems that each layer must reject. Exact examples provide calibration,
while the motivating human–AI collaboration is treated conservatively as a candidate case rather
than as a certified instance.

The paper proceeds from exact structure to approximate structure, dynamic operation, relational
irreducibility, persistence, reconstruction, identity, gluing, formation, boundary discovery, agency,
decomposition robustness, specification robustness, identifiability, and empirical certification. It
then gives worked cases, situates the framework relative to adjacent work, and closes with its
philosophical consequences, limitations, and open problems.

Notation and Conventions

A concrete realization is denoted by R. Its interaction graph is G = (V,E, s, t), with local state
spaces Xi at vertices and transfer maps Te : Xs(e) → Xt(e) on directed edges. When a core–residual
decomposition is used, Xi = Ci⊕Ri, and He denotes the induced core transfer. The exact structural
workspace is the compatible-section space Γ(H); the transfer discrepancy is DH , the transfer
Laplacian is LH = D∗HDH , and Γε(H) denotes a selected low-energy workspace subspace. Dynamic
workspace states are written Wt, while Zt denotes the canonical predictive state associated with a
declared future variable Y +

t .

Unless stated otherwise, the structural results use finite-dimensional real or complex Hilbert spaces
and finite graphs. Probabilistic statements are made on standard Borel spaces when regular
conditional laws are required. All approximate conclusions are indexed by explicit tolerances,
spectral gaps, intervention families, loss functions, or null classes. A claim of relational irreducibility
is always relative to a declared decomposition of the realization into components. The symbol D
denotes one such decomposition, and D denotes an admissible family used for robustness analysis.
The complete scientific specification is

ς = (D, Y +, ℓ, τ, I,N ,Θ),

and S denotes an admissible family of specifications. A gate margin is written mq(W ; ς), with
positive sign indicating passage under the declared direction and threshold.

The terms workspace, agency, consciousness, personhood, and moral status are not interchangeable. A
structural workspace may fail every operational test. An operational workspace may lack persistence.
A persistent relational workspace may lack goals or repair. A workspace agent, as defined here,
is a domain-relative functional organization and is not thereby a conscious subject. Definitions,

2
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propositions, theorems, conjectures, and empirical tests are identified by their ordinary mathematical
form; all proved statements remain conditional on the assumptions given with them.

3
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PART I

Foundational Thesis

1. Central Principle

Workspace identity is invariant causal organization under
admissible transport.

The theory begins from a distinction between a realization and the workspace pattern realized.
A realization is concrete: it contains particular participants, documents, models, channels, and
histories. A workspace pattern is abstract: it records the structure that remains invariant when
those concrete carriers are changed in admissible ways.

Definition 1 (Concrete realization). A concrete relational realization is a tuple

R =
(
G,X,T,A,ρ,H, I,Y

)
,

where:

• G = (V,E, s, t) is an interaction graph;

• X = {Xi}i∈V is a family of local state spaces;

• T = {Te}e∈E is a family of transfer maps;

• A is an algebra of admissible operations;

• ρ = {ρi}i∈V gives the local realization of those operations;

• H is the temporally ordered interaction history;

• I is a specified family of admissible interventions; and

• Y is the family of downstream variables relative to which causal and predictive claims are
evaluated.

The static reduct is
Rstat = (G,X,T,A,ρ).

The explicit appearance of I and Y is important. A collection of mutually consistent representations
may define a static shared structure, but it does not yet define an operational workspace unless that
structure can be intervened upon and shown to matter for a specified future quantity.

Definition 2 (Carrier and organization). The carriers of R are the individual spaces, physical
systems, and stored artifacts that realize its local states. Its organization is the structured family of
transfer, operation, compatibility, intervention, and temporal relations among those carriers.

The basic thesis is not that a workspace exists without carriers. It is that the identity conditions
for the workspace need not coincide with the identity conditions for any one carrier. A manuscript
can be rewritten, a model can be replaced, and a notation can be changed while a sufficiently rich
pattern of relations remains invariant.

4
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Definition 3 (Admissible equivalence). An admissible equivalence

F : R ≃ R′

is a family of correspondences preserving, exactly or within a declared tolerance:

the transferable core and its dimension,
the represented operation algebra,
the composition laws of transfer,
the intervention–response structure,
the reconstruction and persistence relations.

Static admissible equivalence will be made precise by gauge conjugacy in Part V. Dynamic admissible
equivalence will be expressed using the identity distance in Part XII.

The abstract workspace is then the equivalence class

W = [R]≃.

This expression is intentionally stronger than saying that the same information appears in several
places. The equivalence relation preserves what the system can coherently do, how its representations
translate, and how its operative state survives change.

1.1 Three levels of the thesis

The central claim can be separated into three logically distinct statements.

1. Implementation dependence. Every realized workspace depends on concrete physical or
computational carriers:

W(R) is undefined without some realization R.

2. Local nonidentity. No privileged local component is, in general, identical with the entire
workspace:

W ̸= Xi for each individual i ∈ V.

3. Relational identity. The workspace is individuated by invariants of the complete organized
realization:

W(R) = W(R′) ⇐⇒ R ≃ R′.

The second claim is not stipulated universally. It becomes a substantive property only after local-
reconstructibility and coalition tests are applied. A system in which one node stores a complete
sufficient copy may be a useful workspace, but it is not strongly relational in the later technical
sense.

Definition 4 (Relational instantiation). A workspace is relationally instantiated relative to the
decomposition V when no single projection determines its equivalence class:

∀i ∈ V, ∃R,R′

such that
pri(R) = pri(R′) but [R]≃ ̸= [R′]≃.

5
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1.2 A motivating three-node cycle

Consider three strata:

h = human conceptual state, m = model-formal state, a = artifact state.

Let the corresponding core spaces be Ch, Cm, Ca, with transfers

Hhm : Ch → Cm, Hma : Cm → Ca, Hah : Ca → Ch.

A proposed shared item begins as ch ∈ Ch, is formalized as

cm = Hhmch,

externalized as
ca = Hmacm,

and re-enters human reasoning as
c′h = Hahca.

The round-trip consistency condition is
c′h = ch,

or equivalently
HahHmaHhmch = ch.

Thus the genuinely shared part of Ch is not automatically all of Ch. It is the fixed subspace of the
cycle transfer. This elementary cycle already contains the central mathematical motif of the theory:

shared core = invariant subspace under relational holonomy.

1.3 Distinctions the theory must preserve

Object Minimal distinguishing property
Archive Stores material that may be consulted later.
Shared
representation

Contains a cross-node compatible structure.

Operational
workspace

The shared structure causally changes subsequent joint behavior.

Relational
workspace

No individual node or matched local-storage null reproduces the operative
capacity.

Workspace agent Workspace-level state mediates persistent goals, counterfactual choice, and
self-maintaining action.

Conscious subject Possesses phenomenal properties, if any; no implication from the preceding levels
is assumed.

The static mathematics developed first certifies only shared structure. The causal and relational
predicates appear later because they require dynamics, interventions, and null models rather than
algebra alone.

2. Philosophical Postulates

6
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The following postulates specify the intended interpretation of the formal objects. They are not
offered as independent mathematical theorems. Their role is to prevent equivocation between a
relational pattern, its physical implementation, and stronger claims about agency or experience.

2.1 Physical supervenience

No additional nonphysical substance is required:

R = R′ =⇒W(R) = W(R′).

The workspace depends completely on its total realization. In particular, changing nothing about
the graph, local states, transfers, history, interventions, or causal dispositions cannot change the
workspace.

This is compatible with relational individuation because a relation can be fully physical while not
being a property of any isolated endpoint.

Proposition 5 (Compatibility of supervenience and relational individuation). Physical supervenience
on the complete realization does not imply supervenience on any individual local projection.

Proof. Let the total realization decompose as R = (Xi, R−i), where R−i contains the remaining
components and relations. A workspace functional W = f(Xi, R−i) supervenes on R by construction.
If there exist R−i ̸= R′−i with

f(Xi, R−i) ̸= f(Xi, R
′
−i),

then the same local projection Xi occurs in distinct workspaces. Hence supervenience on the whole
is consistent with failure of supervenience on a part.

2.2 Relational individuation

The workspace is not determined by any single local state:

∀i ∈ V, ∃R,R′

such that
pri(R) = pri(R′)

but
W(R) ̸≃W(R′).

The same person, model, or document can therefore participate in distinct workspaces because the
relevant transfer graph, history, and operation structure differ.

A useful witness is a pair of systems with identical local-state marginals but different edge orga-
nization. If their downstream behavior differs, the relations carry explanatory information not
present in the isolated marginals. Part VII converts this idea into matched relation-preserving and
relation-destroying controls.

2.3 Multiple realizability

Distinct implementations may instantiate the same abstract workspace:

R ̸= R′, R ≃ R′ =⇒W(R) ∼= W(R′).

7
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Examples of candidate implementation changes include:

replacing one coordinate system by another,
replacing one model by a functionally equivalent model,
compressing a large artifact into a reconstructively sufficient handoff,
rewriting a proof without changing its inferential structure.

The burden is not merely to assert equivalence but to exhibit maps preserving the declared invariant
and causal structure.

2.4 Operational reality

A workspace is operationally real only if changing it changes downstream behavior. For some
admissible intervention and some w ̸= w′,

P
(
Y + | do(W = w)

)
̸= P

(
Y + | do(W = w′)

)
.

This criterion excludes a merely decorative representation that is correlated with activity but
never used. It also requires the intervention to be well-defined. Arbitrarily overwriting every
component at once would not isolate workspace-level causation. Later sections therefore compare
workspace-coordinate interventions with matched interventions in orthogonal or shuffled channels.

2.5 Reconstructive continuity

Persistence does not require token identity. Let Rt and Rt+1 be temporally successive realizations.
Continuity is possible when there exists an admissible transport

Jt : Rt ⇝ Rt+1

that preserves the operative core and its causal role within tolerance:

did(Wt,Wt+1) ≤ ε.

Thus a workspace may persist by reconstruction rather than by retaining an unchanged physical
inscription.

2.6 No free-standing third substance

The claim that the workspace is not identical with either participant does not imply that it occupies
a separate nonphysical location. Formally,

W is an invariant of R,

not an additional term appended to the physical realization:

Rtotaleq(R, ghost workspace).

The phrase “between the participants” is therefore topological or relational: it refers to the
organization of maps, cycles, artifacts, and causal dependencies.

2.7 Non-entailment of consciousness
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Workspace(R) ≠⇒ Conscious(R).

Likewise,
Distributed(W) ≠⇒ Person(W).

Workspace structure, reentry, agency, self-maintenance, and phenomenal consciousness remain
formally distinct predicates. Any bridge among them would require additional theory and evidence.

2.8 Minimal philosophical commitment

The weakest interpretation sufficient for the mathematics is:

Relational patterns can be objective, causally relevant, and multiply realized
without being independent substances.

This position is compatible with several broader philosophies of mind and science. The formal
theory does not require choosing among them before its structural and causal claims can be tested.

9



Stratified Relational Workspace Theory Core–Transfer Theory

PART II

Static Core–Transfer Theory

3. Interaction Structure

Definition 6 (Interaction graph). Let

G = (V,E, s, t)

be a finite directed multigraph. Parallel edges and self-loops are allowed. The vertex set indexes
strata, participants, artifacts, models, instruments, or subworkspaces. An edge e : i→ j denotes an
admissible directed translation or influence channel from i to j.

The directed path category is
C = Path(G).

Its objects are vertices. A path
γ = em · · · e2e1

means that e1 is traversed first. Composition is concatenation, and the empty path at i is denoted
1i.

For every i ∈ V , assign a finite-dimensional Hilbert space

Xi.

For every edge, assign a linear transfer

Te : Xs(e) −→ Xt(e).

The path transfer is
Tγ = Tem · · ·Te2Te1 , T1i = IXi .

Accordingly, the static transfer system is a functor

X : Path(G) −→ FinHilb.

The finite-dimensional Hilbert assumption supplies adjoints and spectral tools. The exact compatible-
section definitions require less and may later be formulated in categories such as

Ban, Meas, Prob, Top, Alg.

3.1 Directed paths versus invertible transport

Global compatible sections make sense even when transfers are noninvertible. Holonomy, however,
requires transport around reversible loops. To state the exact holonomy theorem without ambiguity,
let |G| be the underlying undirected graph and let

Π1(G)

10
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denote its fundamental path groupoid. Every oriented edge is then supplied with a formal reverse.
The core transfers extend to Π1(G) only when the relevant maps He are invertible, with

He−1 = H−1
e .

Hence two regimes will be distinguished:

1. the diagram regime, in which arbitrary directed maps define compatible sections; and

2. the local-system regime, in which invertible core maps define a functor

H : Π1(G)→ FinHilb×.

Theorems based on holonomy will explicitly assume the second regime.

3.2 Connectivity convention

Unless stated otherwise, connectedness means that |G| is connected. A root o ∈ V may then be
joined to every vertex by a path in the underlying graph. If G has several connected components,
the theory applies to each component and

Γ(H) ∼=
⊕
α

Γ(H|Gα).

3.3 Edge weights

For approximate theory, assign strictly positive edge weights

we > 0.

They may encode channel reliability, frequency, precision, experimental importance, or inverse
noise variance. Exact compatibility is independent of positive rescaling of these weights, while
approximate spectra are not.

Example 7 (Human–model–artifact graph). The motivating three-node system is represented by

V = {h,m, a}, E = {h→ m,m→ a, a→ h}.

Additional edges may encode direct retrieval a → m, human revision h → a, or independent
verification. The graph records permitted translations, not merely physical communication links.

4. Core–Residual Decomposition

Definition 8 (Admissible local decomposition). For every vertex i, choose an orthogonal decompo-
sition

Xi = Ci ⊕Ri,

with projectors
Pi : Xi → Ci, Qi = I − Pi : Xi → Ri.

The subspace Ci is the candidate locally realized transferable core. The subspace Ri contains
substrate-specific, context-specific, or otherwise noncore degrees of freedom relative to the present
analysis.

11
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The decomposition is part of the model and is not presumed unique. Calling a subspace “core” is
therefore a hypothesis requiring structural and causal validation. Later null tests must determine
whether the chosen projectors identify a genuine shared channel rather than an arbitrary low-
dimensional summary.

Relative to these decompositions, every edge map has the block form

Te =
(
He Ue
Ve Ke

)
,

where
He = Pt(e)TePs(e) : Cs(e) → Ct(e),

Ue = Pt(e)TeQs(e) : Rs(e) → Ct(e),

Ve = Qt(e)TePs(e) : Cs(e) → Rt(e),

Ke = Qt(e)TeQs(e) : Rs(e) → Rt(e).

4.1 Structural conditions

Core preservation means
Ve = 0.

A core input cannot leak into the target residual.

Core autonomy means
Ue = Ve = 0.

Core and residual evolve as separate transfer systems.

Core leakage, residual contamination, and total transfer defect are measured by

λout
e = ∥Ve∥, λin

e = ∥Ue∥,

δtr
e = ∥Ue∥+ ∥Ve∥.

These quantities depend on the chosen norms and projectors. Their empirical meaning must therefore
be tied to a declared intervention and prediction protocol.

4.2 Composition exposes residual mediation

For composable edges e : i→ j and f : j → k, direct block multiplication gives

TfTe =
(
HfHe + UfVe HfUe + UfKe

VfHe +KfVe VfUe +KfKe

)
.

The induced core-to-core block is therefore

PkTfTePi = HfHe + UfVe.

The term UfVe is a residual-mediated correction: information leaves the candidate core at the
intermediate node and later re-enters it. Consequently, the simple path product HfHe faithfully
represents full core transport only under a preservation condition such as Ve = 0, or under an
explicit model that includes these mediated corrections.

12
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Proposition 9 (Pathwise core preservation). Suppose Ve = 0 for every edge in a directed path
γ = em · · · e1. Then

Tγ(Cs(γ)) ⊆ Ct(γ)

and
Pt(γ)TγPs(γ) = Hem · · ·He1 .

Proof. For a single edge, Ve = 0 means

Te(c, 0) = (Hec, 0),

so core states remain in the core. Inductively, if the first r transfers map c to (Her · · ·He1c, 0),
applying Ter+1 gives

(Her+1Her · · ·He1c, 0).

The conclusion follows after m steps.

Corollary 10 (Autonomous splitting). If Ue = Ve = 0 for every edge, then the complete diagram
decomposes as the direct sum of two diagrams,

X ∼= H ⊕K,

and every path transfer satisfies

Tγ =
(
Hγ 0
0 Kγ

)
.

4.3 Exact core-transfer systems

Definition 11 (Exact core-transfer system). An exact core-transfer system on G consists of:

1. decompositions Xi = Ci ⊕Ri;

2. core-preserving edge maps Ve = 0; and

3. invertible core blocks He ∈ GL(Cs(e), Ct(e)) whenever holonomy is invoked.

The requirement Ve = 0 concerns the relation between the selected core and the full transfer. The
requirement that He be invertible concerns the ability to compare core representations along reversed
paths. They answer different questions and should not be conflated.

Remark 12 (Approximate systems). In applications neither condition need hold exactly. The
approximate theory will replace strict invariance by low transfer energy, small leakage, and a spectral
gap separating workspace modes from residual modes.

5. Abstract Operation Algebra

Definition 13 (Operation algebra). Let F ∈ {R,C}. An operation algebraA is a unital associative F-
algebra whose elements represent abstract transformations, inferential rules, questions, or procedures
that can be realized in multiple strata.

13
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Every core space carries a unital representation

ρi : A −→ End(Ci).

For a ∈ A, the operator ρi(a) is the realization of the same abstract operation in local coordinates.

Definition 14 (Exact operation-compatible transfer). A core transfer He : Ci → Cj is operation
compatible when it is an intertwiner:

Heρi(a) = ρj(a)He ∀a ∈ A.

Equivalently, the diagram
Ci

ρi(a)−−−→ Ci
↓ He ↓ He

Cj
ρj(a)
−−−→ Cj

commutes for every a.

This condition states that translating and then operating gives the same result as operating and
then translating. Agreement of static encodings alone is weaker: two nodes may store corresponding
vectors while implementing incompatible transformations on them.

Proposition 15 (Path composition of intertwiners). If every edge of a path γ : i→ j intertwines
the local A-representations, then

Hγρi(a) = ρj(a)Hγ ∀a ∈ A.

Proof. For composable intertwiners He : Ci → Cj and Hf : Cj → Ck,

HfHeρi(a) = Hfρj(a)He = ρk(a)HfHe.

Induction over path length proves the claim.

Corollary 16 (Holonomy commutes with abstract operations). For every loop γ : o→ o,

Hγρo(a) = ρo(a)Hγ .

Hence
ρo(A) ⊆ Comm(Holo),

where Comm(Holo) is the commutant of the holonomy representation.

5.1 Approximate operation compatibility

The edgewise defect is
Ξe(a) = Heρs(e)(a)− ρt(e)(a)He.

For a bounded generating family G ⊆ A, define

ηint(G) = sup
a∈G

∑
e∈E

we∥Ξe(a)∥2.
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When A is normed and its unit ball is appropriate, one may take

G = {a : ∥a∥A ≤ 1}.

Exact representational universality means

ηint = 0,

while approximate universality means
ηint ≤ εint.

The use of a generating family prevents the definition from depending on an unbounded rescaling of
algebra elements.

Example 17 (Equivalent operations in different coordinates). Let C1 = C2 = R2, choose S ∈
GL2(R), and set

H12 = S, ρ2(a) = Sρ1(a)S−1.

Then
H12ρ1(a) = Sρ1(a) = ρ2(a)S = ρ2(a)H12.

The local matrices can look different while realizing the same abstract operation. This is the
elementary model of representation change used throughout the theory.

15



Stratified Relational Workspace Theory Core–Transfer Theory

PART III

Exact Shared Cores

6. Global Compatible Sections

From this point through Theorem 22, assume the core maps define a local system on a connected
graph unless a weaker hypothesis is stated explicitly.

Definition 18 (Global compatible section). The exact structural workspace is

Γ(H) =
{

(ci)i∈V ∈
⊕
i∈V

Ci : ct(e) = Hecs(e) ∀e ∈ E
}
.

An element c = (ci) ∈ Γ(H) is a global compatible section.

Equivalently,
Γ(H) = lim←−

Path(G)
Ci.

A section is not a single vector copied verbatim at every vertex. It is one abstract element represented
by a family of local vectors that agree under the specified translation maps.

A nontrivial exact structural workspace exists when

dim Γ(H) > 0.

Its exact dimension is
dW = dim Γ(H).

Fix a root o. The evaluation map is

evo : Γ(H)→ Co, evo((ci)) = co.

Lemma 19 (Root determination). If |G| is connected and every core transfer is invertible, then
evo is injective. Consequently,

dim Γ(H) ≤ dimCo.

Proof. Choose for each vertex i a path τi : o→ i. Compatibility gives

ci = Hτico.

Thus a section with co = 0 vanishes at every vertex. Hence evo is injective.

Lemma 20 (Tree propagation). If |G| is a tree and every He is invertible, then every x ∈ Co
extends uniquely to a global compatible section.

Proof. A tree contains a unique undirected path τi : o → i for every vertex. Define ci = Hτix.
Because every edge belongs to these unique path relations, the family is compatible. Uniqueness
follows from Lemma 19.
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The obstruction to a global core therefore appears only when distinct paths must agree. Cycles
encode exactly those consistency constraints.

7. Holonomy and Path Obstruction

Fix a root o ∈ V . For every loop class

[γ] ∈ π1(|G|, o),

define the holonomy
Hol([γ]) = Hγ ∈ GL(Co).

Functoriality gives a group representation

holo : π1(|G|, o) −→ GL(Co).

Its image is the holonomy group
Holo = im(holo).

The obstruction associated with a loop is

Ωγ = Hγ − ICo .

The maximal path-independent root core is

C∗ =
⋂

γ:o→o
ker(Hγ − I).

Equivalently,
C∗ = CHolo

o = Fix(Holo).

7.1 Spanning-tree reduction

Choose a spanning tree T ⊆ |G|. Let
τi : o→ i

be the unique tree path. Every non-tree edge e : i→ j determines a fundamental loop

γe = τ−1
j eτi

with transfer
Hγe = H−1

τj
HeHτi .

The fundamental group of a finite graph is generated freely by these cotree loops. Hence it is enough
to impose fixed-point conditions for a finite set of generators.

Lemma 21 (Finite obstruction set). Let e1, . . . , er be the non-tree edges of a connected finite graph.
Then

C∗ =
r⋂
q=1

ker(Hγeq
− I).

Proof. A vector fixed by every generator is fixed by each inverse generator and by every finite
product of generators and inverses. Those products represent all elements of π1(|G|, o). The reverse
inclusion is immediate.
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The number of independent graph cycles is

r = |Eund| − |V |+ 1

for a connected underlying graph, after treating parallel edges with their multiplicity.

8. Exact Existence Theorem

Theorem 22 (Limit–holonomy equivalence). Let |G| be connected and let

H : Π1(G)→ FinHilb×

be a finite-dimensional local system. For any root o ∈ V , evaluation at the root induces a canonical
vector-space isomorphism

evo : Γ(H)
∼=−−→ CHolo

o =
⋂

γ:o→o
ker(Hγ − I).

Consequently,
Γ(H) ̸= {0}

if and only if the holonomy representation contains a nonzero trivial subrepresentation.

Proof. Let c = (ci) ∈ Γ(H). For any loop γ : o→ o, compatibility along the loop gives

Hγco = co.

Therefore evo(c) = co ∈ CHolo
o . By Lemma 19, evo is injective.

Conversely, let x ∈ CHolo
o . Choose a path τi : o→ i for each vertex and define

ci = Hτix.

This definition is independent of the chosen path. Indeed, if σi : o→ i is another path, then

σ−1
i τi : o→ o

is a loop, and invariance of x gives
H−1
σi
Hτix = x.

Multiplying by Hσi yields
Hτix = Hσix.

For any edge e : i→ j, the paths eτi and τj both run from o to j. Path independence therefore gives

Heci = HeHτix = Hτjx = cj .

Thus (ci) is a global compatible section and evo((ci)) = x. Hence evo is surjective and therefore an
isomorphism.

Corollary 23 (Tree case). If |G| is a tree, then Holo = {I} and

Γ(H) ∼= Co.

In particular,
dW = dimCo.
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Corollary 24 (Finite matrix test). Let γ1, . . . , γr be fundamental cycle generators and suppose
dimCo = d. Define the stacked obstruction matrix

M =

Hγ1 − I
...

Hγr − I

 .
Then

C∗ = kerM, dW = d− rank(M).

Proof. The kernel of a vertically stacked operator is the intersection of the kernels of its blocks.
Apply Lemma 21 and Theorem 22.

Corollary 25 (Averaging projector for finite holonomy). If Holo is finite and acts unitarily, then

P∗ = 1
|Holo |

∑
h∈Holo

h

is the orthogonal projector onto C∗.

Proof. For every g ∈ Holo, left multiplication permutes the group elements, so gP∗ = P∗. Thus
ranP∗ ⊆ C∗. If x ∈ C∗, then P∗x = x, so C∗ ⊆ ranP∗. Unitarity gives P ∗∗ = P∗, and the range
characterization implies P 2

∗ = P∗.

8.1 Worked examples

Example 26 (One-dimensional core surviving a contradictory cycle). Let a three-node cycle have
C1 = C2 = C3 = R2 and

H12 = I, H23 = I, H31 = J, J =
(

1 0
0 −1

)
.

The cycle holonomy is J , hence

C∗ = ker(J − I) = span{(1, 0)⊤}.

The first coordinate circulates consistently through all three strata. The second returns with its
sign reversed and therefore cannot define a nonzero exact shared section. Thus

dW = 1.

Example 27 (Local compatibility without a global nonzero core). Let the only nontrivial cycle
holonomy on R2 be a rotation

Rθ =
(

cos θ − sin θ
sin θ cos θ

)
with θ /∈ 2πZ. Then

ker(Rθ − I) = {0}.

Every edge map is individually invertible and well-defined, yet the complete cycle admits no nonzero
exact shared core. Pairwise translatability is therefore insufficient for global path independence.
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Example 28 (Acyclic collaboration). Suppose a root concept is translated into a proof, implementa-
tion, and report along a tree of invertible exact transfers. No alternative route returns a conflicting
representation. The tree has trivial holonomy, so every root-core direction extends uniquely. This
does not yet establish causal efficacy; it establishes only exact structural compatibility.

8.2 Interpretive consequence

The theorem gives a precise meaning to “something shared across representations.” The shared
object is neither any one local vector nor an extra vector outside the system. It is the equivalence
class of all compatible local realizations, canonically represented at a root by the subspace fixed by
every translation cycle.

9. Operator Closure Theorem

Theorem 29 (Global operation closure). Suppose every core transfer intertwines the representations
of A:

Heρs(e)(a) = ρt(e)(a)He ∀e ∈ E, a ∈ A.

Then Γ(H) is an A-module under the componentwise action

ρΓ(a)(ci)i∈V = (ρi(a)ci)i∈V .

Equivalently, the holonomy-fixed root core is invariant:

ρo(a)C∗ ⊆ C∗ ∀a ∈ A.

Proof. Let c = (ci) ∈ Γ(H). For every edge e : i→ j,

Heρi(a)ci = ρj(a)Heci = ρj(a)cj .

Therefore the family (ρi(a)ci) is compatible and belongs to Γ(H). The representation identities on
each Ci hold componentwise, so ρΓ is an A-representation.

Under the isomorphism of Theorem 22, this action is represented at the root by ρo. Alternatively, if
x ∈ C∗, then Corollary 16 gives, for every loop γ,

Hγρo(a)x = ρo(a)Hγx = ρo(a)x.

Hence ρo(a)x ∈ C∗.

Corollary 30 (Inherited algebraic structure). Any algebraic relation satisfied by ρi(A) is inherited
by the global action. In particular, if a, b ∈ A, then

ρΓ(ab) = ρΓ(a)ρΓ(b), ρΓ(1) = IΓ(H).

The result distinguishes a shared operational representation from a shared static code. A core closed
under the common algebra supports the same abstract manipulations across strata without leaving
the globally compatible subspace.

10. Workspace Operator Algebra
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Definition 31 (Natural workspace operators). Define

OW =
{

(Ai)i∈V : At(e)He = HeAs(e) ∀e
}
.

Categorically,
OW = Nat(H,H),

the algebra of natural endomorphisms of the local system.

Pointwise addition, scalar multiplication, and composition make OW a unital associative algebra.
Each A = (Ai) acts on global sections by

πW(A)(ci) = (Aici).

Naturality guarantees that (Aici) is again compatible.

Theorem 32 (Commutant characterization). Let |G| be connected and let H be an invertible local
system. Root evaluation induces an algebra isomorphism

Φo : OW
∼=−−→ Comm(Holo), Φo((Ai)) = Ao,

where
Comm(Holo) = {B ∈ End(Co) : Bh = hB ∀h ∈ Holo}.

Proof. If (Ai) ∈ OW, naturality along every loop gives

AoHγ = HγAo.

Thus Ao ∈ Comm(Holo), and Φo is a well-defined algebra homomorphism.

Choose paths τi : o→ i. Naturality along τi gives

AiHτi = HτiAo,

so
Ai = HτiAoH

−1
τi
.

Therefore Ao determines every Ai, and Φo is injective.

Conversely, take B ∈ Comm(Holo) and define

Ai = HτiBH
−1
τi
.

This is independent of the chosen root path: changing τi multiplies it by a loop holonomy that
commutes with B. For an edge e : i→ j, the operator

H−1
τj
HeHτi

is a root holonomy. Commutation with B rearranges to

AjHe = HeAi.

Hence (Ai) is natural and Φo((Ai)) = B. Thus Φo is surjective.
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The structural workspace is therefore more accurately represented by the triple

Wstatic =
(
Γ(H),OW, πW

)
,

not merely by the vector space Γ(H).

10.1 Effective operator algebra

Some natural operators may vanish on every global section while acting nontrivially on locally
available but globally inconsistent directions. Define the annihilator

Ann(Γ(H)) = {A ∈ OW : πW(A) = 0}.

The effective workspace algebra is

Oeff
W = OW/Ann(Γ(H)).

Its action on Γ(H) is faithful by construction.

Example 33 (Operators in the reflection-cycle workspace). For Example 26, the holonomy is

J = diag(1,−1).

Its commutant consists of diagonal matrices:

Comm(J) =
{(

a 0
0 b

)
: a, b ∈ R

}
.

The exact workspace core is the first coordinate. Consequently, only the parameter a acts effectively
on Γ(H); the b-direction belongs to the annihilator of the global core. Hence

Oeff
W
∼= R.

10.2 Scope of the exact theory

Parts I–III now establish three exact facts:

global shared content is the holonomy-fixed core,
universally transported operations preserve that core,
natural workspace operations are the commutant of holonomy.

These statements do not yet prove that the shared core is robust, causally used, irreducibly
distributed, or temporally persistent. Those are separate questions developed in the approximate
and dynamic theory that follows.
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PART IV

Approximate Workspaces

The exact theory asks whether local core states agree perfectly under every transfer. Approximate
theory asks three more realistic questions:

1. how strongly a candidate state violates edgewise compatibility;

2. whether a low-defect subspace is spectrally separated from incoherent directions; and

3. how that subspace changes when transfers, metrics, or operations are perturbed.

Throughout Parts IV–V, set
CV =

⊕
i∈V

Ci, CE =
⊕
e∈E

Ct(e),

with their Hilbert direct-sum inner products, and retain strictly positive weights we.

11. Transfer Discrepancy Operator

Definition 34 (Transfer discrepancy). The transfer discrepancy operator is

DH : CV −→ CE , (DHc)e = √we
(
ct(e) −Hecs(e)

)
.

Its squared norm is the coherence energy

EH(c) = ∥DHc∥2 =
∑
e∈E

we
∥∥∥ct(e) −Hecs(e)

∥∥∥2
.

The transfer Laplacian is
LH = D∗HDH .

The operator DH is an incidence-type derivative twisted by the edge transfers. It compares a state
already present at the target with the state predicted there by translation from the source. A
direction can therefore have low energy even when its coordinates differ substantially across nodes,
provided those coordinates differ exactly as the transfer maps prescribe.

For z = (ze)e∈E ∈ CE , the adjoint is

(D∗Hz)i =
∑

e:t(e)=i

√
we ze −

∑
e:s(e)=i

√
weH

∗
e ze.

Consequently,
(LHc)i =

∑
e:t(e)=i

we
(
ci −Hecs(e)

)
+

∑
e:s(e)=i

weH
∗
e

(
Heci − ct(e)

)
.

This formula makes the two contributions at a vertex explicit: incoming prediction error and
adjoint-propagated outgoing error.
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Proposition 35 (Positivity and variational identity). The transfer Laplacian is self-adjoint and
positive semidefinite. For every c ∈ CV ,

⟨c, LHc⟩ = EH(c) ≥ 0.

Proof. Self-adjointness and positivity follow from LH = D∗HDH . The displayed identity is

⟨c,D∗HDHc⟩ = ⟨DHc,DHc⟩.

Remark 36 (Weight dependence). Replacing we by another positive family does not alter kerDH ,
but it generally changes every positive eigenvalue and therefore changes the approximate geometry.
Edge weights are part of the metric model, not part of the exact compatibility relation.

12. Exact Kernel Theorem

Theorem 37 (Transfer-Laplacian kernel theorem). For an arbitrary finite directed core diagram,
without assuming invertibility,

kerLH = kerDH = Γ(H).

Thus the exact compatible sections are precisely the zero-energy modes of the transfer Laplacian.

Proof. If DHc = 0, then LHc = D∗HDHc = 0. Conversely, if LHc = 0, then

0 = ⟨c, LHc⟩ = ∥DHc∥2,

so DHc = 0. Finally, DHc = 0 if and only if

ct(e) = Hecs(e)

for every edge, which is exactly the definition of Γ(H).

Corollary 38 (Finite rank computation). Let

nC =
∑
i∈V

dimCi.

Then
dim Γ(H) = nC − rank(DH).

Hence the exact workspace dimension can be obtained by a single rank or singular-value computation,
even when holonomy is unavailable because some transfers are noninvertible.

12.1 Relation to the holonomy computation

In the local-system regime, Theorems 22 and 37 give two equivalent constructions:

Γ(H) ∼= CHolo
o and Γ(H) = kerLH .

The first reduces the problem to cycle invariants in a root fiber. The second works directly on all
vertex coordinates and extends to noninvertible diagrams. The two computations therefore serve
different practical regimes rather than competing definitions.
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13. Approximate Structural Workspace

Let
0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λN , N = dim CV ,

be the eigenvalues of LH , repeated with multiplicity, and let PI(LH) denote the spectral projector
associated with an interval I.

Definition 39 (Threshold workspace). For ε ≥ 0, define

Γε(H) = ranP[0,ε](LH).

Its dimension is
dε = #{k : λk ≤ ε}.

When 0 < dε < N , define the boundary gap

gε = λdε+1 − λdε .

The threshold ε declares which discrepancy scale is treated as structurally negligible. The dimension
dε alone is not a robust certificate: a cluster is stable only when it is separated by a positive
boundary gap.

An equivalent index-based description fixes d and writes

Wd = ranPd, Pd = P{λ1,...,λd}(LH),

with cluster gap
gd = λd+1 − λd > 0.

The index-based form is convenient for perturbation theorems because the workspace rank is declared
explicitly.

Proposition 40 (Min–max characterization). For 1 ≤ k ≤ N ,

λk = min
S⊆CV

dimS=k

max
c∈S
∥c∥=1

EH(c).

Consequently, the span of the first k eigenvectors minimizes the worst-case coherence energy among
all k-dimensional candidate subspaces.

Proof. Expand every vector in an orthonormal eigenbasis of LH . The span of the first k eigenvec-
tors has maximal Rayleigh quotient λk. Every k-dimensional subspace intersects the orthogonal
complement of the first k − 1 eigenvectors nontrivially, and any unit vector in that intersection has
Rayleigh quotient at least λk.

13.1 Exact, soft, and spurious low modes

The spectrum supports three distinct interpretations:

λk = 0 ⇐⇒ exact compatible direction,
0 < λk ≪ gd =⇒ approximately transported direction,
λk ≈ λk+1 =⇒ rank selection is unstable at that boundary.
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A low eigenvalue can still be scientifically spurious if it arises from a poorly chosen weight, a nearly
disconnected graph, or a noncausal encoding. The causal and null gates in later parts remain
necessary.

14. Normalized Coherence Defect

For c ̸= 0, define the Rayleigh defect

δcoh(c) = EH(c)
∥c∥2

.

For a nonzero subspace W ⊆ CV , define

δcoh(W ) = sup
c∈W
∥c∥=1

EH(c).

If W is LH -invariant, then
δcoh(W ) = ∥LH |W ∥.

In particular,
δcoh(Γε(H)) ≤ ε.

Theorem 41 (Coherence-to-core distance estimate). Let

W0 = Γ(H) = kerLH , r = dimW0,

and suppose r < N . Set
γH = λr+1 > 0.

Then every c ∈ CV satisfies

dist(c,W0)2 ≤ EH(c)
γH

.

Moreover,
EH(c) ≤ ∥LH∥dist(c,W0)2.

Proof. Write c = P0c+Q0c, where P0 projects onto W0 and Q0 = I − P0. Since LHP0 = 0,

EH(c) = ⟨Q0c, LHQ0c⟩.

The spectrum of LH on W⊥0 lies in [γH , ∥LH∥]. Hence

γH∥Q0c∥2 ≤ EH(c) ≤ ∥LH∥∥Q0c∥2.

Finally, ∥Q0c∥ = dist(c,W0).

This estimate is the exact sense in which a spectral gap turns small edgewise disagreement into
closeness to a genuinely compatible global section.

14.1 Two-node consistency cycle

Let C1 = C2 = R, use unit weights, and take two directed transfers

H12 = a, H21 = b.
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Then
DH =

(
−a 1
1 −b

)
, LH =

(
a2 + 1 −(a+ b)
−(a+ b) b2 + 1

)
.

Writing
τ = a2 + b2 + 2,

the eigenvalues are
λ± = 1

2

(
τ ±

√
τ2 − 4(ab− 1)2

)
,

and
detLH = (ab− 1)2.

Thus a nonzero exact shared core exists precisely when

ab = 1,

which is exactly the trivial-holonomy condition. Away from exact consistency,

λ−λ+ = (ab− 1)2.

When |ab− 1| is small while λ+ stays bounded away from zero, the soft workspace eigenvalue is
quadratic in the cycle mismatch:

λ− = (ab− 1)2

λ+
.

This example connects approximate spectral coherence directly to approximate holonomy closure.

15. Perturbation Stability Theorem

The central robustness question is whether a selected low-energy subspace persists when the estimated
transfer maps change. The next lemma isolates the finite-dimensional spectral fact needed for the
answer.
Lemma 42 (Separated spectral subspaces). Let A and B = A+E be self-adjoint operators. Let
P be an A-spectral projector whose eigenvalues lie in (−∞, a], and let Q̃ be a B-spectral projector
whose eigenvalues lie in [b,∞), with b > a. Then

∥PQ̃∥ ≤ ∥E∥
b− a

.

Proof. On ranP and ran Q̃, set

AP = PAP |ranP , BQ = Q̃BQ̃|ran Q̃.

The operator X = PQ̃ satisfies the Sylvester equation

APX −XBQ = −PEQ̃.

Let µ = (a+ b)/2. Since

∥et(AP−µI)∥ ≤ e−(b−a)t/2, ∥e−t(BQ−µI)∥ ≤ e−(b−a)t/2,

the inverse Sylvester operator has the convergent integral representation

X =
∫ ∞

0
et(AP−µI)(PEQ̃)e−t(BQ−µI) dt.

Taking norms and integrating gives the result.
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Theorem 43 (Spectral workspace stability). Let L and L̃ = L+E be self-adjoint positive semidefinite
operators on the same N -dimensional space. Suppose

λd(L) < λd+1(L), gd = λd+1(L)− λd(L) > 0,

and
η = ∥E∥ < gd

2 .

Let Pd and P̃d project onto the first d eigenvectors of L and L̃, respectively. Then the rank-d cluster
remains separated and

∥Pd − P̃d∥ ≤
η

gd − η
≤ 2η
gd
.

Proof. The min–max characterization gives the eigenvalue perturbation bound

|λk(L̃)− λk(L)| ≤ η.

Hence
λd+1(L̃)− λd(L) ≥ gd − η

and
λd+1(L)− λd(L̃) ≥ gd − η.

Apply Lemma 42 first to Pd(I − P̃d) and then, with the roles of L and L̃ exchanged, to (I − Pd)P̃d.
Orthogonal projections of equal rank satisfy

∥Pd − P̃d∥ = max
{
∥Pd(I − P̃d)∥, ∥(I − Pd)P̃d∥

}
.

This yields the first bound. The second follows from η < gd/2.

15.1 From transfer-map error to Laplacian error

Suppose the edge maps are perturbed to

H̃e = He + ∆e

while the weights and vertex metrics remain fixed. Define

δ2
H = max

i∈V

∑
e:s(e)=i

we∥∆e∥2.

Let F = D
H̃
−DH . Then

(Fc)e = −√we ∆ecs(e), ∥F∥ ≤ δH .

Since
L
H̃
− LH = D∗HF + F ∗DH + F ∗F,

we obtain
∥L

H̃
− LH∥ ≤ 2∥DH∥δH + δ2

H .
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Corollary 44 (Edgewise stability certificate). If

ηH = 2∥DH∥δH + δ2
H <

gd
2 ,

then
∥Pd(H)− Pd(H̃)∥ ≤ ηH

gd − ηH
.

This converts declared edge-map uncertainty into an explicit bound on the motion of the extracted
workspace subspace.

15.2 Approximate operation closure

Define the vertex and edge direct-sum representations

ρV (a) =
⊕
i∈V

ρi(a), ρE(a) =
⊕
e∈E

ρt(e)(a).

Lift the edgewise intertwining defects to

(Xac)e = √we Ξe(a)cs(e).

Then the exact commutator identity is

DHρV (a)− ρE(a)DH = −Xa.

Furthermore,
∥Xa∥ ≤ β(a), β(a)2 = max

i∈V

∑
e:s(e)=i

we∥Ξe(a)∥2.

Theorem 45 (Approximate operation-closure theorem). Let Pd project onto the first d eigenvectors
of LH , set

λd ≤ ε, µ = λd+1 > 0,
and let Qd = I − Pd. Then every a ∈ A satisfies

∥QdρV (a)Pd∥ ≤
∥ρE(a)∥

√
ε+ β(a)

√
µ

.

Proof. For x ∈ ranPd,
∥DHx∥2 = ⟨x, LHx⟩ ≤ ε∥x∥2.

The commutator identity gives

∥DHρV (a)x∥ ≤ ∥ρE(a)∥
√
ε∥x∥+ β(a)∥x∥.

Because Pd and Qd reduce LH , the two energy components are orthogonal and

∥DHQdy∥ ≤ ∥DHy∥.

On ranQd, the spectrum of LH is bounded below by µ, so
√
µ∥Qdy∥ ≤ ∥DHQdy∥.

Apply these inequalities to y = ρV (a)x, then take the supremum over unit x ∈ ranPd.
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Corollary 46 (Recovery of exact operation closure). If d = dim kerLH , ε = 0, and every edge
intertwines a exactly, then

QdρV (a)Pd = 0.

Thus Theorem 45 reduces to the exact operation-closure result of Part III.

Corollary 47 (Closure under projector drift). Let P̃d be another rank-d orthogonal projector and
set

δP = ∥Pd − P̃d∥.

Then
∥(I − P̃d)ρV (a)P̃d∥ ≤ ∥QdρV (a)Pd∥+ 2∥ρV (a)∥δP .

Combining this estimate with Theorem 43 controls operation leakage after noisy workspace extraction.

Proof. Subtract QdρV (a)Pd and use

I − P̃d −Qd = Pd − P̃d.

The two resulting perturbation terms are each bounded by ∥ρV (a)∥δP .

15.3 Core–residual path accumulation

Let a path have vertices
i0

e1−→ i1
e2−→ · · · em−−→ im.

Write
Tr = Ter , Hr = Her , Vr = Ver ,

and let
ιCi : Ci ↪→ Xi, ιRi : Ri ↪→ Xi

be the canonical inclusions. Empty products below are identities.

Theorem 48 (Pathwise core–residual Duhamel formula). The deviation of full path transport from
pure core transport is exactly

Tm · · ·T1ι
C
i0 − ι

C
imHm · · ·H1

=
m∑
r=1

Tm · · ·Tr+1ι
R
irVrHr−1 · · ·H1.

Consequently,

∥QimTm · · ·T1Pi0∥ ≤
m∑
r=1

 m∏
ℓ=r+1

∥Tℓ∥

 ∥Vr∥
×
(
r−1∏
ℓ=1
∥Hℓ∥

)
,

and the same right-hand side bounds

∥PimTm · · ·T1Pi0 −Hm · · ·H1∥.
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Proof. For every step,
Trι

C
ir−1 = ιCirHr + ιRirVr.

Telescope the sequence

Tm · · ·Tr+1ι
C
irHr · · ·H1, r = 0, 1, . . . ,m.

The difference between consecutive terms is exactly the r-th summand in the displayed formula.
Projection onto Rim or Cim , followed by submultiplicativity of the operator norm, gives the two
bounds.

Corollary 49 (Uniform path bound). If along the path

∥Tr∥ ≤ τ, ∥Hr∥ ≤ h, ∥Vr∥ ≤ ν,

then the leakage and core-transport defects are bounded by

ν
m∑
r=1

τm−rhr−1 =


ν
τm − hm

τ − h
, τ ̸= h,

mντm−1, τ = h.

In particular, if τ ≤ 1 and h ≤ 1, the bound is at most mν.

The linear factor m in the merely nonexpansive regime is important. Small single-edge leakage does
not by itself justify arbitrarily long transfer chains. Long-horizon stability requires contraction,
cancellation, error correction, or leakage that decreases with path length.

15.4 Residual-mediated reentry

For two consecutive transfers,
Pi2T2T1Pi0 = H2H1 + U2V1,

Qi2T2T1Pi0 = V2H1 +K2V1.

Thus leakage out of the core is first order in the blocks Vr, while an excursion that leaves and then
returns to the core contains at least one V -block and one later U -block. For a fixed path length, if

∥Ur∥, ∥Vr∥ = O(δ)

and the diagonal blocks remain bounded, the residual-mediated correction to pure core-to-core
transport is O(δ2), whereas terminal residual leakage can be O(δ). This distinction separates loss of
core invariance from distortion caused by temporary excursions through local residual degrees of
freedom.
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PART V

Gauge Invariance and Abstract Identity

Exact compatibility is a coordinate-free notion. Approximate spectra also depend on the Hilbert
metrics used to measure discrepancy. Gauge theory must therefore distinguish a change of coordinates
from a physical change of metric.

16. Local Coordinate Transformations

For each i ∈ V , let
gi ∈ GL(Ci), g = (gi)i∈V .

Define the vertex and edge direct sums

GV =
⊕
i∈V

gi, GE =
⊕
e∈E

gt(e).

The transformed transfers and local operation representations are

Hg
e = gt(e)Heg

−1
s(e),

ρgi (a) = giρi(a)g−1
i .

The fundamental covariance identity is

DHgGV = GEDH .

It follows directly by evaluating the e-component:
√
we
(
gt(e)ct(e) − gt(e)Hecs(e)

)
.

17. Gauge Invariance Theorem

Theorem 50 (Exact gauge covariance). The map

GV : Γ(H) −→ Γ(Hg)

is an isomorphism. Therefore,

Γ(Hg) = GV Γ(H), dim Γ(Hg) = dim Γ(H).

If the core transports are invertible and o is a root, then

Hg
γ = goHγg

−1
o

for every loop γ : o→ o. Hence the holonomy-fixed core transforms by

Cg∗ = goC∗.
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Proof. The covariance identity implies

DHg (GV c) = GEDHc.

Since GE is invertible,
DHc = 0 ⇐⇒ DHg (GV c) = 0.

The holonomy formula follows by cancellation of adjacent factors g−1
i gi along a path.

Theorem 51 (Unitary gauge covariance of the Laplacian). If every gi is unitary, then GV and GE
are unitary and

LHg = GV LHG
−1
V .

Consequently,
spec(LHg ) = spec(LH), PI(LHg ) = GV PI(LH)G−1

V

for every spectral interval I.

Proof. From
DHg = GEDHG

−1
V

and unitarity,
D∗HgDHg = GVD

∗
HG
−1
E GEDHG

−1
V = GV LHG

−1
V .

The spectral statements follow from unitary similarity.

17.1 Nonunitary gauges and metric distortion

For a general invertible gauge, define

mV = σmin(GV ), MV = ∥GV ∥,

mE = σmin(GE), ME = ∥GE∥.

The covariance identity yields

m2
EEH(c) ≤ EHg (GV c) ≤M2

EEH(c),

and
m2
V ∥c∥2 ≤ ∥GV c∥2 ≤M2

V ∥c∥2.

Therefore the Rayleigh quotients obey

m2
E

M2
V

EH(c)
∥c∥2

≤ EH
g (GV c)
∥GV c∥2

≤ M2
E

m2
V

EH(c)
∥c∥2

.

By the min–max principle,

m2
E

M2
V

λk(LH) ≤ λk(LHg ) ≤ M2
E

m2
V

λk(LH).

Exact zero modes are unchanged, but fixed-metric approximate eigenvalues can be strongly distorted
by an ill-conditioned coordinate transformation.
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17.2 Metric-covariant formulation

A pure change of coordinates should transform the metric as well as the matrices. On each
transformed space, define

⟨u, v⟩gi =
〈
g−1
i u, g−1

i v
〉
i
.

Use the analogous pullback metric on every edge copy. Then GV and GE are unitary between the
original and transformed metric spaces. Consequently, the complete transfer-Laplacian spectrum is
exactly preserved.

This gives two distinct interpretations:

• Transforming the matrices and the metrics gives the same approximate workspace in new
coordinates.

• Transforming the matrices while holding the metrics fixed gives a potentially different weighting
of discrepancy.

The distinction prevents arbitrary coordinate scaling from manufacturing or erasing apparent
low-energy workspace directions.

18. Static Workspace Equivalence

Definition 52 (Exact static equivalence). Two static realizations are exactly gauge equivalent,

R ∼stat R
′,

when there exists an invertible family gi such that

H ′e = gt(e)Heg
−1
s(e), ρ′i(a) = giρi(a)g−1

i .

The exact static abstract workspace is

Wstat = [R]∼stat .

For approximate theory, the realization also contains the vertex and edge metrics. Two metric
realizations are equivalent only when the gauge transports those metrics, or when the gauge is
unitary relative to the fixed metrics. Accordingly:

exact workspace identity is invariant under GL-gauge,
fixed-metric spectral geometry is invariant under unitary gauge,

metric-covariant spectral geometry is invariant under transported GL-gauge.
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18.1 What the approximate theory establishes

Parts IV–V now prove:

kerLH = Γ(H),
low energy plus a gap implies proximity to an exact core,
a separated workspace cluster is stable under transfer noise,
approximately intertwined operations nearly preserve that cluster,
core leakage and residual reentry admit explicit pathwise bounds,
exact identity is gauge invariant while approximate geometry is metric aware.

These are structural and perturbative results. They still do not prove that a workspace variable is
causally used, predictively sufficient, irreducibly distributed, or temporally self-maintaining. Those
questions begin in Part VI.

18.2 Finite computation protocol

For a declared graph, set of core dimensions, weights, and transfer maps, the static analysis can be
executed in the following order:

1. Assemble the sparse block operator DH from the edge equations
√
we
(
ct(e) −Hecs(e)

)
.

2. Compute a singular-value decomposition

DH = UΣV ∗, λk(LH) = σk(DH)2.

Use a declared numerical tolerance to distinguish computational zero modes from positive
modes.

3. Select a candidate rank d only at a reproducible spectral boundary with gd > 0. A large
observed gap is evidence of stability, not evidence of causal relevance.

4. Quantify transfer uncertainty by δH and verify whether

2∥DH∥δH + δ2
H <

gd
2 .

If this gate fails, the extracted projector has no certified perturbative identity at the stated
error scale.

5. For every proposed common operation, compute β(a) and the operation-leakage bound in
Theorem 45.

6. For every long transfer chain used in an interpretation, report the pathwise leakage certificate
from Theorem 48 rather than extrapolating from single-edge defects.

A minimal structural report is therefore(
d, λd, λd+1, gd, δH , ∥Pd − P̃d∥bound, β(a),Λγ

)
,

where Λγ denotes the right-hand side of the pathwise leakage bound. This structural report is
intentionally incomplete as a workspace certificate. Parts VI–IX add the predictive, causal, null,
and irreducibility gates required to interpret the low-energy subspace operationally.
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PART VI

Dynamic Workspace Theory

19. Probabilistic Local and Relational Dynamics

The static theory identifies compatible directions across a declared transfer network. A dynamic
workspace claim requires additional probabilistic objects: a history, a target future, a decision
problem, and an intervention family. These must be fixed before sufficiency or causal efficacy is
evaluated.

Definition 53 (Dynamic relational realization). A dynamic relational realization is defined on a
probability space (Ω,F ,P) and consists of:

• node states Xi(t) ∈ Xi for i ∈ V ;

• edge messages Me(t) ∈ Me for e ∈ E;

• external inputs Et, local actions Ai(t), and disturbances ξi(t), ζe(t);

• time-dependent transfer data He(t), local core vectors ci(t), and transfer Laplacians Lt = LH(t);
and

• a future target Y +
t ∈ Y.

All state, history, and target spaces are assumed standard Borel unless a stronger topology is
explicitly invoked.

A representative local update is

Xi(t+ 1) = Fi(Xi(t), {Me(t) : t(e) = i}, Ai(t), Et, ξi(t)) ,

with messages
Me(t) = Ke

(
Xs(e)(t),Wt, Et, ζe(t)

)
.

This notation permits, but does not require, the current workspace state to modulate future transfers.

For a coalition A ⊆ V , let HA
t denote the random history available to that coalition through time t.

Its generated information is
FAt = σ(HA

t ).
The full relational history is Ht = HV

t , with

FAt ⊆ FBt whenever A ⊆ B.

The empty-coalition history H∅
t is the trivial constant statistic and represents prediction from the

background target law alone. A concrete history may contain node trajectories, incident messages,
actions, artifacts, transfer-map estimates, and the declared graph history. The exact contents must
be reported because coalition sufficiency is relative to what a coalition is permitted to observe.

The target Y +
t can be a next output, a finite future trajectory, a research decision, a proof outcome, or

any measurable downstream quantity. Every predictive workspace claim is therefore target-relative:

WorkspaceFor(Y +
t ) ≠⇒WorkspaceFor(Ỹ +

t ).
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Let
c(t) = (ci(t))i∈V ∈ CV (t), Pt = 1[0,εt](Lt).

The instantaneous structural workspace coordinate is

W str
t = Ptc(t) ∈ Γεt(H(t)).

When Pt varies with time, these coordinates inhabit a moving family of subspaces. Parts X–XII will
supply the transport required to compare them across time. In what follows, all sufficiency and
intervention statements are made at a fixed decision time t.

Remark 54 (Three objects that must not be conflated). The realization state St, the complete
history Ht, and the structural coordinate W str

t are different objects. The first is an instantaneous
physical or computational state, the second contains all admissible past information, and the third
is a low-transfer-energy statistic extracted from the declared core geometry.

20. Canonical Predictive and Interventional Causal States

The quotient notation [Ht]∼Y expresses the right intuition but hides measurability and null-set
issues. A canonical construction is obtained from regular conditional distributions.

Definition 55 (Predictive kernel and canonical state). Let Ht and Y be standard Borel spaces. A
regular conditional kernel is a measurable map

Kt : Ht × B(Y)→ [0, 1]

satisfying
Kt(h,A) = P(Y +

t ∈ A | Ht = h)

for PHt-almost every h. Let P(Y) carry its evaluation sigma-algebra. The canonical predictive state
is the random probability measure

Zt = Kt(Ht, ·) ∈ P(Y).

Two histories are predictively equivalent precisely when they induce the same conditional law of Y +
t .

Theorem 56 (Predictive-state sufficiency and minimality, T12). Under Definition 55:

1. Zt is predictively sufficient:
Y +
t ⊥⊥ Ht | Zt.

2. If St = s(Ht) is any other history statistic satisfying

Y +
t ⊥⊥ Ht | St,

then there is a measurable map ϕ such that

Zt = ϕ(St) almost surely.

3. Consequently, any two minimal sufficient predictive states are measurably isomorphic after
removal of null sets.
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Proof. For every bounded measurable f : Y → R, define

Zt(f) =
∫

Y
f(y)Zt(dy).

By construction,
E[f(Y +

t ) | Ht] = Zt(f).
Since Zt is a measurable function of Ht, the tower property gives

E[f(Y +
t ) | Zt] = E[Zt(f) | Zt] = Zt(f).

Hence conditioning additionally on Ht does not change the conditional expectation, which is the
stated conditional independence.

Now let St = s(Ht) be sufficient. Then, for every measurable A ⊆ Y,

Kt(Ht, A) = P(Y +
t ∈ A | Ht) = P(Y +

t ∈ A | St) a.s.

Choose a countable determining class for probability measures on the standard Borel space Y. The
values of Kt(Ht, ·) on this class are measurable functions of St, and therefore the complete random
measure Zt is a measurable function of St. Applying this conclusion in both directions to two
minimal sufficient states gives the final claim.

Remark 57 (Meaning of minimality). The theorem does not say that Zt has the fewest numerical
coordinates in a chosen parametrization. It says that every sufficient history statistic must determine
Zt almost surely. This is an information order, invariant under one-to-one reparametrization.

For an arbitrary history statistic St = s(Ht), let

KS
t (s, ·) = P(Y +

t ∈ · | St = s).

Whenever the conditional relative entropy is finite, define the sufficiency defect

δsuff(St) = E
[
KL
(
Kt(Ht, ·)

∥∥∥KS
t (St, ·)

)]
.

Proposition 58 (Conditional-information identity). If St is a measurable function of Ht, then

δsuff(St) = I(Y +
t ; Ht | St).

In particular, the defect vanishes if and only if St is predictively sufficient, up to the usual almost-sure
qualifications.

Proof. The conditional mutual information is the expected relative entropy between the conditional
law given (Ht, St) and the conditional law given St. Because St = s(Ht), the first of these is exactly
Kt(Ht, ·).

Sufficiency has a direct decision-theoretic interpretation. Use the convention

TV(P,Q) = sup
A
|P (A)−Q(A)|.

Let A be a finite action set and ℓ : Y × A→ [0, 1] a bounded loss. Define

Rℓ(St) = inf
d
E
[
ℓ
(
Y +
t , d(St)

)]
.
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Proposition 59 (Approximate sufficiency bounds excess Bayes risk). Under the preceding assump-
tions,

0 ≤ Rℓ(St)−Rℓ(Ht) ≤ E
[
TV

(
Kt(Ht),KS

t (St)
)]
≤

√
δsuff(St)

2 .

Proof. More information cannot increase optimal risk, giving the first inequality. For any fixed
action, its conditional expected loss changes by at most total variation when the conditional law
changes. Taking the infimum over actions preserves this bound. Conditional Pinsker inequality
followed by Jensen’s inequality gives the final estimate.

For a finite target alphabet and logarithmic scoring loss

ℓlog(y, q) = − log q(y), q ∈ P(Y),

the identity is exact:

Rlog(St) = H(Y +
t | St), Rlog(St)−Rlog(Ht) = I(Y +

t ; Ht | St).

Natural logarithms measure the gap in nats; base-two logarithms measure it in bits.

Intervention-indexed causal state

Observational prediction may merge histories that behave identically under the current policy but
respond differently to future interventions. Let I be a finite or countable family of interventions
applied only after time t. For each ι ∈ I, let

Kι
t(h, ·) = Pι(Y +

t ∈ · | Ht = h)

be a regular post-intervention kernel on the common pre-intervention history space. Define

ZIt =
(
Kι
t(Ht, ·)

)
ι∈I ∈ P(Y)I .

Corollary 60 (Minimal simultaneous interventional state). The random element ZIt is sufficient
simultaneously for all post-intervention target laws. If a statistic St = s(Ht) determines the
conditional target law for every ι ∈ I, then there exists a measurable ϕI such that

ZIt = ϕI(St) a.s.

Proof. Apply Theorem 56 componentwise. A countable product of standard Borel spaces is standard
Borel, so the component maps combine into a single measurable factor map.

The observational state is the special case I = {id}. A causal workspace claim should align with
ZIt for a declared intervention family rather than only with the observational state.

21. Structural–Operational Alignment

A structural workspace coordinate becomes operational only when it retains the canonical predictive
or interventional state relevant to the declared task. Let

Wt = πt(Ht)
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be a measurable candidate workspace statistic satisfying the structural support condition

Wt ∈ Γεt(H(t)) almost surely.

The map πt may include encoding into a moving low-energy bundle; no canonical operational
interpretation follows from the spectral projector alone.

Definition 61 (Exact structural–operational alignment). The candidate Wt is observationally
aligned when there exists a measurable map ϕt such that

Zt = ϕt(Wt) a.s.

It is I-causally aligned when
ZIt = ϕIt (Wt) a.s.

Theorem 62 (Exact alignment criterion). For any workspace statistic Wt = πt(Ht), the following
are equivalent:

1. Y +
t ⊥⊥ Ht |Wt;

2. I(Y +
t ; Ht |Wt) = 0;

3. the canonical predictive state factors through Wt:

Zt = ϕt(Wt) a.s.

for some measurable ϕt.

The analogous equivalence holds simultaneously over I with ZIt .

Proof. The equivalence of the first two statements is the zero-divergence characterization of condi-
tional mutual information. The first statement and Theorem 56 imply the factorization in the third.
Conversely, if Zt = ϕt(Wt), then

P(Y +
t ∈ A | Ht) = Zt(A) = ϕt(Wt)(A),

which depends on the history only through Wt, proving sufficiency. The interventional statement
follows from Corollary 60.

Define the observational alignment defect by

δobs
align(Wt) = IP(Y +

t ; Ht |Wt).

For a countable intervention family with declared weights qι > 0, ∑ι qι = 1, define

δIalign(Wt) =
∑
ι∈I

qιIPι(Y +
t ; Ht |Wt).

For bounded decision losses, Proposition 59 applies under each intervention and gives the weighted
bound ∑

ι

qι [Rιℓ(Wt)−Rιℓ(Ht)] ≤

√
δIalign(Wt)

2 .
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Structural coherence and operational alignment are independent

The static defect
δcoh(Wt)

and the operational defect
δIalign(Wt)

answer different questions. The first measures compatibility under transfer. The second measures
loss of task-relevant conditional law.

Regime Structural status Operational interpretation
Low coherence defect,
low alignment defect

Stable transported coordinate Candidate operational workspace for the
declared target and interventions.

Low coherence defect,
high alignment defect

Stable but task-irrelevant shared
structure

Archive, convention, or synchronized
representation.

High coherence defect,
low alignment defect

Predictively adequate but not
transport-stable

Localized or brittle sufficient statistic.

High coherence defect,
high alignment defect

Neither stable nor sufficient Rejected candidate at the stated scales.

Thus neither low transfer energy nor high predictive performance alone is enough. The combined
gate is

δcoh(Wt) ≤ εcoh, δIalign(Wt) ≤ εalign.

Example 63 (Coherent but irrelevant archive). Suppose every node perfectly copies a common
random variable R, so the corresponding transfer energy is zero. If R ⊥⊥ Y +

t , then

δcoh(R) = 0, δobs
align(R) = I(Y +

t ; Ht | R),

which can be as large as the entire predictive information in the history. Perfect agreement therefore
does not imply workspace functionality.

Example 64 (Sufficient but localized statistic). If one node contains the canonical state Zt and
all transfers from that node are unstable, then Wt = Zt is sufficient but need not lie in a stable
low-energy transfer subspace. This is a local controller or archive, not yet a stratified shared
workspace.
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PART VII

Relational Irreducibility

22. Coalition Information and Bayes Risk

For A ⊆ V , the coalition statistic is HA
t . Given an action space A and loss ℓ, define its unrestricted

Bayes risk by
Rℓ(A) = inf

d
E
[
ℓ
(
Y +
t , d(HA

t )
)]
.

The infimum is over measurable decision rules for which the expectation is defined. The full-system
risk is Rℓ(V ).

Proposition 65 (Coalition monotonicity). If A ⊆ B ⊆ V , then

Rℓ(B) ≤ Rℓ(A).

Proof. Every decision rule available to coalition A is also available to coalition B, which can ignore
its additional information.

For finite Y, logarithmic loss converts risk gaps into conditional information exactly.

Theorem 66 (Coalition log-risk identity). Assume H(Y +
t ) <∞. If A ⊆ B ⊆ V , then

Rlog(A)−Rlog(B) = I
(
Y +
t ; HB

t | HA
t

)
.

In particular,
Rlog(A)−Rlog(V ) = I

(
Y +
t ; Ht | HA

t

)
.

Proof. Under logarithmic loss the optimal report is the conditional target law, so

Rlog(A) = H(Y +
t | HA

t ).

Because HA
t is a function of HB

t , subtracting the two conditional entropies gives the stated conditional
mutual information.

The theorem makes the decomposition explicit: irreducibility is not an unqualified property of
a system. It is a property relative to the chosen node partition, accessible histories, target, and
decision loss.

23. Joint Advantage and Its Scope

Define the coalition gap
∆ℓ
A = Rℓ(A)−Rℓ(V ) ≥ 0.

The node-level joint advantage is
∆ℓ

joint = min
i∈V

∆ℓ
{i}.
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Under logarithmic loss,
∆log

joint = min
i∈V

I
(
Y +
t ; Ht | H{i}t

)
.

Therefore
∆log

joint > 0

means that every individual component omits some predictive information available to the complete
system.

This quantity should not automatically be identified with a particular notion of partial-information
synergy. A positive gap can arise from complementary information distributed across components,
from higher-order interaction, or from both. The theory uses the operationally weaker and more
directly testable statement:

no individual node is sufficient for the declared target.

For 0 ≤ r ≤ |V |, define the order-r coalition gap profile by

∆(r)
ℓ = min

A⊆V
|A|≤r

[Rℓ(A)−Rℓ(V )] .

The profile is nonincreasing in r and reaches zero by r = |V |. It records how rapidly operative
capacity becomes reconstructible as larger coalitions are permitted.

24. Minimal Sufficient Coalition

For tolerance ε ≥ 0, define

kε = min {|A| : Rℓ(A) ≤ Rℓ(V ) + ε} .

The set of minimal coalitions is

Kε = {A ⊆ V : |A| = kε,Rℓ(A) ≤ Rℓ(V ) + ε} .

Corollary 67 (Information form of coalition size). Under the assumptions of Theorem 66,

kε = min
{
|A| : I(Y +

t ; Ht | HA
t ) ≤ ε

}
.

Equivalently, kε is the first r for which ∆(r)
log ≤ ε.

This yields a graded classification:

k0 = 0 =⇒ the background law alone is sufficient,
k0 = 1 =⇒ some individual node is sufficient,
k0 ≥ 2 =⇒ node-level relational irreducibility,

k0 = |V | =⇒ every proper coalition is insufficient.

The last condition is much stronger and should not be inferred from the first.
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25. Reconstructibility of the Canonical State

Let dP be a bounded metric generating the measurable structure on P(Y). Define the reconstruction
defect of the canonical state from coalition A by

δZA = inf
ψA

E
[
dP
(
Zt, ψA(HA

t )
)]
.

Proposition 68 (Sufficiency–reconstruction equivalence). For a coalition A ⊆ V , the following are
equivalent:

1. HA
t is sufficient for Y +

t relative to the full history;

2. Zt is measurable with respect to FAt ;

3. there exists a measurable ψA such that

Zt = ψA(HA
t ) almost surely.

Each condition implies δZA = 0. Under finite-target logarithmic loss, they are also equivalent to

Rlog(A) = Rlog(V ).

If the reconstruction infimum is known to be attained, then δZA = 0 is itself equivalent to the three
conditions.

Proof. The equivalence of the first two statements is Theorem 56; the second and third are two
formulations of measurability up to null sets. An exact reconstructor has zero expected metric error.
The log-risk statement follows from Theorem 66 and the zero condition for conditional mutual
information. Without an attainment or compactness condition, an infimum of zero alone certifies
arbitrarily accurate reconstruction but need not supply a single exact minimizing map.

For an arbitrary enriched workspace variable Wt, local non-reconstructibility need not imply
predictive irreducibility: Wt may contain task-irrelevant material. The equivalence is exact for the
canonical state Zt, or for a candidate Wt known to be minimally aligned with it.

26. Matched Relational Nulls

A null control must preserve the local facts that the claim is not intended to challenge while
destroying the relational organization being tested. Merely reducing model capacity or replacing
the workspace by noise is not a matched null.

Let P be the intact law of (Y +
t ,H1

t , . . . ,Hn
t ). Define the local-marginal null class

Nmarg(P ) =
{
Q : QHi

t
= PHi

t
for every i

}
,

and the stronger local-predictive-matched class

Npred(P ) =
{
Q : Q(Y +

t ,Hi
t) = P(Y +

t ,Hi
t) for every i

}
.

Because Hi
t can include the complete local trajectory, the latter class can preserve all single-

component temporal and predictive behavior while altering cross-component organization.
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Proposition 69 (Local-risk invariance under predictive matching). If Q ∈ Npred(P ), then for every
node i and every loss determined by (Y +

t , d(Hi
t)),

Rℓ,Q({i}) = Rℓ,P ({i}).

Proof. Every such risk depends only on the joint law of (Y +
t ,Hi

t), which is identical under P and
Q.

A valid null must also satisfy a declared relation-breaking condition. Examples include:

• permuting source–target message pairings while preserving each message marginal;

• shuffling temporal correspondence across nodes while preserving every local trajectory;

• permuting role bindings while preserving the local token or state distributions;

• replacing an artifact by a matched-size, matched-format artifact whose relation to the surrounding
history has been destroyed; and

• randomizing transfer channels through a physical or software intervention while preserving
message rate and marginal content.

For a predeclared null Q, define

∆tr(Q) = Rℓ,Q(V )−Rℓ,P (V ).

For a finite validated panel Q = {Q1, . . . , Qm} ⊆ Npred(P ), report both the complete vector

∆tr(Q) =
(
∆tr(Q1), . . . ,∆tr(Qm)

)
and the robust panel minimum

∆min
tr (Q) = min

Q∈Q
∆tr(Q).

The panel must be fixed independently of the observed favorable gap. Otherwise null selection can
manufacture apparent relational dependence.

27. Relational Witness Pairs

Definition 70 (Relational witness pair). A pair of laws (P,Q) is a predictive relational witness
pair for the decomposition V and target Y +

t when

Q ∈ Npred(P )

but
Rℓ,Q(V ) ̸= Rℓ,P (V ).

The two systems agree on every single-node predictive marginal but differ in full-system operative
capacity.

Example 71 (XOR witness pair). Under the intact law P , let

X1, X2
iid∼ Bernoulli(1/2), Y = X1 ⊕X2.
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Then each (Xi, Y ) pair is independent and uniform, so

HP (Y | Xi) = 1 bit, HP (Y | X1, X2) = 0.

Let Q make X1, X2, Y mutually independent fair bits. Then

Q(Xi,Y ) = P(Xi,Y ) (i = 1, 2),

but
HQ(Y | X1, X2) = 1 bit.

Therefore
∆log

joint = 1 bit, k0 = 2, ∆tr(Q) = 1 bit.

This proves predictive relational structure relative to the declared variables. It does not, by itself,
prove that any workspace variable is causally active.

Example 72 (Redundant-copy control). Let Y be a fair bit and set X1 = X2 = Y . The two nodes
are perfectly coherent and the full system predicts perfectly, but

H(Y | Xi) = 0, ∆log
joint = 0, k0 = 1.

Duplication is therefore not relational irreducibility.

The witness-pair criterion is stronger than a performance comparison against a smaller model because
it holds local predictive behavior fixed. It remains observational. Part VIII adds interventions and
converts predictive relationality into an operational causal claim.
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PART VIII

Causal Efficacy and Reentry

28. Feasible Workspace Interventions

A notation such as do(Wt = w) is meaningful only if the candidate workspace is an endogenous
variable in a structural causal model or if an intervention on underlying variables is shown to realize
that value. Abstractly setting a projection coordinate need not correspond to any possible physical
or computational manipulation.

Definition 73 (Time-unrolled causal realization). A time-unrolled causal realization is a structural
causal model

M = (U ,V, F,PU )

whose endogenous variables include the local states, messages, actions, artifacts, target variables,
and a measurable workspace extractor

πt : St →Wt, Wt = πt(St).

The unrolled graph is acyclic even when the rolled process is recurrent.

Definition 74 (Feasible implementation intervention). Let Bt denote declared background variables
that should remain matched. A family {ιw : w ∈ W◦t } is a feasible implementation of workspace
values on the experimental domain W◦t when:

1. each ιw acts only on declared manipulable parents, channels, or artifacts at or after time t;

2. the intervened realization satisfies

πt(Sιwt ) = w almost surely;

3. the background law is matched across compared interventions; and

4. the intervention does not directly modify Y +
t except through paths included in the declared

causal design.

Let D be a divergence or metric on probability laws. For a matched background value b, define

CEW(w,w′; b) = D
(
Pιw(Y +

t ∈ · | Bt = b),Pιw′ (Y +
t ∈ · | Bt = b)

)
.

For a declared comparison design ν over (w,w′, b), define

ηνcausal = E(w,w′,b)∼ν
[
CEW(w,w′; b)

]
.

The maximum
ηmax

causal = sup
w,w′,b

CEW(w,w′; b)

may be useful for discovery, but a design-weighted effect is harder to inflate by selecting a single
exceptional pair after inspection.
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Proposition 75 (Coordinate invariance of intervention effects). Let g : Wt →W′t be a measurable
bijection and suppose the reparametrized intervention family satisfies

ι′g(w) = ιw.

Then every divergence-based causal effect is preserved:

CEW′(g(w), g(w′); b) = CEW(w,w′; b).

Proof. The two labels designate the same underlying interventions and therefore induce the same
pair of target laws. Only the coordinate name has changed.

This is the causal analogue of gauge invariance. It also shows why effects should be attached to
intervention implementations rather than to arbitrary numerical coordinates.

29. Causal Specificity and Transfer Mediation

A causal effect on the target is not workspace-specific if an equal-cost perturbation outside the
candidate workspace produces the same effect. Let c(ι) be a declared intervention cost and let

IW(r), I⊥(r)

be matched families with cost r, the first changing workspace coordinates and the second changing
complementary coordinates while preserving the workspace value as closely as the implementation
permits.

Define
ηW(r) = Eι,ι′∼IW(r)D

(
Pι(Y +

t ),Pι′(Y +
t )
)
,

η⊥(r) = Eȷ,ȷ′∼I⊥(r)D
(
Pȷ(Y +

t ),Pȷ′(Y +
t )
)
,

and
∆specific(r) = ηW(r)− η⊥(r).

A positive value supports causal concentration in the candidate workspace at the declared perturba-
tion scale.

If the complement is defined by Γε(H)⊥, the result is metric dependent. Under nonunitary gauge
changes, either the metric must be transported with the coordinates or interventions must be
matched by a coordinate-independent physical cost. Otherwise specificity can change merely because
the representation was rescaled.

Causal transfer nulls

Let ȷE randomize selected communication edges while preserving their marginal message laws, rates,
and timing budget. The causal transfer gap is

∆do
tr (ȷE) = Rℓ,PȷE (V )−Rℓ,P(V ).

Unlike an observational null law, this quantity is anchored to an implemented channel intervention.
A positive effect is evidence that the intact alignment of messages, rather than merely their marginal
content, contributes to task performance.
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A stronger mediation test equalizes the workspace state after two distinct channel interventions. Let
µ be a common imposed workspace distribution, implemented by a feasible stochastic intervention
in the sense of Definition 73. The notation below is shorthand for that implementation. Define the
residual mediation defect

δmed = sup
ȷ,ȷ′

D
(
Pȷ,do(Wt∼µ)(Y +

t ),Pȷ′,do(Wt∼µ)(Y +
t )
)
.

A small value means that once the workspace state is equalized, little of the channel intervention’s
effect remains. This supports, but does not by itself identify without the causal assumptions, the
claim that Wt mediates the relevant relational influence.

30. Causal Recurrence, Loop-Mediated Reentry, and Relationality

Temporal correlation is weaker than causal recurrence. Define the total workspace recurrence effect
at lag τ by

ηrec(τ) = E(w,w′,b)∼νD(Pιw(Wt+τ ∈ · | Bt = b),Pιw′ (Wt+τ ∈ · | Bt = b)) .

A nonzero value shows that manipulating the present workspace changes a later workspace state. It
may, however, be explained by direct copying or a retained memory register.

To isolate reentry, consider the unrolled causal graph and remove every direct retention edge whose
source and target are both workspace variables at successive times. Let

M\dir

denote the resulting path-specific model, preserving paths that leave the workspace through a
nonworkspace participant, action, message, or artifact and later return. Define

ηloop(τ) = E(w,w′,b)∼νD
(
PιwM\dir(Wt+τ ∈ · | Bt = b),Pιw′

M\dir(Wt+τ ∈ · | Bt = b)
)
.

Then the distinctions are:

I(Wt;Wt+τ ) > 0 temporal dependence only,
ηrec(τ) > 0 causal persistence,
ηloop(τ) > 0 causal exit-and-return reentry.

Path-specific effects require the usual consistency and no-unmeasured-confounding assumptions
appropriate to the implementation. In software systems, edge interventions can often be literal. In
human collaboration, these assumptions are substantially harder to justify.

Theorem 76 (Operational relationality, T13). Let Y be finite, let P be the intact law at a fixed
decision time, and let Wt = πt(Ht) be a structurally supported candidate. Let Q ⊆ Npred(P ) be a
nonempty, predeclared panel of validated relation-breaking nulls. Assume:

1. exact structural–operational alignment,

IP (Y +
t ; Ht |Wt) = 0;

2. a positive node-level information gap,

δnode = min
i∈V

IP (Y +
t ; Ht | Hi

t) > 0;
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3. a positive robust matched-null gap,

δnull = min
Q∈Q

[
HQ(Y +

t | Ht)−HP (Y +
t | Ht)

]
> 0;

4. a feasible intervention design with
ηνcausal > 0;

5. positive matched causal specificity at some declared scale r,

∆specific(r) > 0.

Then, relative to the declared decomposition, target, log loss, null panel, and intervention family:

1. no statistic of any single-node history is sufficient for Y +
t , and k0 ≥ 2;

2. Wt cannot be reconstructed almost surely from any single-node history;

3. every null Q ∈ Q preserves all single-node predictive risks but has strictly worse full-system log
risk than the intact law;

4. the candidate workspace is causally efficacious and its effect exceeds that of the declared matched
off-workspace perturbations.

If, in addition, ηloop(τ) > 0, the workspace is loop-reentrant at lag τ .

Proof. By Theorem 66, for each node i,

Rlog,P ({i})−Rlog,P (V ) = IP (Y +
t ; Ht | Hi

t) ≥ δnode > 0.

Hence no single-node history, and therefore no statistic of one, is sufficient; this gives k0 ≥ 2.

Exact alignment and Theorem 62 imply that the canonical predictive state factors through Wt. If
Wt = ψi(Hi

t) almost surely for some node, then the canonical state would also be a function of Hi
t,

contradicting the positive node gap through Proposition 68.

For every Q ∈ Q, Proposition 69 gives

Rlog,Q({i}) = Rlog,P ({i}) ∀i.

The assumed null gap gives
Rlog,Q(V ) > Rlog,P (V ).

Thus a description determined only by the collection of single-node predictive marginals cannot
reproduce the intact joint capacity: it would assign the same local data to P and Q while their
full-system risks differ.

Finally, the feasible intervention effect establishes causal efficacy relative to the declared implemen-
tation, and the positive specificity gap shows that the effect exceeds the matched complementary
perturbation effect. The final reentry statement is exactly the definition of ηloop.

Remark 77 (Scope of the theorem). The conclusion is operational and indexed by

(V, Y +
t , ℓ,Q, I, ν, r).

Changing the decomposition, target, loss, nulls, or intervention design may change the verdict.
The theorem does not establish metaphysical irreducibility, autonomous agency, selfhood, or
consciousness.
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Finite certification sequence

A reproducible dynamic-causal analysis should proceed in the following order:

1. Freeze the node decomposition, accessible coalition histories, target, horizon, and proper scoring
loss.

2. Estimate the structural projector on training data only and encode Wt without using held-out
targets.

3. Cross-fit conditional target laws from the full history, the workspace, and every declared coalition.
Report alignment and coalition risk gaps.

4. Construct the null panel before inspecting null performance. Verify local-predictive matching
and the intended destruction of transfer organization separately.

5. Implement feasible workspace and complementary interventions with a common background
and cost design. Report both causal effect and specificity.

6. Test recurrence and then cut direct retention paths to test loop-mediated reentry.

7. Report confidence intervals or finite-sample uncertainty for every gate; do not substitute training
accuracy for Bayes-risk or causal estimates.

The resulting certification report is

Cdyn(Wt) =
(
δIalign, {∆ℓ

A}A⊆V , kε,∆tr(Q),
ηνcausal,∆specific(r), ηrec(τ), ηloop(τ)

)
.

No single coordinate certifies a relational workspace.
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PART IX

Formal Workspace Definition

31. Certified Stratified Relational Workspace

Let
Θ =

(
εcoh, εalign, εk, ηc, ηloop, δnode, δnull, δspec, k, εpers

)
.

Let
ς = (D, Y +, ℓ, τ, I,Q,Θ)

be the complete declared scientific specification, where Q ⊆ Npred(P ) is a validated null panel.
A dynamic realization contains a certified stratified relational workspace when there exists a
candidate Wt satisfying all gates required for the claimed level under ς. The detailed robustness
and identifiability requirements for varying ς are developed in Parts XVII and XVIII.

Structural coherence

δcoh(Wt) ≤ εcoh.

Interventional structural–operational alignment

δIalign(Wt) ≤ εalign.

Causal efficacy

ηνcausal ≥ ηc.

Loop-mediated reentry, when claimed

ηloop(τ) ≥ ηloop.

Node-level joint advantage

∆ℓ
joint ≥ δnode.

Matched-null transfer dependence

∆min
tr (Q) ≥ δnull.

Causal specificity
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∆specific(r) ≥ δspec.

Distributedness

kεk
≥ k.

Persistence, when claimed

did(Wt,Wt+τ ) ≤ εpers.

Symbolically,
SRW(Wt; ς) =

∧
q∈J (ς)

Gateq(Wt; ς).

The gate set is claim-relative. A one-step operational workspace need not pass persistence or reentry
gates, while a persistent reentrant workspace must. No scalar total score is sufficient: failure of a
required gate cannot be hidden by high performance on another gate.

Remark 78 (Structural, predictive, causal, and temporal claims). The formal hierarchy now
distinguishes four logically independent questions:

Does a stable shared coordinate exist?
Does it retain the task-relevant conditional law?
Does manipulating it change downstream behavior specifically?
Does it persist or reenter through time?

The preceding structural and causal analysis answers the first three at the level of definitions and
conditional theorems. The following parts develop the fourth.
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PART X

Persistence

The preceding parts identify exact and approximate workspace subspaces at a single time. Persistence
adds three further requirements. The structural subspace must remain trackable while the realization
changes, actual states must remain near that moving subspace, and the transported content must
not collapse to a trivial zero state. These are distinct conditions.

32. Coherence-Error Dynamics

32.1 Time-indexed transfer systems

At time t, let
CV (t) =

⊕
i∈V

Ci(t), CE(t) =
⊕
e∈E

Ct(e)(t),

and let
Dt : CV (t) −→ CE(t), Lt = D∗tDt

be the transfer discrepancy and transfer Laplacian. At time t, the combinatorial graph is held fixed
while the local representations, transfers, and metrics may vary. Changes of graph are treated later
by a graph correspondence.

To compare successive times, choose unitary identification maps

UVt : CV (t) −→ CV (t+ 1), UEt : CE(t) −→ CE(t+ 1).

They are comparison maps, not assumptions that the physical carriers are identical. Define the
one-step diagram defect

∆D
t = Dt+1U

V
t − UEt Dt, δDt = ∥∆D

t ∥.

Exact temporal compatibility is the condition ∆D
t = 0.

Proposition 79 (Temporal Laplacian drift). The carried Laplacian satisfies∥∥∥(UVt )∗Lt+1U
V
t − Lt

∥∥∥ ≤ 2∥Dt∥δDt + (δDt )2.

Proof. Set
Bt = (UEt )∗∆D

t .

Because the comparison maps are unitary,

(UEt )∗Dt+1U
V
t = Dt +Bt, ∥Bt∥ = δDt .

Hence
(UVt )∗Lt+1U

V
t = (Dt +Bt)∗(Dt +Bt).

Subtract D∗tDt and apply the triangle inequality.
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Let Pt project onto a selected rank-d low-energy workspace cluster of Lt, and set

Wt = ranPt.

Write
gt = λd+1(Lt)− λd(Lt) > 0

for the separating spectral gap and

ηLt = 2∥Dt∥δDt + (δDt )2.

Corollary 80 (Temporal workspace tracking). If

ηLt <
gt
2 ,

then the transported and newly extracted workspace projectors satisfy

qstr
t :=

∥∥∥Pt+1 − UVt Pt(UVt )∗
∥∥∥ ≤ ηLt

gt − ηLt
≤ 2ηLt

gt
.

Proof. Carry Lt+1 back to time t using UVt , apply Theorem 43, and conjugate the resulting projector
bound forward.

The quantity qstr
t measures structural motion after the declared coordinate change has been removed.

A workspace may therefore move substantially in raw coordinates while remaining structurally
unchanged.

32.2 State tracking inside a moving workspace

Let the realized vertex state satisfy
xt+1 = Ftxt + ξt,

where Ft : CV (t)→ CV (t+ 1) is the actual update and ξt is an unmodeled disturbance. Define the
off-workspace error

et = ∥(I − Pt)xt∥.

Introduce
αt = ∥(I − Pt+1)Ft(I − Pt)∥ ,

which measures persistence of prior off-workspace error, and

ℓt = ∥(I − Pt+1)FtPt∥ ,

which measures leakage of a valid workspace state under the update.

Proposition 81 (Grounded coherence recurrence). Every trajectory satisfies

et+1 ≤ αtet + σt,

where
σt = ℓt∥Ptxt∥+ ∥(I − Pt+1)ξt∥.
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Proof. Insert I = Pt + (I − Pt) before xt, apply I − Pt+1, and use submultiplicativity:

et+1 ≤ ∥(I − Pt+1)Ft(I − Pt)xt∥
+ ∥(I − Pt+1)FtPtxt∥+ ∥(I − Pt+1)ξt∥.

The displayed recurrence follows from the definitions of αt and ℓt.

This derivation gives the contraction and disturbance terms an operational meaning. The scalar
recurrence is not an independent postulate. It follows from an update rule, a moving workspace
projector, and a declared disturbance model.

32.3 Persistence theorem T6

Theorem 82 (Nonautonomous persistence theorem). Let et ≥ 0 satisfy

et+1 ≤ αtet + σt, αt, σt ≥ 0.

Then, for every t ≥ 1,

et ≤
(
t−1∏
r=0

αr

)
e0

+
t−1∑
j=0

 t−1∏
r=j+1

αr

σj ,
where an empty product equals one. If

αt ≤ ᾱ < 1, σt ≤ σ̄,

then

et ≤ ᾱte0 + σ̄(1− ᾱt)
1− ᾱ ,

and consequently

lim sup
t→∞

et ≤
σ̄

1− ᾱ .

Proof. Repeated substitution yields

et ≤ αt−1 · · ·α0e0 + αt−1 · · ·α1σ0 + · · ·+ σt−1,

which is the first formula. Under the uniform bounds, dominate each product by the corresponding
power of ᾱ and sum the geometric series.

Corollary 83 (Vanishing-disturbance convergence). If αt ≤ ᾱ < 1 and σt → 0, then

et → 0.

More generally, if
∑
t≥0 σt <∞, then the disturbance contribution in Theorem 82 vanishes asymp-

totically.

Proof. Split the convolution sum into a finite early part, whose coefficients decay to zero, and a late
tail on which σt is uniformly small. The summable case follows by the same argument.
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32.4 Mean-square persistence

For stochastic systems, pathwise bounded disturbances may be too strong. Let {Ft} be a filtration
containing the history through time t.

Proposition 84 (Mean-square persistence). Suppose

E[e2
t+1 | Ft] ≤ qe2

t + vt, 0 ≤ q < 1,

and E[vt] ≤ v̄. Then

E[e2
t ] ≤ qtE[e2

0] + v̄(1− qt)
1− q ,

so
lim sup
t→∞

E[e2
t ] ≤

v̄

1− q .

Proof. Take expectations, iterate the resulting deterministic recurrence, and sum a geometric
series.

32.5 The non-collapse condition

Low off-workspace error is not sufficient for meaningful persistence. The zero update Ft = 0 drives
every state exactly into every linear workspace while destroying all content. Define the internal
transport

Bt = Pt+1FtPt :Wt −→Wt+1

and its non-collapse margin
µkeep
t = σmin(Bt|Wt).

A content-preserving persistence claim requires

µkeep
t > 0

for the relevant interval, or an information-theoretic replacement when the workspace state is
stochastic. Structural tracking, state tracking, and content retention are therefore separate gates.

A finite-horizon persistence certificate may be recorded as

P0:T =
(

max
t<T

qstr
t ,max

t≤T
et,min

t<T
µkeep
t ,

∑
t<T

σt

)
.

No single coordinate of this vector subsumes the others.

33. Interpretation of the Contraction Parameter

The inequality
αt < 1
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means that deviations already outside the current workspace are damped by the next update.
Mechanisms that can reduce αt or σt include

verification and error feedback,
shared notation and stable interfaces,
artifact persistence and version control,
proof checking and experimental replication,
handoff reconstruction and redundancy.

Sources of disturbance include

context loss and representational drift,
miscommunication and transfer-map error,
participant or model replacement,
artifact corruption,
unsupported inference and objective drift.

33.1 Four persistence levels

The theory distinguishes:

structural persistence qstr
t remains small,

state persistence et remains small,
content persistence µkeep

t remains bounded away from zero,
operational persistence predictive and causal capacities remain matched.

The first three are developed in this part. Operational matching is incorporated into the identity
theory of Part XII.

33.2 Moving-line example

Let CV (t) = R2 and let Pt project onto

ut = (cos θt, sin θt).

If UVt is rotation through θt+1 − θt and Ft = UVt , then a state xt = ut obeys

et = et+1 = 0, µkeep
t = 1.

The workspace changes raw coordinates but not abstract identity. If instead Ft = I, then

et+1 = | sin(θt+1 − θt)|.

The same structural motion now produces a state-tracking defect because the actual update fails to
transport the content with the workspace.
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PART XI

Reconstruction and Resilience

Persistence can be maintained by direct transport, but it can also be restored from distributed traces
after a disruption. Reconstruction theory quantifies when a coalition contains enough information
to recover the abstract core and how noise is amplified by that recovery.

34. Core Encoding Maps

Let C∗ be a finite-dimensional abstract core. The exact static theory provides a complete local chart

Ei = evi ◦Ψ : C∗ −→ Ci,

where Ψ : C∗ → Γ(H) is the root-to-section isomorphism. A participant or artifact need not expose
that complete chart. Let

Oi : Ci −→ Yi
be the declared observation or access map and define the accessible encoding

Ei = OiEi : C∗ −→ Yi.

For notational economy, the direct sums below use the accessible spaces Yi. Thus injectivity of a
full structural chart does not make a singleton operationally reconstructive unless its access map
preserves the whole core.

For a coalition S ⊆ V , define the analysis operator

AS : C∗ −→
⊕
i∈S

Yi, ASc = (Eic)i∈S ,

and the coalition frame operator

FS = A∗SAS =
∑
i∈S

E∗i Ei.

Set
αS = λmin(FS), βS = λmax(FS).

Thus
αS∥c∥2 ≤ ∥ASc∥2 ≤ βS∥c∥2.

Proposition 85 (Coalition reconstruction criterion). For a coalition S, the following are equivalent:

1. AS is injective;

2. FS is positive definite;

3. αS > 0;

4. there exists a linear decoder RS with RSAS = IC∗.

When these conditions hold, the canonical decoder is

RS = A†S = F−1
S A∗S .
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Proof. In finite dimensions,
kerFS = kerAS

because
⟨c, FSc⟩ = ∥ASc∥2.

This proves the equivalence of the first three statements. An injective linear map admits a left
inverse, while a left inverse implies injectivity. The formula for the Moore–Penrose left inverse
follows from full column rank.

The lower frame bound αS measures recoverability. The upper bound βS measures amplification in
the forward encoding. Their ratio

κS =
√
βS
αS

is the coalition condition number.

35. Stable Reconstruction Condition

35.1 Stable reconstruction theorem T7

Theorem 86 (Stable core reconstruction). Assume αS > 0 and observe

y = ASc+ η.

With the canonical estimate
ĉ = A†Sy,

one has

∥ĉ− c∥ ≤ ∥η∥√
αS

.

Proof. Since A†SAS = IC∗ ,
ĉ− c = A†Sη.

The singular values of AS are the square roots of the eigenvalues of FS , so

∥A†S∥ = 1
σmin(AS) = 1

√
αS

.

Corollary 87 (Encoding mismatch). If the true observation is

y = (AS + ∆S)c+ η

but the nominal decoder A†S is used, then

∥ĉ− c∥ ≤ ∥∆S∥ ∥c∥+ ∥η∥
√
αS

.
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Proof. Now
ĉ− c = A†S∆Sc+A†Sη,

and the result follows from Theorem 86.

35.2 Reconstruction as operational recovery

Geometric recovery becomes behaviorally relevant when the workspace state controls a predictive
kernel. Let

Kw = P(Y ∈ · |W = w)

and suppose
TV(Kw,Kw′) ≤ LKdW (w,w′).

Proposition 88 (Exact reconstruction implies coalition sufficiency). Let W be sufficient for Y
relative to the full history H:

Y ⊥⊥ H |W.

If a coalition reconstructs the workspace exactly,

W = RS(HS) almost surely,

then
Y ⊥⊥ H | HS .

Under logarithmic loss,
Rlog(S) = Rlog(V ).

Proof. Sufficiency means that the conditional target law given H is a measurable function of W .
Exact reconstruction makes that function measurable with respect to HS , which is the asserted
conditional independence. The log-risk equality follows from Theorem 66.

Proposition 89 (Reconstruction-to-risk transfer). Let W be sufficient for a target Y , let losses
take values in [0, 1], and let a coalition construct Ŵ from its local data. Then its optimal Bayes risk
satisfies

0 ≤ R(S)−R(W ) ≤ 2LK E[dW (W, Ŵ )].

Proof. For every pair w, ŵ, using the Bayes action for Kŵ under the true law Kw incurs conditional
regret at most

2 TV(Kw,Kŵ).

This follows by inserting and subtracting the risk under Kŵ for both the chosen action and the
Bayes action for Kw. Average the bound and use the Lipschitz assumption. The coalition’s optimal
rule performs at least as well as this decoder-based rule.

This proposition links Part XI to the causal-state theory of Part VI. A small geometric reconstruction
error is operationally meaningful only when the outcome kernel changes continuously with workspace
state.

36. k-Failure Resilience
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For k ≥ 0, define the worst surviving lower frame bound

α(k) = min
A⊆V
|A|≤k

αV \A.

The sequence α(k) is nonincreasing in k.

Theorem 90 (Uniform erasure resilience). The encoding family is exactly reconstructible after every
loss of at most k nodes if and only if

α(k) > 0.

If surviving observations have the form

yV \A = AV \Ac+ ηA, |A| ≤ k,

then the canonical survivor decoder obeys the uniform estimate

∥ĉA − c∥ ≤
∥ηA∥√
α(k)

.

Proof. Exact reconstruction for a particular survivor set is equivalent to a positive lower frame
bound by Proposition 85. Taking the minimum over all permitted erasures gives the first claim.
The uniform noise estimate follows from Theorem 86.

Proposition 91 (Dimensional obstruction). Let d = dimC∗. If∑
i∈S

dim Yi < d,

then αS = 0, so S cannot reconstruct the core. Consequently, k-failure resilience requires∑
i∈V \A

dim Yi ≥ d

for every A ⊆ V with |A| ≤ k.

Proof. The rank of AS is at most the dimension of its codomain. If that dimension is below d, then
AS is not injective.

Define the accessible block support of c ̸= 0 by

suppE(c) = {i ∈ V : Eic ̸= 0}

and define the node-erasure distance

der = min
c ̸=0
| suppE(c)|.

Theorem 92 (Exact erasure-distance criterion). Exact reconstruction after every loss of at most k
nodes is possible if and only if

der > k.
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Proof. If der ≤ k, choose c ̸= 0 whose nonzero accessible blocks are contained in a set A with |A| ≤ k.
The surviving analysis operator satisfies AV \Ac = 0, so it cannot distinguish c from zero. Conversely,
if some erasure set A of size at most k destroys injectivity, there exists c ̸= 0 with Eic = 0 for every
i /∈ A. Thus suppE(c) ⊆ A, and der ≤ k.

The distance criterion is combinatorial. The frame quantity α(k) is quantitative. A system may
tolerate k erasures exactly while amplifying noise severely because α(k) is close to zero.

36.1 Reconstructive handoff after replacement

Suppose node r is removed and the surviving coalition is

S = V \ {r}.

A replacement node r′ is to receive the encoding

E′r′ : C∗ → Y′r′ .

Corollary 93 (Handoff initialization). If αS > 0 and the survivors observe y = ASc+ η, initialize
the replacement by

xinit
r′ = E′r′A

†
Sy.

Then

∥xinit
r′ − E′r′c∥ ≤

∥E′r′∥ ∥η∥√
αS

.

This is the basic mathematical form of artifact-mediated or coalition-mediated handoff. It does not
require the removed component to transfer its full internal state to the replacement.

37. Redundancy–Irreducibility Tension

Define the minimum reconstructing coalition size

mrec = min{|S| : αS > 0}

and the maximum exact erasure tolerance

kerase = max{k : α(k) > 0}.

The condition
mrec ≥ 2

means that no individual encoding is sufficient for exact core recovery. The condition

kerase ≥ 1

means that the system survives at least one node loss. These can hold simultaneously because
nonlocality of encoding is not the same as fragility.

37.1 Three-node distributed-frame example

Let
C∗ = R2
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and define scalar node encodings

E1(c1, c2) = c1, E2(c1, c2) = c2, E3(c1, c2) = c1 + c2.

Every singleton has rank one, so no node reconstructs the two-dimensional core. Every pair does
reconstruct. For S = {1, 2},

FS = I, αS = 1.

For S = {1, 3} or S = {2, 3}, the frame eigenvalues are

3±
√

5
2 .

Therefore

mrec = 2, kerase = 1, der = 2, α(1) = 3−
√

5
2 .

This realizes a workspace core that is irreducible to any singleton while remaining reconstructible
after any one node fails.

37.2 Relation to predictive irreducibility

The geometric quantity mrec and the predictive quantity k0 from Part VII answer different questions.
The first asks whether a coalition can reconstruct a declared core coordinate. The second asks
whether a coalition is sufficient for a declared future target. Equality between them requires
structural–operational alignment and regularity such as Proposition 89. Neither quantity should be
substituted for the other without those assumptions.
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PART XII

Identity Through Time and Replacement

Identity is treated as invariance under a structured correspondence, not as literal persistence of
tokens or carriers. Exact correspondences form a groupoid. Approximate identity is measured by
structural, operational, causal, and reconstructive defects that must be reported separately before
they are combined.

38. Temporal Realization Maps

Let
R = (G,C, D, ρ, I,K)

and
R′ = (G′,C′, D′, ρ′, I ′,K′)

be two realizations. A correspondence begins with a graph isomorphism φ : G→ G′. After relabeling
by φ, let

Ji : Ci → C ′i

be unitary local identifications and define

JV =
⊕
i∈V

Ji, JE =
⊕
e∈E

Jt(e).

Definition 94 (Exact structural correspondence). The correspondence is structurally exact when

D′JV = JED.

It is operation exact for a ∈ A when

ρ′V (a)JV = JV ρV (a).

Theorem 95 (Exact replacement isomorphism). Under an exact structural correspondence,

Γ(D′) = JV Γ(D), L′JV = JV L.

Consequently, every spectral workspace subspace is transported exactly:

PI(L′) = JV PI(L)J∗V

for every spectral interval I. If the correspondence is also operation exact, then the transported
workspace actions are intertwined exactly.

Proof. For every c,
D′JV c = JEDc.

Because JE is invertible, Dc = 0 if and only if D′JV c = 0, proving the kernel statement. Taking
adjoints of the exact covariance identity gives

D′∗JE = JVD
∗.
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Therefore
L′JV = D′∗D′JV = D′∗JED = JVD

∗D = JV L.

The spectral and operation claims follow by functional calculus and the intertwining assumptions.

Exact correspondences compose and invert. They therefore form a groupoid of realizations. The
abstract exact workspace is an isomorphism class in this groupoid.

39. Structural Identity Defect

For an approximate correspondence define

∆D = D′JV − JED, δD = ∥∆D∥.

If the graph weights are unchanged, define edgewise comparison defects

δe = ∥H ′eJs(e) − Jt(e)He∥.

The discrepancy operator has one changed source block per edge, so

δ2
D ≤ max

i∈V

∑
e:s(e)=i

weδ
2
e ≤

∑
e∈E

weδ
2
e .

When a single node is replaced, every nonincident edge has δe = 0. The replacement defect is
therefore locally measurable even though its effect on the global workspace is controlled by the
global spectral gap.

The corresponding carried-Laplacian defect obeys

ηL := ∥J∗V L′JV − L∥ ≤ 2∥D∥δD + δ2
D.

This is Proposition 79 with the time indices removed.

Let P and P ′ be rank-d workspace projectors selected from L and L′, and let g > 0 be the separating
source gap.

Theorem 96 (Approximate structural replacement). If

ηL <
g

2 ,

then
qstr := ∥P ′ − JV PJ∗V ∥ ≤

ηL
g − ηL

≤ 2ηL
g
.

If qstr < 1, then
B = P ′JV P : ranP −→ ranP ′

is bijective and satisfies
σmin(B) ≥

√
1− q2

str.

Its polar factor
β = B(B∗B)−1/2

is a canonical unitary workspace correspondence. Moreover,

∥β − JV P∥ ≤ qstr + 1−
√

1− q2
str.

66



Stratified Relational Workspace Theory Core–Transfer Theory

Proof. The projector estimate is Theorem 43 applied after carrying L′ back by JV . For unit
w ∈ ranP ,

∥(I − P ′)JV w∥ ≤ qstr.

Orthogonality gives
∥Bw∥2 = 1− ∥(I − P ′)JV w∥2 ≥ 1− q2

str.

Thus B is injective, hence bijective because the source and target have the same finite dimension.
Its singular values lie in [

√
1− q2

str, 1], so polar normalization moves B by at most 1 −
√

1− q2
str.

Finally,
∥B − JV P∥ = ∥(I − P ′)JV P∥ ≤ qstr.

39.1 Transport of workspace operations

Write
A = ρV (a), A′ = ρ′V (a),

and define
δρ(a) = ∥A′JV − JVA∥, ℓa = ∥(I − P )AP∥.

Let
AW = PAP, A′W ′ = P ′A′P ′.

Proposition 97 (Operation transport bound). For B = P ′JV P ,

∥A′W ′B −BAW∥ ≤ ∥A′∥qstr + δρ(a) + ℓa.

For the unitary polar correspondence β,

∥A′W ′β − βAW∥ ≤∥A′∥qstr + δρ(a) + ℓa

+
(
∥A′W ′∥+ ∥AW∥

) (
1−

√
1− q2

str

)
.

Proof. Insert and subtract P ′A′JV P and P ′JVAP :

A′W ′B −BAW = P ′A′(P ′ − I)JV P
+ P ′(A′JV − JVA)P
+ P ′JV (I − P )AP.

Bound the three terms. Replacing B by β adds

A′W ′(β −B)− (β −B)AW ,

which gives the second estimate.

40. Behavioral Identity Defect

Structural correspondence does not determine operational identity. Let

{ιw,b : (w, b) ∈ D} and {ι′βw,χb : (w, b) ∈ D}
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be matched feasible implementation-intervention families in the sense of Part VIII. Here b denotes
declared background variables and χ is the background correspondence. Define

K(w, b) = Pιw,b(Y + ∈ ·),

K ′(βw, χb) = P′ ι
′
βw,χb(Y ′+ ∈ ·).

For a chosen divergence DY , define

δcausal(β) = sup
(w,b)∈D

DY

(
K(w, b),K ′(βw, χb)

)
.

The observational response is included only when the null intervention belongs to the declared
family. This definition compares actual implementation interventions rather than formally assigning
an arbitrary projection coordinate.

A reconstructive handoff may also be imperfect. Let

δrec(β) = E
[
dW ′(W ′init, βW )

]
measure replacement initialization error. Corollary 93 provides one explicit upper bound on this
term.

40.1 Structural identity does not imply causal identity

Take two realizations with identical

G, D, L, P, ρ.

In the first, let Y = W . In the second, let Y ′ = 1−W for a binary workspace coordinate. Then

qstr = 0, δρ(a) = 0

for every operation, while the observational and interventional outcome kernels differ maximally
under the identity correspondence. Therefore no purely structural theorem can prove causal identity
without an additional kernel-matching assumption.

41. Identity Distance and Replacement Invariance

For an admissible correspondence J, define the operation defect on a declared unit ball A1 by

δop(J) = sup
a∈A1

∥A′W ′β − βAW∥.

The primary certification object is the identity profile

did(J) =
(
qstr, δop(J), δcausal(β), δrec(β);µkeep

)
.

The first four coordinates must remain below declared tolerances, while the non-collapse margin
µkeep must remain above a declared lower bound. This vector, rather than a weighted average,
determines whether a specific identity claim passes.

A composite identity cost is

Cost(J) = a qstr + b δop(J) + c δcausal(β) + d δrec(β),
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where a, b, c, d > 0 are declared scales. Define

did(R,R′) = inf
J

Cost(J).

This quantity is a task-relative optimization surrogate until the admissible correspondence class,
intervention matching, divergence, and scales are fixed. It does not replace the coordinatewise
identity profile or the non-collapse gate.

41.1 Replacement invariance theorem T14

Theorem 98 (Quantitative replacement invariance). Let J be a unitary graph correspondence with
diagram defect δD. Define

ηL = 2∥D∥δD + δ2
D

and assume
ηL <

g

2 .

Set
q∗ = ηL

g − ηL
.

Then there exists a unitary workspace correspondence β for which

qstr ≤ q∗.

Moreover,

δop(J) ≤ sup
a∈A1

[
∥ρ′V (a)∥q∗ + δρ(a) + ℓa

+
(
∥A′W ′∥+ ∥AW∥

) (
1−

√
1− q2

∗

)]
.

If, in addition,
δcausal(β) ≤ δc, δrec(β) ≤ δr,

then
did(R,R′) ≤a q∗ + b δop(J)

+ c δc + d δr.

In particular, if all local structural, operation, closure, causal, and reconstruction defects are O(δrep),
the relevant operator norms are uniformly bounded, and g ≥ g0 > 0, then

did(R,R′) ≤ C1
δrep
g0

+ C2δrep +O

(
δ2

rep
g0

)
.

After a fixed normalization of the non-spectral terms, this recovers the schematic target

did ≲ C
δrep
g0

.
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Proof. The structural bound and existence of β follow from Theorem 96. The operation estimate is
Proposition 97 with qstr ≤ q∗. Insert these estimates and the assumed causal and reconstructive
bounds into the definition of Cost(J). The asymptotic statement follows from

q∗ = O

(
δD
g0

+ δ2
D

g0

)

and
1−

√
1− q2

∗ = O(q2
∗).

Corollary 99 (Preservation of coalition frame bounds). Identify the old and new abstract cores
with ranP and ranP ′ through their chosen core parameterizations. Let S be a declared coalition, let

AS : ranP → YS , A′S : ranP ′ → Y′S

be the resulting accessible coalition encoders, and let KS be a unitary identification of their observation
spaces. Suppose

∥A′Sβ −KSAS∥ ≤ δframe
S <

√
αS .

Then the replacement coalition remains reconstructive and its new lower frame bound satisfies

α′S ≥
(√

αS − δframe
S

)2
.

Consequently, k-failure resilience survives whenever the bound holds uniformly for every coalition
remaining after at most k erasures.

Proof. For w′ ∈ ranP ′, write w′ = βw. Since β and KS are unitary,

∥A′Sw′∥ ≥ ∥KSASw∥ − ∥(A′Sβ −KSAS)w∥

≥
(√

αS − δframe
S

)
∥w′∥.

Square the inequality.

Corollary 100 (Exact carrier replacement). If

δD = 0, δρ(a) = 0, ℓa = 0, δc = 0, δr = 0,

then
did(R,R′) = 0.

Thus a participant, model, artifact, or notation system may be replaced without changing the abstract
workspace when the replacement realizes the same structural, operational, causal, and reconstructive
organization.

41.2 Temporal chains and identity paths

For a sequence of realizations
R0,R1, . . . ,RT ,
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let Jt : Rt → Rt+1 be admissible correspondences. Define the path length

Len(J0:T ) =
T−1∑
t=0

Cost(Jt)

and the induced directed path quasi-pseudometric

d→path(R0,RT ) = inf
J0:T

Len(J0:T ).

Concatenation gives the directed triangle inequality. Because replacement costs and intervention
divergences need not be symmetric, symmetry is not assumed. When reverse correspondences exist,
define the symmetrized pseudometric

dsym
path(R,R′) = max

{
d→path(R,R′), d→path(R′,R)

}
.

Distinct physical realizations can have zero symmetrized pseudodistance when an exact correspon-
dence exists in both directions. This is intentional: identity is assigned to the invariant relational
organization rather than to the carrier tokens.

41.3 Identity failure modes

A complete replacement audit must report at least

Irep =
(
qstr, δop, δcausal, δrec, µ

keep
)
.

The failure modes are different:

qstr large the shared subspace changed,
δop large the same operations are no longer realized,
δcausal large interventions no longer have matching consequences,
δrec large the new realization was not initialized from the old core,
µkeep small content collapsed despite apparent coherence.

The theorem does not permit one successful coordinate to conceal failure of another.
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PART XIII

Gluing and Workspaces of Workspaces

The preceding parts treat one interaction diagram at a time. A large collaborative system is
usually assembled from overlapping local laboratories, subteams, artifacts, models, or task-specific
workspaces. This part asks when those local workspaces determine one coherent global workspace,
how failed gluing is detected, and whether recursive assembly changes the resulting object. The exact
theory is a descent theorem. The approximate theory is a second transfer-Laplacian construction on
the cover itself.

42. Local Workspace Covers

42.1 Edge-complete covers

Let
G = (V,E)

be a finite directed interaction graph with local core spaces Ci, core transfers He, vertex space
CV (G), discrepancy operator DG, and exact workspace

W (G) := Γ(H|G) = kerDG.

Definition 101 (Finite workspace cover). A finite family of subgraphs

U = {Gα}α∈A

is an edge-complete workspace cover of G when

V =
⋃
α∈A

Vα, E =
⋃
α∈A

Eα.

Every edge in Eα carries the transfer inherited from G. For a nonempty finite index set

I = {α0, . . . , αp} ⊆ A,

define the intersection subgraph
GI = Gα0···αp :=

⋂
α∈I

Gα

by intersecting both vertex and edge sets. Isolated vertices are retained.

Covering only the vertices is insufficient. If an edge belongs to no chart, its transfer equation is
absent from every local workspace and cannot be recovered by overlap agreement. Edge completeness
is therefore the minimal cover assumption used below.

If K ⊆ L ⊆ G are subgraphs, coordinate restriction gives

ρLK : CV (L) −→ CV (K).

Because every edge equation on K is also an edge equation on L, restriction maps exact sections to
exact sections:

rLK := ρLK |W (L) : W (L) −→ W (K).
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They obey
rLL = I, rKJ r

L
K = rLJ

whenever J ⊆ K ⊆ L. Thus K 7→ W (K) is a contravariant system of local workspaces.

42.2 The cover nerve and overlap interfaces

The nerve N(U) has one vertex for each chart Gα and a p-simplex

[α0 · · ·αp]

whenever Gα0···αp is nonempty. The nerve records which local workspaces can compare states directly.
It does not replace the underlying interaction graph: G carries the internal transfer equations, while
N(U) carries overlap-consistency equations between already constructed local objects.

For pairwise overlaps write

Wα = W (Gα), Wαβ = W (Gαβ),

and
rααβ : Wα → Wαβ, rβαβ : Wβ → Wαβ.

The interface is therefore a cospan

Wα

rα
αβ−−−→ Wαβ

rβ
αβ←−−− Wβ,

not necessarily a direct transfer map from one complete local workspace to the other. Both charts
are compared through the content they expose on their common domain.

42.3 Čech cochains of local workspaces

For p ≥ 0, define the finite cochain space

Čp(U ; W ) =
⊕

α0<···<αp

W (Gα0···αp),

where empty intersections contribute the zero space. The coboundary

δp : Čp −→ Čp+1

is

(δps)α0···αp+1 =
p+1∑
j=0

(−1)jrα0···α̂j ···αp+1
α0···αp+1 sα0···α̂j ···αp+1

.

The restriction identities imply
δp+1δp = 0.

For a local family w = (wα)α,
(δ0w)αβ = rβαβwβ − r

α
αβwα.

Thus δ0 is the overlap-discrepancy operator at the level of exact local workspaces.

43. Compatibility and Gluing Obstructions
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43.1 Direct overlap mismatch

A family w = (wα)α is exactly compatible when

δ0w = 0.

Its direct mismatch is
mU (w) = δ0w.

After choosing inner products and positive overlap weights, the mismatch energy is

Eov(w) = ∥δ0w∥2 =
∑
α<β

ναβ
∥∥∥rβαβwβ − rααβwα∥∥∥2

.

This is the appropriate obstruction when the full local states are already given. Such a family glues
exactly if and only if its mismatch vector itself vanishes. No cohomological quotient is needed for
that direct question.

43.2 Relative-only and affine descent data

A different problem arises when only relative transition data are supplied. Let

b = (bαβ) ∈ Č1(U ; W )

be a prescribed family of overlap offsets. The triple-overlap consistency condition is

δ1b = 0.

One seeks local potentials q = (qα) ∈ Č0 satisfying

δ0q = b.

Define

Ȟ1(U ; W ) = ker δ1

im δ0 .

Then the affine gluing problem is solvable precisely when

[b] = 0 in Ȟ1(U ; W ).

A nonzero class means that all local transition statements can be mutually consistent on triple
overlaps while still failing to arise from any family of local workspace states. This is a cover-level
analogue of nontrivial holonomy.

43.3 Harmonic representative of the obstruction

Equip the finite cochain spaces with Hilbert inner products and define the first Čech Laplacian

∆1 = δ0(δ0)∗ + (δ1)∗δ1.

Let
H1
U = ker ∆1.
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Proposition 102 (Harmonic gluing obstruction). For every cocycle b ∈ ker δ1, there is an orthogonal
decomposition

b = δ0q† + h, h ∈ H1
U ,

where q† = (δ0)†b is a least-squares potential. Moreover,

inf
q
∥b− δ0q∥ = ∥h∥ = ∥PH1

U
b∥.

Hence b is exactly integrable if and only if its harmonic component vanishes.

Proof. The finite-dimensional Hodge decomposition gives

Č1 = im δ0 ⊕ ker ∆1 ⊕ im(δ1)∗.

If b ∈ ker δ1, then b is orthogonal to im(δ1)∗. Its remaining two orthogonal components are therefore
an exact part δ0q† and a harmonic part h. The orthogonal projection theorem gives the least-squares
identity.

The scalar
ωU (b) := ∥PH1

U
b∥

is an irreducible overlap-frustration measure. Its vanishing is invariant under admissible invertible
coordinate changes, although its numerical norm depends on the chosen metric. It cannot be
removed by adding local potentials alone.

43.4 Cycle example

Consider three charts arranged in a cycle, with one-dimensional overlap spaces and oriented offsets

b12, b23, b31.

Local potentials would have to satisfy

q2 − q1 = b12, q3 − q2 = b23, q1 − q3 = b31.

Adding the equations gives the necessary and sufficient condition

b12 + b23 + b31 = 0.

With the standard edge norm, the harmonic obstruction has magnitude

ωU (b) = |b12 + b23 + b31|√
3

.

Every pairwise relation may be individually meaningful while the complete cycle remains globally
inconsistent.

44. Exact Gluing Theorem T8

Let
RU : W (G) −→ Č0(U ; W )

be the restriction map
RU (w) = (w|Gα)α∈A.
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Theorem 103 (Exact workspace gluing). For every finite edge-complete workspace cover U , the
sequence

0 −→ W (G) RU−−−→ Č0(U ; W ) δ0
−−→ Č1(U ; W )

is exact. Equivalently,

W (G) ∼= ker δ0 ∼= Eq

∏
α

Wα ⇒
∏
α<β

Wαβ

 .
Every pairwise compatible family of exact local workspace states therefore glues to a unique exact
global workspace state.

Proof. The cover contains every vertex, so RU is injective. A global section has identical restrictions
on every overlap, hence δ0RU = 0.

Conversely, let w = (wα)α ∈ ker δ0. For each vertex i ∈ V , choose any chart Gα containing i and set

ci = (wα)i.

If another chart Gβ contains i, then i ∈ Gαβ and overlap compatibility gives (wα)i = (wβ)i. Thus ci
is well defined.

For every edge e : i→ j, edge completeness provides a chart Gα containing e. Since wα ∈ W (Gα),

cj = (wα)j = He(wα)i = Heci.

Hence c = (ci) ∈ W (G), and by construction RUc = w. Uniqueness follows because the charts cover
all vertices.

Corollary 104 (Zeroth descent cohomology). For every finite edge-complete cover,

W (G) ∼= Ȟ0(U ; W ) = ker δ0.

In finite dimensions,
dim W (G) =

∑
α∈A

dim Wα − rank(δ0).

The theorem does not require the nerve to be acyclic. Cycles in the cover are allowed; their effect is
encoded in the rank of δ0 and, for relative-only data, in Ȟ1. It also shows that the local-workspace
assignment is a genuine sheaf on the finite subgraph cover used here rather than merely a presheaf.

44.1 Local nontriviality does not imply global nontriviality

Let G be the directed triangle
1 a−−→ 2 b−−→ 3 c−−→ 1

with one-dimensional vertex cores. Cover it by its three edge charts. Their local workspaces are all
one-dimensional:

W12 = {(x, ax) : x ∈ R},
W23 = {(y, by) : y ∈ R},
W31 = {(z, cz) : z ∈ R}.
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Overlap agreement requires
y = ax, z = by, x = cz.

Therefore
(1− abc)x = 0,

and

dim W (G) =
{

1, abc = 1,
0, abc ̸= 1.

The meta-level gluing obstruction is exactly the original cycle holonomy. Strong local workspaces
can therefore coexist with a trivial global core.

45. Approximate Gluing and Meta-Workspaces

45.1 The cover-level transfer Laplacian

First assume each local state already lies in its exact local workspace. Define

BU := δ0 : Č0(U ; W ) −→ Č1(U ; W )

and the meta-Laplacian
Lmeta
U = B∗UBU .

By Theorem 103,
kerLmeta

U = RUW (G).

Thus the gluing problem is itself a workspace problem whose “nodes” are local workspaces and
whose interfaces are overlaps.

Let
γmeta
U = λ+

min

(
Lmeta
U

)
be the first positive eigenvalue.

Proposition 105 (Approximate overlap gluing). For every w ∈ Č0(U ; W ),

dist (w,RUW (G))2 ≤ ∥BUw∥
2

γmeta
U

.

Proof. Decompose w into its component in kerLmeta
U and its orthogonal complement. On the

complement, Lmeta
U ≥ γmeta

U I. Therefore

∥BUw∥2 = ⟨w,Lmeta
U w⟩ ≥ γmeta

U dist
(
w, kerLmeta

U

)2
.

The gap γmeta
U measures how strongly the cover penalizes disagreement. A small overlap mismatch

need not imply a nearby global workspace when this gap is itself very small.

45.2 Simultaneous local and overlap error
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Local candidates may also violate their internal transfer equations. Define the local-copy space

ĈU =
⊕
α∈A
CV (Gα)

and the block internal discrepancy
D̂U =

⊕
α∈A

DGα .

For u = (uα)α ∈ ĈU , define the raw overlap synchronization operator

(SUu)αβ = ρ
Gβ

Gαβ
uβ − ρGα

Gαβ
uα.

For an overlap weight λov > 0, set

KU =
(

D̂U√
λov SU

)
, Ltot

U = K∗UKU .

Its energy is
Etot
U (u) =

∑
α

∥DGαuα∥2

+ λov
∑
α<β

∥∥∥ρGβ

Gαβ
uβ − ρGα

Gαβ
uα
∥∥∥2
.

Let
JU : CV (G)→ ĈU , JUc = (c|Gα)α,

be the duplication map.

Theorem 106 (Total descent kernel). For every finite edge-complete cover,

kerKU = JUW (G).

Consequently, if
γtot
U = λ+

min

(
Ltot
U

)
,

then

dist (u, JUW (G))2 ≤ E
tot
U (u)
γtot
U

.

Proof. If u = JUc for a global exact section, every local discrepancy and every overlap discrepancy
vanishes. Conversely, if KUu = 0, then every uα is an exact local section and the family agrees on
all overlaps. Theorem 103 gives a unique c ∈ W (G) with u = JUc. The distance estimate follows
from the spectral lower bound on the orthogonal complement of the kernel.

This theorem combines two distinct failure modes:

local incoherence and cross-chart disagreement.

Neither can be hidden by the other because they occupy separate blocks of KU .
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45.3 Least-squares global assembly

Let
mi = |{α : i ∈ Vα}|

be the multiplicity of vertex i. Then

J∗UJU = MU , (MUc)i = mici.

The pseudoinverse performs coordinatewise averaging:

(J†Uu)i = 1
mi

∑
α:i∈Vα

(uα)i.

Let
û = PkerKUu = JU ĉ.

Then
ĉ = J†U û

and

∥u− JU ĉ∥ ≤
∥KUu∥√
γtot
U

.

If mmin = minimi, then ∥∥∥ĉ− J†Uu∥∥∥ ≤ ∥KUu∥√
mminγtot

U

.

The simple overlap average and the globally coherent least-squares assembly are close only when
the total descent energy is small relative to the cover gap.

45.4 A workspace of workspaces

Define the exact meta-workspace

Wmeta(U) := kerBU ⊆
⊕
α

Wα.

Theorem 103 gives the canonical identification

Wmeta(U) ∼= W (G).

Thus exact formation of a workspace from local workspaces does not create an additional mysterious
carrier. It gives a second presentation of the same global compatible-section object.

Suppose local operations
Aα : Wα → Wα

and overlap operations
Aαβ : Wαβ → Wαβ

satisfy
rααβAα = Aαβr

α
αβ, rβαβAβ = Aαβr

β
αβ.
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Then, with A0 = ⊕
αAα and A1 = ⊕

α<β Aαβ,

BUA
0 = A1BU .

Therefore
A0 kerBU ⊆ kerBU .

The operation-closure theorem from Part III reappears at the meta level: operations on subworkspaces
descend globally precisely when they agree on interfaces.

45.5 Descent-faithful compression

A practical hierarchy rarely transmits each complete local workspace. Let

Qp : Čp(U ; W )→ C
p

be compression maps into smaller local and overlap representations. Suppose there is a compressed
coboundary δp such that

Qp+1δp = δ
p
Qp.

The maps Q• then form a cochain map.

Definition 107 (Descent-faithful compression). The compression is descent-faithful in degree zero
when the induced map

H0(Q) : ker δ0 −→ ker δ0

is an isomorphism.

Injectivity prevents two distinct global workspace states from collapsing to the same compressed
meta-state. Surjectivity prevents the compressed hierarchy from introducing spurious compatible
states that have no full-resolution lift. Under this condition,

ker δ0 ∼= W (G).

This is the exact criterion for a compressed workspace of workspaces to retain the global core.

45.6 Structural and operational gluing are distinct

Exact or approximate overlap coherence does not by itself establish global predictive sufficiency.
Let Wt denote a glued structural state and let

Z loc
t = (Zα,t)α∈A

be local predictive summaries recovered from its chart restrictions.

Proposition 108 (Local-to-global predictive alignment). Assume Wt is measurable with respect to
the complete history Ht, every Zα,t is a measurable function of Wt|Gα, and

I(Y +
t ; Ht | Z loc

t ) ≤ ε.

Then
I(Y +

t ; Ht |Wt) ≤ ε.

In particular, exact sufficiency of the complete local-summary tuple implies exact sufficiency of the
glued workspace.
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Proof. The tuple Z loc
t is a measurable function of Wt, while Wt is itself a history statistic. Condi-

tioning on the finer statistic cannot increase the residual information that the full history carries
about the target. Equivalently, use the conditional-law characterization from Theorem 56.

Causal gluing requires an additional interface gate: interventions described in two overlapping charts
must induce matched outcome laws on the overlap. A structurally compatible family can fail this
gate, just as structurally identical replacement systems can fail causal identity in Part XII.

45.7 Anti-centralization gate

The isomorphism
Wmeta(U) ∼= W (G)

is a compositional statement, not a relational-irreducibility statement. A single chart may still
expose enough accessible information to reconstruct the whole meta-state. A claim that the hierarchy
is genuinely distributed must therefore reuse the coalition gates from Parts VII and XI. At the chart
level, one may require, for example,

αmeta
{α} = 0 for every α, αmeta

A > 0 for some |A| ≥ 2,

or the predictive analogue
kmeta
ε ≥ 2, ∆meta

joint > 0.

Capacity-matched local-memory and chart-ablation controls are still required. Hierarchical notation
cannot convert a centralized copy into a relational workspace.

46. Hierarchical Collapse Theorem T9

46.1 Finite cover hierarchies

A finite workspace hierarchy is a rooted tree T . Each node a ∈ T carries a subgraph Ga. The root
r carries

Gr = G.

For every internal node a, its children
Ch(a)

form a finite edge-complete cover of Ga. Leaves carry primitive local workspace spaces

Wℓ = W (Gℓ).

For an internal node, define recursively

Wa = ker

δ0
a :

⊕
b∈Ch(a)

Wb −→
⊕
b<c

Wbc

 ,
where the overlap spaces and restrictions are inherited from the child cover.

Theorem 109 (Exact hierarchical collapse). For every finite workspace hierarchy as above, there is
a canonical isomorphism

Wa
∼= W (Ga)
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for every node a. In particular,
Wr
∼= W (G).

Therefore recursively gluing local workspaces, using any other finite parenthesization built from
edge-complete intermediate covers that retain all required overlap objects, and solving the flattened
global transfer system all produce the same exact workspace up to canonical isomorphism.

Proof. Proceed upward from the leaves. The claim holds at every leaf by definition. Assume it
holds for all children of an internal node a. Replacing each child space Wb by its canonical copy
W (Gb), the recursive definition of Wa is exactly the compatible-family kernel for the edge-complete
child cover of Ga. Theorem 103 therefore gives

Wa
∼= W (Ga).

Finite induction reaches the root.

46.2 Flattening and limit interchange

Let L(T ) be the leaf set. Repeated edge completeness implies that the flattened family

Uflat = {Gℓ : ℓ ∈ L(T )}

is itself an edge-complete cover of G. Let
δ0

flat

be its overlap coboundary and define

Wflat = ker δ0
flat.

Theorem 103 and Theorem 109 give

Wr
∼= Wflat ∼= W (G).

Equivalently,
Limrec

T

(
{W (Gℓ)}ℓ∈L(T )

)
∼= EqUflat

(
{W (Gℓ)}ℓ∈L(T )

)
.

The notation on the left means recursive finite descent along the tree; the right side means one-shot
equalization over the flattened leaf cover. In finite-dimensional vector spaces, both are kernels of
the same complete family of local and overlap constraints, grouped in different orders. Hierarchical
collapse is therefore a finite-limit interchange property, not a claim that intermediate levels are
physically absent or operationally irrelevant.

46.3 Approximate hierarchical collapse

At level r, let Kr be the corresponding total descent operator,

γr = λ+
min(K∗rKr), ∥Krur∥ ≤ εr.

The nearest exact compatible state then differs from ur by at most
εr√
γr
.

Allow an additional implementation, compression, or causal-summary defect ζr, and define

δr = εr√
γr

+ ζr.
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Theorem 110 (Approximate hierarchical collapse bound). Let

Fr : Hr → Hr+1, F̃r : Hr → Hr+1

be exact and implemented level-collapse maps for r = 0, . . . , R− 1. Let Rr ⊆ Hr contain the exact
and implemented states reachable at level r. Assume, on Rr,

∥Fr(x)− Fr(y)∥ ≤ Lr∥x− y∥

and
sup
x∈Rr

∥F̃r(x)− Fr(x)∥ ≤ δr.

Then ∥∥∥F̃R−1 ◦ · · · ◦ F̃0(x)− FR−1 ◦ · · · ◦ F0(x)
∥∥∥

≤
R−1∑
r=0

(
R−1∏
s=r+1

Ls

)
δr.

In particular, if Lr ≤ 1, then the total error is at most

R−1∑
r=0

δr.

If Lr ≤ L < 1 and δr ≤ δ, then

total error ≤ δ(1− LR)
1− L ≤ δ

1− L.

Proof. Let xr and x̃r be the exact and implemented states after r levels. Then

∥x̃r+1 − xr+1∥ ≤ ∥F̃r(x̃r)− Fr(x̃r)∥
+ ∥Fr(x̃r)− Fr(xr)∥
≤ δr + Lr∥x̃r − xr∥.

Iterating this recurrence gives the displayed product-sum estimate. The final two bounds follow by
summing a finite or infinite geometric series.

This theorem identifies three regimes:

Lr < 1 hierarchical correction is contractive,
Lr = 1 level errors accumulate at most additively,
Lr > 1 deep hierarchies can amplify early mismatch.

A deep hierarchy is therefore stable only when its level gaps remain separated and its assembly
maps do not magnify small overlap errors faster than those errors are corrected.

46.4 Causal-kernel accumulation

Let Kr and K̃r now denote exact and implemented Markov kernels at successive hierarchy levels,
and suppose

sup
x

TV
(
K̃r(x, ·),Kr(x, ·)

)
≤ ζr.
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Because Markov kernels contract total variation, a telescoping argument gives

sup
x

TV
(
K̃0 · · · K̃R−1(x, ·),K0 · · ·KR−1(x, ·)

)
≤

R−1∑
r=0

ζr.

Thus causal semantics can also be transported through a hierarchy, but only under an explicit
kernel-level compatibility test. Structural gluing alone provides no such guarantee.

46.5 Direct versus hierarchical computation

The exact theorem states

recursive exact gluing = one-shot exact gluing.

The approximate theorem instead supplies a measurable flattening defect:

δ
(R)
flat =

∥∥∥F̃R−1 · · · F̃0(x)− FR−1 · · ·F0(x)
∥∥∥ .

A hierarchy is empirically justified when it reduces computation, communication, or local model
complexity while keeping δ(R)

flat , predictive risk, causal-kernel mismatch, and anti-centralization gates
within declared tolerances. Hierarchy by itself is not evidence of emergence.

46.6 Gluing and hierarchical synthesis

The exact and approximate constructions can be compressed as

local transfer systems kerDα−−−−−→ local workspaces
ker δ0
−−−−→ meta-workspace

finite recursive descent−−−−−−−−−−−−−−−→ global workspace.

At exact resolution, all finite parenthesizations are canonically equivalent. At approximate resolution,
every level contributes a defect scaled by its spectral gap and by downstream amplification. Relative-
only overlap data can carry a harmonic H1 obstruction even when every local chart is internally
coherent. Operational and relational claims still require predictive, causal, coalition, and null-model
gates in addition to structural descent.
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PART XIV

Scaffolded and Endogenous Formation

47. Formation Systems and Scaffold Specification

The preceding parts begin with a transfer system that has already been chosen. A formation theory
must instead explain how the nodes, edges, transfer maps, workspace channels, and operational
boundaries are obtained. This requires a strict separation between the structure supplied by the
experimenter and the structure selected from interaction history.

Definition 111 (Formation system). A workspace formation system is a tuple

F =
(
Σ,Dform,L,Ω, θ̂,Dcert, Iform

)
,

where:

• Σ is the externally supplied scaffold;

• Dform is the formation or training history;

• L is the learning or selection rule;

• Ω is its internal random seed or stochastic state;

• θ̂ = L(Σ,Dform,Ω) is the learned organization;

• Dcert is held-out certification data; and

• Iform is a declared family of interventions on scaffold and formation history.

The learned organization is decomposed as

θ̂ =
(
V̂ , Ê, Ĥ, P̂ , Ô, B̂

)
,

where B̂ is a learned operational boundary.

The scaffold is itself stratified:

Σ =
(
ΣV ,ΣE ,ΣH ,ΣP ,ΣO,ΣB,ΣY

)
.

The final coordinate ΣY records labels, targets, privileged masks, or other supervision that could
directly reveal the intended workspace. This coordinate is necessary because an architecture may
appear to discover a boundary even when the desired membership mask was encoded in its training
labels.

47.1 Scaffolded architecture versus scaffolded solution

A scaffold can constrain the search space without specifying its solution. For example, a graph
neural architecture can fix the class of admissible local message-passing rules while leaving the active
edges and transfer maps to be learned. Conversely, a system can use a flexible architecture while
receiving labels that directly encode the desired workspace. The former is architecturally scaffolded
but solution-open. The latter is solution-scaffolded.
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For any component q of θ̂, define its scaffold-only Bayes risk under loss ℓq by

RΣ
q = inf

f
E
[
ℓq
(
q, f(Σ,Ω)

)]
.

Define the full formation risk by

RΣ,H
q = inf

g
E
[
ℓq
(
q, g(Σ,Dform,Ω)

)]
.

The history advantage is
∆hist
q = RΣ

q −RΣ,H
q .

A positive history advantage means that formation history contains information about q that is not
already recoverable from the declared scaffold and random seed.

Proposition 112 (Scaffold-only impossibility). If

q = f(Σ,Ω) almost surely,

then for every formation-history intervention that leaves (Σ,Ω) fixed,

L(q | do(Dform = h)) = L
(
q | do(Dform = h′)

)
,

and ∆hist
q = 0.

Proof. The value of q is measurable with respect to (Σ,Ω), so an intervention on formation history
cannot change its conditional law when those variables are held fixed. The scaffold-only predictor
f attains the same risk as any predictor that also receives formation history, hence the risk gap
vanishes.

This proposition is elementary but methodologically decisive. A structure that is deterministically
encoded by the scaffold cannot count as discovered from interaction history merely because a learned
network reproduces it.

47.2 Formation and certification split

The same sample must not be used both to select a workspace and to certify its coherence, causal
efficacy, or relational irreducibility. The required split is

D = Dform ⊔ Dcal ⊔ Dcert.

The formation sample selects θ̂. The calibration sample fixes thresholds, regularization strengths,
and intervention magnitudes. The certification sample evaluates the final gates without further
structural selection. In a multi-environment study, the stronger requirement is

Eform ∩ Ecert = ∅,

so that the learned organization is tested under environments not used to construct it.

Definition 113 (Formation leakage). A certification variable Ycert leaks into formation when the
conditional law of θ̂ changes under an intervention on Ycert that should be inaccessible during
formation:

L
(
θ̂ | do(Ycert = y)

)
̸= L

(
θ̂ | do(Ycert = y′)

)
.

A valid discovery claim requires a documented information barrier or an audit showing that this
effect is absent up to tolerance.
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47.3 Origin and reality are orthogonal

The formation provenance of a workspace and its operational certification are separate coordinates.
A fully scaffolded structure may satisfy every structural and causal workspace gate. A highly
endogenous structure may fail to become coherent or causally useful. Symbolically,

Endogenous(W ) ≠⇒ SRWΘ(W ),

SRWΘ(W ) ≠⇒ Endogenous(W ).

The theory therefore treats endogeneity as a provenance axis rather than a higher level on the
workspace hierarchy.

48. Operational Endogeneity Signature

The ideal description-complexity expression from the symbolic outline is retained as a conceptual
limit, but raw Kolmogorov complexity is not computable. A usable theory must declare a model
class, a code, and an intervention family.

Definition 114 (Code-relative history contribution). Let Mq be a declared coding or predictive
model class for a learned component q. Let

LMq (q | Z)

be its held-out codelength given side information Z. Define

eMDL
q =

[
LMq (q | Σ)− LMq (q | Σ,Dform)

max{LMq (q | Σ), 1}

]1

0
,

where [x]10 = min{1,max{0, x}}.

This quantity is explicitly code-relative. It must not be presented as an observer-independent
metaphysical measure. Its role is to test whether the formation history provides compressive
information about the learned organization beyond the declared scaffold.

Definition 115 (Causal formation sensitivity). Let ιh and ιh′ be matched feasible interventions
that alter formation history while preserving the scaffold, randomization law, sample size, and
intervention cost. For a divergence D, define

ecausal
q = E(h,h′)∼νq

D(Lιh(q),Lιh′ (q)) .

A common null uses temporally or relationally shuffled histories that preserve local marginals but
destroy the candidate formation signal.

Proposition 116 (Reparameterization invariance of causal provenance). Let ϕ be a measurable
bijection on the range of q, and let the divergence D be invariant under measurable bijections. Then

ecausal
ϕ(q) = ecausal

q .

Proof. Every intervention-induced law of ϕ(q) is the pushforward of the corresponding law of q.
Bijection invariance of D preserves each pairwise divergence, and therefore their design-weighted
expectation.

87



Stratified Relational Workspace Theory Core–Transfer Theory

The causal coordinate is therefore insensitive to a mere renaming of the learned structure. The MDL
coordinate need not be invariant unless the coding class is transformed with the reparameterization.

48.1 Scaffold dependence and cross-scaffold invariance

Endogeneity does not require independence from all scaffolds. Every learning system has an archi-
tecture, objective, and resource budget. The relevant question is whether the learned organization
depends on the particular solution-bearing details of the scaffold.

For a family S of admissible scaffold variants, define the cross-scaffold identity defect

δscaf
q = inf

{Jσσ′}
Eσ,σ′∼πdq (Jσσ′qσ, qσ′) ,

where Jσσ′ transports the learned object between admissible coordinate systems. A low value
indicates that the same abstract organization is recovered under multiple non-solution-bearing
scaffolds.

The complete formation signature is

Eform(W ) =
(
eV , eE , eH , eP , eO, eB; δscaf , δleak

)
,

where every eq is reported as the pair

eq =
(
eMDL
q , ecausal

q

)
.

No scalar average is permitted to hide a zero history contribution for one of the structures claimed
to have been discovered.

48.2 Formation certificate

For thresholds Θform, define
FormΘform(W ) = 1

only when all applicable gates pass:

eMDL
q ≥ τMDL

q , ecausal
q ≥ τ causal

q ,

δscaf
q ≤ εscaf

q , δleak ≤ εleak,

SRWΘ(W ) = 1, Pass(Nform) = 1.

The final workspace gate is included because endogenous discovery of an unstable or causally
irrelevant pattern is not endogenous workspace formation.

49. Learned Transfer Structure and Formation Classes

49.1 Gated membership and edge learning

Let
zi ∈ {0, 1}, ae ∈ [0, 1]

be node-membership and edge-activation variables satisfying

ae ≤ zs(e), ae ≤ zt(e).
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A weighted learned discrepancy operator is

(Da,Hc)e = √weae
(
ct(e) −Hecs(e)

)
.

One generic formation objective is

θ̂ ∈ arg min
z,a,H,P,O,B

{
R̂task + λcoh∥Da,Hc∥2 + λE∥a∥1 + λV ∥z∥1

+ λstabJstab + λleakJleak
}
.

The objective is schematic rather than universal. Its purpose is to expose which quantities were
fixed and which were optimized. If z and a are fixed by Σ, only the transfer maps or local channels
can be claimed as learned.

49.2 Gauge-identifiable transfer learning

A learned transfer map is not absolutely identifiable when local coordinates are latent. Under local
invertible changes

X ′u = guXu, X ′v = gvXv,

the same abstract transfer is represented by

H ′uv = gvHuvg
−1
u .

The identifiable object is therefore the gauge class

[H]G =
{

(gt(e)Heg
−1
s(e))e∈E : (gi)i∈V ∈ G

}
.

Any formation claim that compares raw matrices across independently trained systems without
gauge alignment is ill posed.

49.3 Transfer identification theorem T15

Theorem 117 (Population transfer identification). Let X ∈ Rdu and Y ∈ Rdv satisfy

Y = H∗X + ξ, E[ξXT] = 0,

and assume
ΣXX = E[XXT] ⪰ κI

for some κ > 0. Then H∗ is the unique minimizer of

R(H) = E∥Y −HX∥22,

with
H∗ = ΣY XΣ−1

XX .

Moreover,
R(H)−R(H∗) = tr

(
(H −H∗)ΣXX(H −H∗)T

)
≥ κ∥H −H∗∥2F .
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Proof. Substitute Y = H∗X + ξ into the risk. The cross term vanishes because E[ξXT] = 0, giving

R(H) = R(H∗) + E∥(H −H∗)X∥22.

The remaining expectation is the displayed trace. Positive definiteness of ΣXX gives uniqueness
and the lower bound. The normal equations give the covariance formula.

Corollary 118 (Deterministic empirical recovery bound). For samples (Xr, Yr)nr=1, write

Σ̂XX = 1
n

n∑
r=1

XrX
T
r , M̂ = 1

n

n∑
r=1

ξrX
T
r .

If Σ̂XX ⪰ κ̂I, then ordinary least squares satisfies

∥Ĥ −H∗∥F ≤
∥M̂∥F
κ̂

.

For ridge parameter τ > 0,

∥Ĥτ −H∗∥F ≤
∥M̂∥F + τ∥H∗∥F

κ̂+ τ
.

Proof. The empirical normal equations give

Ĥ −H∗ = M̂ Σ̂−1
XX .

For ridge regression,
Ĥτ −H∗ = (M̂ − τH∗)(Σ̂XX + τI)−1.

Taking Frobenius and operator norms yields both estimates.

Proposition 119 (Gauge covariance of least squares). Under invertible coordinate transformations

X ′ = guX, Y ′ = gvY,

the population least-squares solution transforms as

H ′∗ = gvH∗g
−1
u .

Proof. The transformed covariances are

ΣY ′X′ = gvΣY Xg
T
u , ΣX′X′ = guΣXXg

T
u .

Substitution into the covariance formula and inversion of the second factor give the result.

The theorem establishes identification only under excitation and exogeneity. When ΣXX is singular,
the transfer is identified only on the excited source subspace. When E[ξXT] ̸= 0, regression recovers
a predictive map rather than necessarily the intended causal transfer.

49.4 Held-out structure-selection theorem T16

The same finite-margin argument applies to node membership, edge selection, boundary selection,
or a finite family of gauge-normalized transfer models.
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Theorem 120 (Uniform structure-selection recovery). Let T be a finite candidate family with
population score J : T→ R. Let

θ∗ = arg min
θ∈T

J(θ)

be unique, with margin
∆J = min

θ ̸=θ∗

(
J(θ)− J(θ∗)

)
> 0.

If a held-out estimate Ĵ satisfies
sup
θ∈T
|Ĵ(θ)− J(θ)| ≤ ε,

then every empirical minimizer θ̂ obeys

J(θ̂)− J(θ∗) ≤ 2ε.

If 2ε < ∆J , then
θ̂ = θ∗.

Proof. By empirical optimality and uniform approximation,

J(θ̂) ≤ Ĵ(θ̂) + ε ≤ Ĵ(θ∗) + ε ≤ J(θ∗) + 2ε.

If θ̂ ̸= θ∗, the margin would force an excess larger than 2ε, a contradiction.

The theorem does not guarantee that the candidate class contains the correct organization. It states
exactly what follows once a finite class, score, and uniform certification error are declared.

49.5 Formation classes

The provenance classes are now defined relative to

(Σ,L, Iform,M).

They are not absolute labels.

Exogenously scaffolded.
The claimed nodes, edges, transfer maps, channels, operations, or boundary are recoverable
from the scaffold alone at the declared tolerance. Their history advantages and causal formation
sensitivities vanish.

Adaptively parameterized.
The membership and channel topology are fixed, while transfer parameters, local operators, or
readouts are learned from interaction history. Typically

eH + eP + eO > 0, eV ≈ eE ≈ eB ≈ 0.

Structurally adaptive.
At least one of membership, edges, or boundary is selected from history, but the search family
and objective remain externally specified.
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Endogenously constituted relative to the scaffold class.
Membership, transfer organization, and operational boundary have nonzero history contribution
and causal formation sensitivity, survive cross-scaffold transport, pass leakage and matched-null
tests, and produce a certified workspace on held-out environments.

The phrase “relative to the scaffold class” is mandatory. No finite experiment can establish
independence from every possible external influence.
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PART XV

Boundary Formation and Stability

50. Candidate Workspace Boundaries

A boundary is not merely a subset of physical components. It is a subset relative to a declared node
decomposition, prediction target, intervention family, environment distribution, and time scale.

Definition 121 (Boundary problem). A boundary problem is a tuple

B = (V,S, τ,Y, I,Π,GB) ,

where S ⊆ 2V is the admissible candidate family, τ is the temporal scale, Y is the operational target,
I is the feasible intervention family, Π is the environment distribution, and GB is a symmetry group
under which boundaries are considered equivalent.

Unless the application requires otherwise, the candidate family excludes

∅, V, {i} for i ∈ V.

This anti-triviality rule prevents the empty set, the entire realization, or a single centralized controller
from winning solely through a degenerate score.

50.1 Observational recurrence, dependence, and outward influence

For S ∈ S, define
Retτ (S) = I(XS(t+ τ);XS(t) | XS̄(t), Et) ,

Depτ (S) = I(XS(t+ τ);XS̄(t) | XS(t), Et) ,

Outτ (S) = I(XS̄(t+ τ);XS(t) | XS̄(t), Et) .

These quantities are observational. They can be nonzero because of common causes, selection, or
feedback paths and therefore cannot alone establish a causal boundary.

50.2 Causal boundary terms

Let ιS,x be a feasible intervention that changes the internal workspace coordinate of S to x while
matching background variables and intervention cost. Define outward causal efficacy

COutτ (S) = Ex,x′∼νS
D(LιS,x(XS̄(t+ τ)),LιS,x′ (XS̄(t+ τ))) .

Define inward causal dependence analogously by intervening on S̄ and measuring the future law of
XS :

CInτ (S) = Eu,u′∼νS̄
D(LιS̄,u(XS(t+ τ)),LιS̄,u′ (XS(t+ τ))) .

Neither term should be minimized to zero in general. A useful workspace may receive substantial
external input. The boundary objective must instead express the intended balance between internal
recurrence, external dependence, and outward efficacy.

50.3 Structural and anti-centralization gates
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For the induced subsystem on S, define

Coh(S) = tr (PS,dLSPS,d) ,

where PS,d projects onto the selected low-energy workspace modes. Let

Cut(S) =
∑

e:s(e)∈S, t(e)/∈S
we +

∑
e:s(e)/∈S, t(e)∈S

we.

Let kε(S) be the minimal sufficient coalition size inside the candidate subsystem. A candidate is
admissible only if

SRWΘS
(WS) = 1, kε(S) ≥ 2,

unless the claim explicitly concerns a centralized workspace.

51. Boundary Objective, Recovery, and Persistence

A general score is

Bt(S) = aR Retτ (S) + aO Outτ (S) + aC COutτ (S)
− aD Depτ (S)− aI CInτ (S)− aLCoh(S)
− aKCut(S)− aZSize(S)− aT Instabilityt(S).

The coefficients and all normalizations are part of the boundary problem. No single choice is
universal. The selected boundary is

Ŝt ∈ arg max
S∈Spass

B̂t(S),

where Spass contains only candidates that satisfy the required workspace and anti-centralization
gates.

51.1 Boundary equivalence and identifiability

If a symmetry g ∈ GB leaves the full observational and interventional law invariant, S and gS cannot
be distinguished by the declared experiment. The identifiable boundary is then the orbit

[S]GB
= {gS : g ∈ GB}.

A unique subset should not be claimed when only an equivalence class is identifiable.

51.2 Stable boundary recovery T17

Theorem 122 (Held-out boundary recovery). Let Spass be finite and let

S∗t = arg max
S∈Spass

Bt(S)

be unique. Define the population margin

∆B
t = Bt(S∗t )− max

S ̸=S∗
t

Bt(S) > 0.

If
sup

S∈Spass

∣∣∣B̂t(S)− Bt(S)
∣∣∣ ≤ εt,
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then every empirical maximizer Ŝt satisfies

Bt(S∗t )− Bt(Ŝt) ≤ 2εt.

If 2εt < ∆B
t , then

Ŝt = S∗t .

Proof. Apply Theorem 120 to J(S) = −Bt(S).

The theorem converts uncertainty in mutual-information estimation, causal interventions, structural
scores, and stability penalties into an explicit boundary-identification condition. It also exposes
when the data are insufficient: a small margin makes the boundary intrinsically fragile.

51.3 Temporal boundary stability

Theorem 123 (Boundary persistence under score drift). Assume S∗t is the unique maximizer of Bt
with margin ∆B

t , and suppose

sup
S∈Spass

|Bt+1(S)− Bt(S)| ≤ δt.

If
2δt < ∆B

t ,

then
S∗t+1 = S∗t .

More generally,
Bt+1(S∗t+1)− Bt+1(S∗t ) ≤ 2δt.

Proof. For every competitor S ̸= S∗t ,

Bt+1(S∗t )− Bt+1(S) ≥ Bt(S∗t )− Bt(S)− 2δt
≥ ∆B

t − 2δt > 0.

Hence the maximizer is unchanged. The approximate bound follows by comparing both time-indexed
scores at their respective maximizers.

If the score depends on a parameter ϑt and satisfies

sup
S
|Bϑ(S)− Bϑ′(S)| ≤ LBd(ϑ, ϑ′),

then the sufficient stability condition becomes

2LBd(ϑt, ϑt+1) < ∆B
t .

51.4 Analyst-discovered, system-instantiated, and self-maintained boundaries

Three claims must remain separate.
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Analyst-discovered boundary.
An external procedure fits Ŝ after observing the system. The system need not represent or use
that boundary.

System-instantiated boundary.
The system contains a channel, mask, or routing variable causally equivalent to Ŝ, and
interventions on that variable alter downstream operation.

Self-maintained boundary.
The system detects degradation of its boundary certificate and takes actions that restore
membership, transfer, or reconstruction properties.

Only the second and third claims concern a boundary realized within the system. A post hoc
partition that predicts behavior well is not by itself a self-discovered boundary.

51.5 Boundary formation certificate

A boundary Ŝ is certified as endogenously formed only if:

1. the membership mask was not directly encoded in ΣB or ΣY ;

2. eMDL
B and ecausal

B exceed declared thresholds;

3. held-out recovery satisfies Theorem 122;

4. the boundary remains stable under admissible environment drift or its changes are predicted by
score-margin closure;

5. matched history-shuffle and label-leakage controls fail to reproduce the result, as do full-system,
empty-set, singleton, and centralized boundary nulls;

6. the induced subsystem satisfies its workspace certificate; and

7. a system-instantiation intervention demonstrates that the boundary is used by the system rather
than only by the analyst.

The results below establish the statistical and deterministic stability components. They does not
prove that an arbitrary adaptive system will spontaneously learn such a boundary.
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PART XVI

Agency, Counterfactual Control, and Self-Maintenance

52. Controlled Workspace Agents and Goal States

The preceding parts define when a distributed structure is coherent, operationally sufficient, causally
efficacious, relationally irreducible, persistent, reconstructible, and endogenously formed. None of
those properties by itself establishes agency. Agency adds a controlled relation among a represented
objective, a set of feasible actions, counterfactual consequences, and a policy that uses those quantities
to alter the future. Self-maintenance adds a further loop in which damage to the workspace becomes
an input to actions that preserve or restore the workspace certificate.

The purpose of this part is not to infer intentions from fluent behavior. It is to define an intervention-
based certificate whose components can fail separately.

52.1 Controlled relational realization

A controlled relational realization extends Definition 1 by the tuple

AW =
(
R,G,At,Y+, {Ug}g∈G ,Π, IA, IG, ID, IR

)
.

Here:

• R is the underlying relational realization;

• G is a measurable goal-code space;

• At is the feasible action set at time t;

• Y+ is the relevant future trajectory space;

• Ug : Y+ → R evaluates a trajectory under goal code g;

• Π is an admissible class of workspace-level policies;

• IA and IG are feasible action and goal interventions; and

• ID and IR are feasible damage and repair interventions.

A controlled state contains at least

Cctl
t = (Wt, Gt,Mt, Bt, Et) ,

where Gt is the represented goal, Mt is a workspace-integrity monitor, Bt is the current boundary
or routing state, and Et is the declared external context. An action is generated by

At ∼ πt (· |Wt, Gt,Mt, Bt, Et) .

The future controlled state obeys a time-unrolled structural model

St+1 = Ft(St, At, Et+1, ξt+1), Wt+1 = ωt+1(St+1).
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The intervention semantics are inherited from Part VII. A symbol such as do(At = a) is meaningful
only when an implementation intervention changes an actual action mechanism while the declared
background variables are matched.

52.2 Goal content and goal-code equivalence

A persistent internal variable is not automatically a goal. A goal code must index a stable
counterfactual preference over relevant future trajectories. For a fixed state w, define the goal-
conditioned action value

Qgt (a | w) = E
[
Ug(Y +

t ) | do(At = a),Wt = w,Gt = g
]
.

When action costs are relevant, they are incorporated into Ug or declared as a constraint on At.

Two goal codes are operationally equivalent,

g ∼goal g
′,

when they induce the same action ordering in every declared state and intervention background:

Qgt (a | w) ≥ Qgt (a′ | w) ⇐⇒ Qg
′

t (a | w) ≥ Qg
′

t (a′ | w).

The abstract goal is the equivalence class
[g]goal.

This quotient prevents a mere invertible recoding of a goal channel from being reported as a change
of objective. For quantitative regret bounds, a representative normalization of Ug must nevertheless
be fixed.

Remark 124 (Goals are claim-relative). The same internal code can count as a goal for one declared
trajectory family and fail to do so for another. A code that predicts a short-horizon action may
not encode a persistent long-horizon objective. Every agency claim must state its horizon, outcome
space, feasible actions, and utility normalization.

52.3 Local, distributed, and workspace-level goals

Let HSt be the history available to coalition S ⊆ V . For a loss ℓG, define goal-reconstruction risk

RG(S) = inf
f

E
[
ℓG
(
Gt, f(HSt )

)]
.

For tolerance ε, define
kG,ε = min {|S| : RG(S) ≤ RG(V ) + ε} .

A goal is locally stored when kG,ε = 1. It is distributed relative to the declared decomposition when
kG,ε ≥ 2.

This distinction is independent of whether the rest of the workspace is relational. A relational
workspace can obey a goal copied in full into one controller. Such a system may possess a workspace
but not a workspace-level goal in the strong distributed sense.

For the complete control state, define

Rctl(S) = inf
f

E
[
ℓctl

(
Cctl
t , f(HSt )

)]
,
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and let kctl,ε be its minimal sufficient coalition size. A strong workspace-level agency claim requires

kctl,ε ≥ 2.

This is a location criterion. It does not yet establish goal persistence, counterfactual evaluation, or
self-maintenance.

52.4 Action mediation and outcome control

Goal-dependent action mediation is measured by feasible interventions on the goal channel while
matching the current workspace and external context. For a divergence DA, define

ηG→A = sup
g,g′,w,e

DA

(
P(At ∈ · | ιg, w, e),P(At ∈ · | ιg′ , w, e)

)
.

Workspace-dependent action mediation is

ηW→A = sup
w,w′,g,e

DA (P(At ∈ · | ιw, g, e),P(At ∈ · | ιw′ , g, e)) .

An action must also alter the declared future:

ηA→Y = sup
a,a′,b

DY

(
P(Y +

t ∈ · | ιa, b),P(Y +
t ∈ · | ιa′ , b)

)
.

A positive ηG→A without ηA→Y describes goal-sensitive output selection with no demonstrated
control of the relevant environment. A positive ηA→Y without a goal or counterfactual-value channel
may describe a reactive controller.

52.5 Why observational goal persistence is insufficient

The observational condition
I(Gt+τ ;Gt | Et+1:t+τ ) > 0

can arise from several non-agentic mechanisms:

1. a persistent external command writes the same code at every step;

2. a clock, episode label, or task identifier drives both variables;

3. a frozen memory cell repeats a symbol that is not used by the policy;

4. selection on successful trajectories induces apparent temporal dependence; or

5. a downstream action is copied back into the nominal goal channel.

A goal-persistence claim therefore requires a cue-controlled intervention that changes Gt, removes or
matches subsequent command inputs, and checks both future goal state and action consequences.

52.6 Cue-controlled goal persistence

Let Ct denote an external command or task cue. Fix a neutral or matched future command
trajectory c0

t+1:t+τ . For goal interventions ιg and ιg′ , define the cue-controlled retention effect

ηG(τ ; g, g′) = DG

(
P
(
Gt+τ ∈ · | ιg, do(Ct+1:t+τ = c0)

)
,P
(
Gt+τ ∈ · | ιg′ , do(Ct+1:t+τ = c0)

))
.

99



Stratified Relational Workspace Theory Core–Transfer Theory

The corresponding action-retention effect is

ηG→A(τ ; g, g′) = DA

(
P(At+τ ∈ · | ιg, c0),P(At+τ ∈ · | ιg′ , c0)

)
.

The first quantity tests whether a goal difference survives. The second tests whether the surviving
difference remains behaviorally operative.

Cue dependence must be reported separately. For matched initial goal g, define

δcue
G (τ) = sup

c,c′
DG

(
P(Gt+τ ∈ · | ιg,do(C = c)),P(Gt+τ ∈ · | ιg,do(C = c′))

)
.

High cue dependence is not a failure when the claimed agent is intentionally instruction following.
It does mean that persistence cannot be attributed to an autonomous internal objective without an
additional cue-removal result.

52.7 T19: Cue-controlled goal-retention theorem

Theorem 125 (Cue-controlled goal retention). Let Gs ∈ RdG obey

Gs+1 = RsGs +BsCs+1 + ζs+1 (s = t, . . . , t+ τ − 1).

Consider two intervention runs that set

Gt = g, G′t = g′,

and then use the same command trajectory and the same disturbance realization. Let

Rt+τ :t = Rt+τ−1 · · ·Rt.

Then
Gt+τ −G′t+τ = Rt+τ :t(g − g′).

If
ms ≤ σmin(Rs), ∥Rs∥ ≤Ms,

then (
t+τ−1∏
s=t

ms

)
∥g − g′∥ ≤ ∥Gt+τ −G′t+τ∥ ≤

(
t+τ−1∏
s=t

Ms

)
∥g − g′∥.

Proof. Subtract the two update equations. The matched command and disturbance terms cancel,
giving

Gs+1 −G′s+1 = Rs(Gs −G′s).
Iteration gives the exact product formula. The upper bound follows from submultiplicativity of the
operator norm. The lower bound follows from

σmin(AB) ≥ σmin(A)σmin(B)

for square linear maps.

The theorem isolates internal retention from repeated external rewriting. It also makes clear that
persistence is graded. Uniformly contractive maps can retain a goal for a finite horizon while erasing
it asymptotically. A neutral mode with product singular value near one supports long retention.
An expansive mode can preserve distinctions but may be dynamically unstable.
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Corollary 126 (Behavioral readout of a retained goal). Assume, in addition, that under the matched
intervention background the action readout has conditional mean

E[At+τ | Gt+τ ,Wt+τ ] = Kt+τGt+τ + b(Wt+τ ),

and that the two runs are matched on Wt+τ . Then

E[At+τ | ιg]− E[At+τ | ιg′ ] = Kt+τRt+τ :t(g − g′).

If σmin(Kt+τ ) ≥ kt+τ > 0, the norm of this action-mean difference is at least

kt+τ

(
t+τ−1∏
s=t

ms

)
∥g − g′∥.

The corollary is a sufficient condition, not a universal model of action selection. For discrete actions,
the corresponding test should compare the full interventional action distributions.

52.8 Goal-persistence certificate

A minimal goal-persistence report contains:

1. the goal code and its declared trajectory-level semantics;

2. the feasible goal intervention and its manipulation check;

3. the matched or neutralized future cue trajectory;

4. ηG(τ) across a declared horizon grid;

5. ηG→A(τ) over the same grid;

6. cue dependence δcue
G (τ);

7. goal-channel ablation and permutation controls;

8. coalition reconstruction risks RG(S); and

9. uncertainty intervals over environments, episodes, and random seeds.

A repeated label with no intervention effect on future action fails this certificate even when its
observational autocorrelation is one.

53. Counterfactual Policy, Repair, and Agency Certification

53.1 Feasible action interventions and value functions

Let At(w, e) denote the actions that can be implemented from workspace state w in environment e.
The interventional action value is

Qgt (a | w, e) = Eιa
[
Ug(Y +

t ) |Wt = w,Et = e,Gt = g
]
.

The optimal action set is
A∗t (w, g, e) = arg max

a∈At(w,e)
Qgt (a | w, e).
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A counterfactual evaluator is an internal state

Q̂t =
(
Q̂t(a)

)
a∈At(w,e)

that estimates these intervention values. It is not enough for Q̂t to predict the action selected by
the system. It must be validated against externally estimated intervention outcomes.

53.2 Counterfactual-use criterion

Three properties must be separated:

Counterfactual accuracy.
δQ = sup

a∈At

|Q̂t(a)−Qgt (a | w, e)|.

Policy use. A feasible intervention that changes Q̂t(a) while preserving the action affordances
changes the action distribution in the direction predicted by the decision rule.

Outcome validity. The resulting action change alters Ug(Y +
t ) as predicted by the external inter-

ventional value estimate.

A system can satisfy any two while failing the third. A learned critic can be accurate but ignored.
A policy can respond to a manipulated score that does not predict outcomes. A successful action
can arise from habit or replay without any counterfactual evaluator.

53.3 T20: Approximate counterfactual policy theorem

Theorem 127 (Approximate counterfactual policy selection). Let A be a finite feasible action set.
Let Q : A → R be the true interventional value and let Q̂ satisfy

sup
a∈A
|Q̂(a)−Q(a)| ≤ εQ.

Suppose a policy π̂ is δopt-optimal for Q̂:

max
π

Ea∼π[Q̂(a)]− Ea∼π̂[Q̂(a)] ≤ δopt.

Then, for every true-value-optimal policy π∗,

Ea∼π∗ [Q(a)]− Ea∼π̂[Q(a)] ≤ 2εQ + δopt.

For a deterministic greedy action â ∈ arg maxa Q̂(a),

Q(a∗)−Q(â) ≤ 2εQ.

If the true optimal action a∗ is unique and its value gap

∆Q = Q(a∗)−max
a̸=a∗

Q(a)

satisfies ∆Q > 2εQ, then every greedy maximizer of Q̂ equals a∗.
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Proof. For every policy π, uniform approximation gives∣∣∣Ea∼π[Q̂(a)]− Ea∼π[Q(a)]
∣∣∣ ≤ εQ.

Therefore
Eπ∗ [Q]− Eπ̂[Q] ≤ Eπ∗ [Q̂]− Eπ̂[Q̂] + 2εQ

≤ δopt + 2εQ.
The deterministic bound is the special case of point-mass policies. If â ̸= a∗, then

Q̂(a∗) ≥ Q(a∗)− εQ > Q(â) + εQ ≥ Q̂(â),

contradicting greedy optimality.

This theorem converts counterfactual-model accuracy into a decision guarantee. It does not establish
that the model is internally represented or causally used. Those are separate intervention gates.

53.4 Counterfactual mediation and the replay null

Let Vt denote the internal value channel. A counterfactual-mediation test compares:

Gt −→ Vt −→ At −→ Y +
t .

The relevant quantities include:

ηG→V , ηV→A, ηA→Y , δG→A|V ,

where the final term measures the residual goal-to-action effect after the value channel is blocked or
randomized.

The action-replay null preserves the empirical action sequence or action marginal while destroying
online dependence on Vt. If replayed actions perform equally well under held-out perturbations,
the evidence supports a cached or open-loop policy rather than online counterfactual evaluation. A
second null permutes value labels among feasible actions while preserving the multiset of scores. A
genuine value-mediated policy should follow the permuted ranking, while an ignored critic should
not.

53.5 Workspace integrity vector and maintenance margin

Choose a declared set Jmaint of workspace gates that must be protected. Write each gate as a signed
margin

ϕj,t ≥ 0 ⇐⇒ gate j passes at time t.

Examples include
ϕgap,t = gε,t − g,
ϕcoh,t = δcoh − δcoh,t,

ϕrec,t = α
(k)
t − α,

ϕkeep,t = µkeep
t − µ,

ϕcausal,t = ηcausal,t − η,
ϕboundary,t = ∆B

t −∆B.
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The aggregate integrity margin is
vt = min

j∈Jmaint
ϕj,t.

The workspace passes the protected gates when vt ≥ 0. To maintain a reserve ρ > 0, define the
maintenance deficit

et = (ρ− vt)+.

Define the zero-reserve and bounded-deficit viability sets

VΘ = {S : ϕj(S) ≥ 0 for every j ∈ Jmaint}

VΘ,emax = {S : e(S) ≤ emax}

The first set requires every protected gate to pass. The second permits a declared finite reserve
deficit.

This minimum-gate construction is intentionally noncompensatory. A large spectral gap cannot
compensate for failed reconstruction, and high task reward cannot compensate for loss of the
declared workspace boundary.

53.6 Damage and repair interventions

A damage intervention d ∈ ID changes a mechanism that supports one or more protected gates.
Examples include:

• deleting or corrupting a transfer edge;

• removing a participant or artifact;

• perturbing the internal boundary mask;

• scrambling a role-binding or routing channel;

• erasing a handoff representation; or

• degrading a reconstruction map.

A repair intervention r ∈ IR can add, remove, retrain, rewrite, or reroute an admissible component.
Let r0 denote matched no-repair. The post-repair integrity value at horizon τ is

V rep
t (r; d) = E [vt+τ | do(Dt = d),do(Rt = r),Ht] .

The repair gain is
∆rep
t (r; d) = V rep

t (r; d)− V rep
t (r0; d).

Repair costs are handled either by restricting the feasible repair family or by reporting a separate
cost-effect curve. They should not be hidden inside an undocumented scalar reward.

53.7 Damage detection, repair mediation, and specificity

Let Mt be an internal integrity monitor and Rt the selected repair action. A self-maintenance claim
requires the causal chain

Dt −→Mt −→ Rt −→ vt+τ .

The required tests are:
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Detection. Matched damage interventions change Mt in a gate-specific direction.

Repair mediation. Intervening on Mt changes the repair distribution, and blocking Mt reduces
the damage-to-repair effect.

Restoration. The selected repair improves vt+τ relative to matched no-repair.

Specificity. A cost-matched generic action or an off-workspace repair does not produce the same
restoration.

Identity preservation. The restored system remains within the declared identity tolerance relative
to the pre-damage workspace.

Define the detection effect ηD→M , mediation effect ηM→R, restoration effect ηR→v, and repair
specificity

∆spec
repair = ηR→v − ηR⊥→v,

where R⊥ is a matched action outside the proposed repair channel.

53.8 T21: Repair-selection margin theorem

Theorem 128 (Repair selection under value-model error). Fix a damage intervention d and a
finite feasible repair set R. Let

V (r) = V rep
t (r; d)

be the true expected post-repair integrity margin and let V̂ obey

sup
r∈R
|V̂ (r)− V (r)| ≤ εR.

Let r̂ ∈ arg maxr V̂ (r) and r∗ ∈ arg maxr V (r). Then

V (r∗)− V (r̂) ≤ 2εR.

If
V (r∗) ≥ ρ+ 2εR,

then the selected repair restores the expected reserve:

V (r̂) ≥ ρ.

If r∗ is unique and its repair-value gap exceeds 2εR, then r̂ = r∗.

Proof. Greedy optimality and uniform approximation give

V (r∗) ≤ V̂ (r∗) + εR

≤ V̂ (r̂) + εR

≤ V (r̂) + 2εR.

The reserve and exact-selection statements follow immediately.

105



Stratified Relational Workspace Theory Core–Transfer Theory

The theorem is conditional on a valid repair-value model. It cannot convert a post hoc repair narrative
into evidence that the system detected damage or used the model. Detection and value-channel
interventions remain necessary.

53.9 Repair, replacement, and successor workspaces

Restoration of performance is not automatically restoration of identity. Let Wt− be the last certified
pre-damage workspace and let W r

t+τ be the post-repair workspace. Define the repair identity defect

δrep−id(r) = did
(
Wt− ,W

r
t+τ
)
.

A repair action is identity preserving at tolerance εid when

∆rep
t (r; d) > 0, δrep−id(r) ≤ εid.

When integrity is restored but the identity defect exceeds tolerance, the result is better described as
a successor or replacement workspace. This terminological distinction prevents any high-performing
reconstruction from being counted as persistence of the same relational organization.

53.10 T22: Closed-loop self-maintenance theorem

Theorem 129 (Causal repair stabilizes maintenance deficit). Let et ≥ 0 be the maintenance deficit.
Suppose the matched no-repair trajectory satisfies

e
(0)
t+1 ≤ αet + dt,

where dt ≥ 0 is exogenous damage. Suppose the implemented repair policy has the causal one-step
effect

e
(0)
t+1 − et+1 ≥ κet − ϵt.

Assume
0 ≤ β := α− κ < 1, 0 ≤ dt ≤ d, 0 ≤ ϵt ≤ ϵ.

Then

et ≤ βte0 + (d+ ϵ)(1− βt)
1− β ,

and therefore

lim sup
t→∞

et ≤
d+ ϵ

1− β .

If the admissible deficit is emax and

e0 ≤ emax, d+ ϵ ≤ (1− β)emax,

then the interval [0, emax] is forward invariant.

Proof. Combine the no-repair bound with the causal repair effect:

et+1 ≤ e(0)
t+1 − κet + ϵt

≤ (α− κ)et + dt + ϵt

≤ βet + d+ ϵ.

106



Stratified Relational Workspace Theory Core–Transfer Theory

Iterating this scalar recurrence gives the stated geometric bound. If et ≤ emax, the forward-invariance
condition gives

et+1 ≤ βemax + (1− β)emax = emax.

Theorem 129 differs from the persistence theorem in Part X. There, contraction was assumed for
the workspace error dynamics. Here the improved contraction factor is attributed to a measured
repair action through a matched no-repair counterfactual. Without that causal comparison, the
same bounded trajectory could be passive robustness rather than self-maintenance.

53.11 A scalar boundary-repair example

Let bt ∈ [0, 1] be a boundary-integrity score and let the reserve be ρ. Define

et = (ρ− bt)+.

Suppose uncorrected damage obeys

e
(0)
t+1 ≤ 1.08et + dt,

so the open-loop boundary is locally unstable. A repair policy with measured causal effect

e
(0)
t+1 − et+1 ≥ 0.25et − ϵt

gives
β = 1.08− 0.25 = 0.83.

If
d = 0.01, ϵ = 0.005,

then
lim sup et ≤

0.015
1− 0.83 ≈ 0.0883.

Thus an open-loop unstable boundary can be maintained within a finite deficit band by a sufficiently
strong repair channel. The example establishes only a control calculation. A complete self-
maintenance claim must also show that an internal monitor detects damage, mediates the repair
choice, and preserves workspace identity.

53.12 Complete self-maintenance certificate

A self-maintaining workspace must pass all of the following gates:

1. Protected-gate declaration. The maintained integrity vector and reserve are fixed before evalua-
tion.

2. Damage validity. Each damage intervention measurably degrades at least one protected gate.

3. Internal detection. The monitor changes under damage and is not merely an external evaluator.

4. Repair mediation. Monitor interventions change repair selection.

5. Repair efficacy. Repair improves the held-out integrity margin relative to matched no-repair.

6. Specificity. Cost-matched generic actions and off-workspace interventions do not reproduce the
gain.
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7. Repeated-disturbance stability. The deficit remains within the declared bound over a held-out
disturbance sequence.

8. Identity control. The restored state remains within the declared identity tolerance or is reported
as a successor workspace.

9. Anti-centralization. No single node contains a sufficient copy of the monitor, repair model, and
protected state when the claim is workspace-level maintenance.

53.13 Certified workspace agent

Let
ΘA = (τG, τG→A, εQ, τV→A, τA→Y , τD→M , τM→R, τR→v, τspec, εctl, emax) .

A ΘA-certified workspace agent is a controlled realization for which:

1. SRW(Wt; ς) = 1;

2. cue-controlled goal retention exceeds τG;

3. goal-to-action mediation exceeds τG→A;

4. counterfactual-value error is at most εQ;

5. value-to-action use exceeds τV→A;

6. action-to-outcome control exceeds τA→Y ;

7. damage detection, monitor-to-repair mediation, and restoration exceed their thresholds;

8. repair specificity exceeds τspec;

9. kctl,εctl ≥ 2; and

10. repeated maintenance deficit remains at most emax.

As throughout the theory, this predicate is relative to the declared node decomposition, goals,
actions, environment, horizons, interventions, and null families.

53.14 T23: Workspace-agency synthesis theorem

Theorem 130 (Workspace-level agency under declared gates). Assume a controlled realization
satisfies:

1. the operational relationality assumptions of Theorem 76;

2. cue-controlled goal retention and action readout as in Theorem 125 and Corollary 126;

3. a counterfactual evaluator with uniform error εQ and optimization error δopt;

4. feasible interventions establishing positive value-to-action and action-to-outcome effects;

5. the causal self-maintenance assumptions of Theorem 129; and

6. kctl,ε ≥ 2, together with a matched local policy-null panel that preserves every single-node
predictive marginal but loses full-system control value.

Then, relative to the declared specification:
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1. the expected one-step decision regret is at most 2εQ + δopt;

2. the long-run maintenance deficit is bounded by

d+ ϵ

1− β ;

3. no single-node statistic is sufficient for the complete control state;

4. matched local policy nulls cannot reproduce the intact control value;

5. goal-dependent action selection and workspace repair are causally mediated by implemented
internal channels.

Hence the realization satisfies the formal predicate

AgentΘA
(W) = 1.

Proof. The regret bound follows from Theorem 127. The maintenance bound follows from Theo-
rem 129. The coalition condition excludes single-node sufficiency for the complete control state.
The matched-null gap excludes explanations based only on preserved local predictive marginals.
The implemented goal, value, action, monitor, and repair interventions establish the required causal
mediation. These are precisely the gates in the stated agency predicate.

The synthesis theorem is intentionally relative and conjunctive. Its force is that decision quality,
maintenance stability, causal mediation, and relational location are certified together. It does not
infer an unrestricted agent outside the tested environment.

53.15 Agency, autonomy, and consciousness

The following implications are not licensed:

AgentΘA
(W) ≠⇒ PhenomenallyConscious(W),

SelfMaintaining(W) ≠⇒ SelfAware(W),

GoalPersistent(W) ≠⇒ MoralPatient(W).

A thermostat-like controller can maintain a variable without representing itself. A sophisticated
planner can evaluate counterfactual actions without phenomenal experience. Conversely, failure to
pass this engineering certificate would not prove absence of consciousness. Agency and consciousness
remain distinct axes of inquiry.
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PART XVII

Decomposition, Coarse-Graining, and Robust
Relationality

Relationality is always assessed relative to a way of dividing a realization into components. That
dependence is not a minor technicality. If every participant, artifact, and channel is merged into one
component, the complete workspace becomes local by definition. If a centralized state is recoded
into several complementary shares, the same centralized process can be made to look irreducibly
distributed. A defensible theory must therefore say which partitions count as admissible, which
quantities survive faithful aggregation, and how sensitive a certificate is to alternative descriptions
of the same system.

54. The Decomposition Problem

Let Ω be a finite set of primitive carriers at a declared audit resolution. A primitive carrier may be a
person, a model instance, a process, a memory store, an instrument, or another independently tracked
mechanism. The word primitive is relative to the audit. It does not assert a final metaphysical
atomization of the system.

Definition 131 (System decomposition). A decomposition of a carrier presentation is a tuple

D =
(
Π,O, GΠ, IΠ

)
,

where:

• Π = {Bα}α∈A is a partition of Ω;

• Oα is the declared local-access map for block Bα, producing the local state or history available
at that component;

• GΠ records the declared communication, transfer, and causal interfaces among the blocks; and

• IΠ is the family of feasible interventions at that resolution.

The accessible information of component α is the sigma-field

FDα = σ(Oα(Ht)) .

Every shared bus, common memory, supervisor, or artifact that can alter more than one local state
must appear either as its own carrier or as an explicit channel in GΠ.

The same physical realization can support several decompositions. One may separate a model from
its executor, merge them into one computational unit, or treat a persistent artifact as its own
component. These alternatives are not mere renamings when they change local access or feasible
interventions. Every certificate should therefore display the full specification

SRW(Wt; ς), ς = (D, Y +, ℓ, τ, I,N ,Θ).

This part varies the decomposition coordinate while holding the remaining coordinates fixed.
Part XVIII treats the full specification family.
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Definition 132 (Refinement and coarsening). Let Df and Dc be decompositions of the same carrier
presentation. The fine decomposition refines the coarse decomposition, written

Df ⪯ Dc,

when there is a surjection
q : Vf −→ Vc

such that each coarse component is the union of the fine components in one fiber of q, and its
accessible information is generated only from those fine components. The aggregation is information
faithful when

FDc
B =

∨
i∈q−1(B)

F
Df

i (B ∈ Vc).

It is structurally faithful when it also retains every internal compatibility condition and every
boundary transfer condition needed to recover the original global-section problem.

Refinement and coarsening are directional. A coarse component may contain information that was
spread across several finer nodes. Conversely, a fine description may expose internal channels that
disappear when a macro-node is formed. The next results identify what is preserved when the
aggregation is faithful.

55. Faithful Structural Coarse-Graining

Let the vertex set of a core-transfer diagram be partitioned as

V = V1 ⊔ · · · ⊔ Vm.

Write the transfer discrepancy as

DH =
(
Dint
D∂

)
, Dint =

m⊕
α=1

Dα,

where Dα contains the edge constraints internal to Vα, and D∂ contains the constraints crossing
between blocks. Define the internally coherent macro-state spaces

Wα = kerDα, WΠ =
m⊕
α=1

Wα.

Let
JΠ : WΠ ↪→ CV

be the canonical isometric inclusion, and define the quotient discrepancy

DΠ = D∂JΠ.

The quotient does not replace a group of nodes by an arbitrary summary. Its macro-state is the
complete internal section space of that group, and its boundary operator retains all cross-block
compatibility equations.
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Theorem 133 (Faithful coarse-graining). For every finite partition of the vertex set,

kerDH = JΠ kerDΠ.

Equivalently,
Γ(H) ∼= kerDΠ = ker(D∗ΠDΠ).

In particular,
dim Γ(H) = dimWΠ − rank(DΠ).

Thus faithful coarse-graining preserves the exact structural workspace even though it changes the
number and interpretation of the displayed nodes.

Proof. A vector c ∈ CV lies in kerDH exactly when

Dintc = 0 and D∂c = 0.

The first condition is equivalent to c = JΠw for a unique w ∈ WΠ. Substitution into the second
condition gives

DΠw = D∂JΠw = 0.

Hence c ∈ kerDH if and only if c = JΠw with w ∈ kerDΠ. The Laplacian identity follows from
ker(D∗ΠDΠ) = kerDΠ, and the dimension formula is rank-nullity.

The theorem supplies a precise sense in which a workspace may be represented at several resolutions
without changing its exact core. The preservation fails when the macro-state discards internal
section coordinates or when boundary equations are omitted.

Corollary 134 (Two-scale coherence bound). Let PΠ be the orthogonal projector onto JΠWΠ. Let
γint > 0 be the smallest positive eigenvalue of D∗intDint, and let γΠ > 0 be the smallest positive
eigenvalue of D∗ΠDΠ. Then every c ∈ CV satisfies

dist(c,Γ(H)) ≤ ∥Dintc∥√
γint

+ ∥DΠJ
∗
ΠPΠc∥√
γΠ

.

The first term measures incoherence within macro-components. The second measures incompatibility
among their internally coherent states.

Proof. By the triangle inequality,

dist(c,Γ(H)) ≤ ∥c− PΠc∥+ dist(PΠc,Γ(H)).

The workspace Poincaré estimate applied to Dint bounds the first term. Write PΠc = JΠw.
Theorem 133 and the corresponding estimate for DΠ bound the second term by ∥DΠw∥/

√
γΠ. Since

JΠ is isometric, w = J∗ΠPΠc.

This decomposition is useful computationally. Internal blocks can be solved or compressed inde-
pendently, after which only the boundary discrepancy must be assembled globally. It also gives a
diagnostic distinction between a workspace that fails inside its local components and one whose
local components are coherent but mutually incompatible.
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56. Predictive Risk Under Aggregation

The structural core can be preserved by faithful coarse-graining, while coalition counts generally are
not. Let

FDS =
∨
i∈S

FDi

be the information available to coalition S under decomposition D. For a declared loss ℓ, write

RD(S) = inf
f

E
[
ℓ
(
Y +, f(FDS )

)]
.

Theorem 135 (Bayes-risk transport under faithful aggregation). Suppose Df ⪯ Dc through
q : Vf → Vc, and suppose the aggregation is information faithful. Then for every coarse coalition
S ⊆ Vc,

RDc(S) = RDf

(
q−1(S)

)
.

Consequently,
kε(Dc) ≤ kε(Df ),

where coalition size is counted in displayed nodes.

Proof. Information faithfulness gives

FDc
S =

∨
B∈S

∨
i∈q−1(B)

F
Df

i = F
Df

q−1(S).

The two Bayes risks optimize over the same measurable decision rules and are therefore equal.
If a fine coalition of size k is sufficient within ε, the set of coarse blocks meeting that coalition
has at most k elements and contains at least the same information. This proves the coalition-size
inequality.

The theorem makes the source of a common error explicit. A minimal coalition size of two at
one resolution can become one after those two nodes are merged. Node count is therefore a
decomposition-relative statistic.

A more stable quantity measures primitive carrier cost. Let wω > 0 be a declared cost for each
ω ∈ Ω, and assign a block the cost

c(B) =
∑
ω∈B

wω.

Define the sufficient support cost

sε(D) = min
S⊆VD

{∑
B∈S

c(B) : RD(S) ≤ RD(VD) + ε

}
.

If Df ⪯ Dc is information faithful, then

sε(Df ) ≤ sε(Dc).

The fine decomposition permits every union of coarse blocks and may also permit cheaper sub-block
coalitions. Equality holds whenever an optimal fine coalition is a union of complete coarse fibers.
This weighted support measure does not remove the need to choose primitive carriers, but it prevents
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a large macro-component from being counted as a single inexpensive unit merely because it was
assigned one node label.

57. Trivialization by Arbitrary Redescription

The dependence on decomposition is unavoidable. Two elementary constructions show why a
certificate cannot be required to survive every mathematically possible partition.

Proposition 136 (Coarsening and secret-sharing trivializations). The following statements hold.

1. Any finite realization can be coarsened to a single displayed component. Relative to that
decomposition, the full-system state is local and k0 ≤ 1.

2. Let Z be uniform on a finite abelian group G. Let K be an independent uniform group element
and define

X1 = K, X2 = Z −K.

Then
I(Z;X1) = I(Z;X2) = 0, H(Z | X1, X2) = 0.

Under logarithmic loss,

R({1}) = R({2}) = log |G|, R({1, 2}) = 0,

so the declared two-node representation has k0 = 2 and joint advantage log |G|, even when a
single centralized encoder generated both shares.

Proof. The first statement follows by taking the indiscrete partition Π = {Ω}. For the second,
conditioning on any value of Z leaves K, and hence X1, uniform. Translation invariance of the
uniform law also leaves X2 = Z−K uniform, so each share is independent of Z. The pair reconstructs
Z = X1 +X2, which gives the entropy and Bayes-risk identities.

The secret-sharing example is a valid distributed code. What it does not show is that the process
producing or using the code is causally distributed across the declared carriers. If one hidden
controller creates both shares, stores the key, or jointly selects their updates, that controller belongs
in the causal inventory. Coalition irreducibility and matched predictive nulls remain necessary tests,
but their interpretation is conditional on a defensible interface model.

This distinction suggests two levels of claim:

Encoding-relative relationality. No declared local view is sufficient.

Carrier-relative relationality. The declared views also correspond to admissible, separately
tracked causal interfaces with no omitted common controller.

The stronger claim requires the decomposition audit developed next.

58. Admissible Decomposition Families

No purely formal rule can identify the uniquely correct decomposition of every physical or computa-
tional system. The practical goal is instead to define a family of decompositions that are defensible
for the question being asked and to report how the certificate changes across that family.
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Definition 137 (Admissible decomposition family). An admissible family D is a predeclared
collection of decompositions of the same carrier presentation satisfying the following audit conditions.

1. Carrier continuity. Each component corresponds to a process, artifact, or mechanism that
can be tracked through the relevant time scale.

2. Access locality. The local state contains only information available through the declared
component and its recorded incoming channels.

3. Channel completeness. Shared memories, buses, supervisors, caches, and synchronized
external cues are represented explicitly.

4. Intervention separability. At least some component mechanisms or channels can be altered
without directly rewriting the entire system.

5. Target independence. The decomposition and its alternatives are fixed without using held-out
outcomes to manufacture a favorable result.

6. Resolution relevance. A proposed split is retained only when it changes access, intervention,
reconstruction, or transfer structure at the declared measurement resolution.

7. Alternative coverage. The family contains the principal plausible merges, splits, and artifact
assignments that a skeptical analyst would consider.

Let mq(W ;D) be the signed margin of gate q, oriented so that

mq(W ;D) > 0

means that the gate passes after its uncertainty correction. Define the decomposition envelope

mq = inf
D∈D

mq(W ;D), mq = sup
D∈D

mq(W ;D),

and its sensitivity width
∆dec
q = mq −mq.

Definition 138 (Decomposition-robust certificate). A workspace passes the D-robust certificate at
level L when

Certifyrob
L,D(W ) =

∧
q∈J (L)

{
inf
D∈D

mq(W ;D) > 0
}
.

A pass for one selected decomposition is a decomposition-specific claim. A pass throughout D is a
family-robust claim. A claim is decomposition fragile when at least one required gate changes sign
inside the admissible family.

Universal invariance over all partitions is neither possible nor desirable, as Proposition 136 shows.
The family D must be broad enough to challenge the favored description and narrow enough to
exclude partitions with no operational meaning.

59. Stability Under Decomposition Transport

Exact faithful aggregation preserves the structural core, but practical alternative decompositions
usually introduce approximation. Their certificate can still be controlled by transporting a reference
workspace and comparing gate margins.
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Fix a reference decomposition D0. For each D ∈ D, let

ΦD : WD0 −→WD

be a declared workspace correspondence and let δD measure its structural and causal identity defect.
Assume gate q has a transport bound

|mq(ΦDW ;D)−mq(W ;D0)| ≤ LqδD + bq(D),

where Lq is a sensitivity constant and bq records model mismatch not captured by the identity
distance.

Theorem 139 (Decomposition-transport robustness). If, for every required gate q,

mq(W ;D0) > sup
D∈D

(LqδD + bq(D)) ,

then W passes the D-robust certificate. Conversely, if for some required gate

mq(W ;D0) + sup
D∈D

(LqδD + bq(D)) < 0,

then that gate fails throughout the family.

Proof. For every D ∈ D, the transport bound gives

mq(ΦDW ;D) ≥ mq(W ;D0)− LqδD − bq(D).

The first hypothesis makes the right-hand side positive uniformly in D, which proves robust passage
of every required gate. The second statement follows from the corresponding upper bound.

When bq ≡ 0, a convenient certificate radius is

rdec(W ) = min
q:Lq>0

mq(W ;D0)
Lq

.

Every admissible family satisfying
sup
D∈D

δD < rdec(W )

preserves the sign of all required gate margins. In applications, the transport terms can be bounded
using earlier results:

Gate family Relevant transport control
Structural coherence Transfer-Laplacian projector drift and spectral gap.
Predictive alignment Divergence between transported conditional-law states.
Causal efficacy Distance between matched intervention kernels.
Relationality Coalition-risk distortion and matched-null preservation error.
Reconstruction Perturbation of lower frame bounds and handoff error.
Persistence and
identity

The coordinatewise identity profile from Part XII.
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The theorem is intentionally margin based. A result barely above threshold at one decomposition
should not be described as robust when a small, defensible change of interface makes it disappear.

60. Decomposition Audit and Reporting

A complete decomposition audit should proceed in the following order.

1. Inventory the primitive carriers at the chosen temporal and physical resolution.

2. Record every shared resource and distinguish local state from incoming information.

3. Choose a reference decomposition from independently manipulable and temporally trackable
interfaces.

4. Construct an admissible family containing the principal plausible merges, splits, and artifact
assignments.

5. For every alternative, specify the correspondence to the reference workspace and validate its
manipulation checks.

6. Recompute the structural, predictive, causal, coalition, reconstruction, and identity margins.

7. Report the full decomposition envelope, not only the most favorable member of the family.

The report should state:

reference decomposition and audit resolution,
admissible family and reasons for excluded partitions,
hidden-resource and common-controller checks,
faithful-aggregation maps and identity defects,
gatewise minima, maxima, and sensitivity widths,
strongest decomposition-specific and family-robust conclusions.

Four controls are especially important:

1. merge components connected by an uninterruptible common controller and test whether the
relational claim collapses;

2. split a known centralized controller into complementary local views and verify that the protocol
rejects the resulting secret-sharing appearance of distributedness;

3. expose or remove shared caches, external cues, and common memory that were absent from the
favored graph; and

4. repeat the frozen certificate across the complete admissible family.

For the motivating human–AI collaboration, this analysis changes the form of the empirical question.
It is not enough to ask whether the human, model, executor, and artifact store form a workspace
under one natural description. The stronger question is whether the same operative state and
its causal role survive plausible alternatives, such as merging model and executor, separating
conversation state from persistent artifacts, or making shared orchestration channels explicit. Those
measurements have not yet been performed. The case therefore remains decomposition-specific and
observational.
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PART XVIII

Specification Robustness, Identifiability, and Statistical
Certification

A workspace certificate is never evaluated in a vacuum. It is evaluated for a particular future variable,
loss, time horizon, intervention family, null panel, threshold vector, and system decomposition.
These choices determine which distinctions matter and which capacities count as successful. They
are therefore part of the scientific claim rather than clerical details surrounding it.

This dependence has two consequences. First, a result that passes under one reasonable analysis can
fail under another. Robustness must be assessed across a declared family of scientifically defensible
alternatives. Second, even a fully specified claim may not be identifiable from the observations and
interventions that are actually available. Distinct realizations can induce the same experimental
law while disagreeing about whether a relational workspace exists. The theory must say when
such disagreement can be resolved, when only bounds are justified, and how sampling uncertainty
compounds these structural ambiguities.

61. The Complete Scientific Specification

Definition 140 (Workspace specification). A workspace specification is a tuple

ς =
(
D, Y +, ℓ, τ, I,N ,Θ

)
,

where:

• D is the decomposition and local-access model;

• Y + is the declared future variable or trajectory;

• ℓ is the normalized loss or utility convention;

• τ is the temporal horizon or horizon family;

• I is the feasible intervention family;

• N is the required matched-null family; and

• Θ is the gate schema, direction, threshold, and indifference region used for certification.

The complete certificate is written

Cert(W ; ς) =
∧

q∈J (ς)
1{mq(W ; ς) > 0},

where mq is the signed margin of gate q. Positive margin means that that gate passes in the direction
declared by Θ.

The notation absorbs lower-bounded and upper-bounded gates into one sign convention. If a causal
effect must exceed c0, then

mq = η̂ − c0.
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If a defect must remain below ε0, then

mq = ε0 − δ̂.

The complete certificate therefore passes exactly when every required signed margin is positive.

The specification does not include arbitrary features of the analysis. It contains choices that alter
the meaning or evidential force of the claim. An optimization algorithm, numerical tolerance, or
estimator belongs in the estimation protocol unless changing it changes the target estimand or
the admissible interventions. Conversely, the target, horizon, and null family cannot be treated as
implementation details because changing them can reverse the conclusion without changing the
underlying realization.

61.1 Specification relativity is not unrestricted relativism

A theorem-development workspace may be operationally real for a month-long research trajectory
and irrelevant for a ten-second motor-control target. A repair channel may preserve theorem identity
while failing to preserve social coordination. These are different scientific claims. The theory does
not require one workspace state to be sufficient for every possible future or loss. It requires the
intended scope to be declared before certification.

This yields the more precise notation

SRW(W ; ς) = 1.

The earlier expression SRWΘ(W ;D) is the special case in which the remaining coordinates of ς are
held fixed.

61.2 Inert reparameterization and substantive change

Some changes of specification merely recode the same claim. Others change its content. The
distinction is analogous to gauge freedom in the structural theory.

Definition 141 (Specification equivalence). Two specifications ς and ς ′ are equivalent, written
ς ≃spec ς

′, when there are bijective transport maps that:

1. preserve the sigma-field generated by the future target;

2. preserve the ordering and normalization of decisions under the loss;

3. map feasible interventions to physically equivalent interventions;

4. map every required null to a null preserving the same quantities; and

5. carry every gate threshold and margin into its counterpart.

Proposition 142 (Certificate invariance under specification equivalence). If ς ≃spec ς
′ and Φ is the

induced workspace correspondence, then

Cert(W ; ς) = Cert(ΦW ; ς ′).

Proof. Every required gate is carried to a gate with the same signed margin. The conjunction of
positive margins is therefore unchanged.
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A bijective relabeling of target classes with the correspondingly transported loss is inert. Replacing
exact theorem validity with stylistic similarity is not. Changing a one-step horizon to a year-long
persistence horizon is not. Removing the null that tests hidden centralization is not. Robustness
concerns substantive alternatives after equivalent recodings have been quotiented out.

61.3 Admissible specification families

Definition 143 (Admissible specification family). An admissible specification family S is a
predeclared set of specifications that:

1. refer to the same scientific claim type and carrier presentation;

2. use targets that are equivalent operationalizations or explicitly declared nearby stress targets;

3. normalize losses so that margins are comparable;

4. use horizons justified by the process being studied;

5. include every feasible intervention and null needed to distinguish the principal alternative
explanations;

6. use thresholds fixed without access to certification outcomes; and

7. exclude only alternatives for reasons stated before evaluation.

The family should not contain every imaginable analysis. Such a requirement would erase meaningful
domain specificity. It should contain the alternatives that a technically informed critic could
reasonably regard as equally valid or as necessary stress tests for the declared claim. Multiverse and
specification- curve methods formalize related concerns in empirical analysis [50, 48], while sensitivity
analysis and partial identification emphasize that conclusions should expose their assumption
dependence rather than conceal it [32, 40].

Three classes should be reported separately:

Equivalent alternatives. Different encodings or estimators of the same estimand after appropriate
transport.

Robustness alternatives. Scientifically defensible choices intended to support the same claim.

Scope alternatives. Genuinely different targets or domains that define different claims and should
not be averaged into one robustness number.

61.4 Common gate schema

A robustness family must use a common semantic gate index J∗. A specification may mark a gate
as not required only when the claim level itself does not include that property. It may not remove a
failed gate after observing the result. Let

J (ς) ⊆ J∗

be fixed before certification. For a family intended to support one fixed claim level, the cleanest
design uses

J (ς) = J∗ (ς ∈ S).
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This prevents apparent robustness from being created by silently changing the meaning of passage
across the family.

62. Robustness Across Admissible Specifications

For each gate q ∈ J∗, define the specification envelope

mS
q (W ) = inf

ς∈S
mq(W ; ς), mS

q (W ) = sup
ς∈S

mq(W ; ς).

Its sensitivity width is
∆spec
q (W ) = mS

q (W )−mS
q (W ).

The robust certificate margin is

rS(W ) = inf
ς∈S

min
q∈J∗

mq(W ; ς).

Then
CertS(W ) = 1 ⇐⇒ rS(W ) > 0.

Definition 144 (Specification-specific, robust, and fragile claims). A claim is:

Specification-specific when it is asserted only for one declared ς0.

Specification-robust when every required gate has positive lower envelope across S.

Specification-fragile when it passes for at least one admissible specification and fails for at least
one other.

A high fraction of passing specifications is informative but does not replace the lower envelope when
the claim is universal over S. A family in which ninety-nine analyses pass and one scientifically
decisive hidden- controller null fails does not support the complete relational certificate. The
noncompensatory logic remains in force at the specification level.

62.1 Geometry of a specification family

Let dS be a declared extended pseudometric on the quotient of S by specification equivalence. A
convenient decomposition is

dS(ς, ς ′) = wDdD(D,D′) + wY dY (Y +, Y +′) + wℓdℓ(ℓ, ℓ′)
+ wτdτ (τ, τ ′) + wIdI(I, I ′) + wNdN (N ,N ′) + wΘdΘ(Θ,Θ′).

No universal metric is imposed. The target term may use a divergence between conditional laws
under a declared coupling. The intervention and null terms may use Hausdorff distances between
implemented kernels. Threshold terms must be expressed on normalized signed-margin scales.
The metric is part of the audit and should be varied in sensitivity analysis when more than one
scientifically defensible choice exists.

For a reference specification ς0, define the distance to certificate failure by

rspec(W ; ς0) = inf
{
dS(ς, ς0) : min

q
mq(W ; ς) ≤ 0

}
.
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If no failing specification exists in the declared universe, the radius is infinite relative to that universe.
A radius near zero means that a small scientifically defensible change can reverse the conclusion.

62.2 Specification transport

Changing the decomposition can alter the coordinate realization of the workspace, while changing
the target or horizon can alter the relevant predictive state. Let

Φς : Wς0 −→Wς

be the declared correspondence when such transport is needed. For each gate, assume a bound

|mq(ΦςW ; ς)−mq(W ; ς0)| ≤ LqdS(ς, ς0) + bq(ς),

where bq records mismatch not represented by the metric. The mismatch may include a change
of model class, imperfect target coupling, or an intervention whose implementation cannot be
transported exactly.

62.3 T28: Specification-transport robustness theorem

Theorem 145 (Specification-transport robustness). Let S be an admissible specification family
with reference ς0. Suppose every required gate satisfies the transport bound above. If

mq(W ; ς0) > sup
ς∈S

[LqdS(ς, ς0) + bq(ς)]

for every q ∈ J∗, then
Cert(ΦςW ; ς) = 1 for every ς ∈ S.

If bq ≡ 0, then

rspec(W ; ς0) ≥ min
q:Lq>0

mq(W ; ς0)
Lq

.

Proof. For each ς ∈ S,

mq(ΦςW ; ς) ≥ mq(W ; ς0)− LqdS(ς, ς0)− bq(ς).

The hypothesis makes the right-hand side positive uniformly over the family. Every required gate
therefore passes under every admissible specification. When bq = 0, no gate can cross zero at a
distance smaller than its reference margin divided by its Lipschitz constant. Taking the minimum
over gates gives the radius bound.

The theorem is deliberately gatewise. A large structural margin cannot absorb a fragile causal
margin. It also clarifies the relation to Part XVII. The decomposition-transport theorem is recovered
by varying only the D coordinate while holding the remaining coordinates fixed.

62.4 A three-budget sufficient condition

In practice, the reference margin is reduced by three distinct uncertainty budgets:

Btotal
q = Bmodel

q +Bspec
q +Bsample

q .
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The first covers variation across observationally compatible realizations. The second covers variation
across admissible specifications. The third covers finite-sample estimation. The sufficient condition

m̂q(W ; ς0) > Btotal
q (q ∈ J∗)

will reappear below in identified-set and confidence-envelope form. Keeping the budgets separate
prevents an apparently narrow confidence interval from being mistaken for strong identification or
specification robustness.

63. Experimental Equivalence and Identifiability

A complete mathematical definition does not guarantee that its truth can be recovered from available
data. The experimental design may fail to distinguish two realizations that have different internal
organization.

Definition 146 (Experimental design and induced law). An experimental design is a tuple

E = (O, I, T ),

where O is the observation map, I is the family of implemented interventions, and T is the set of
measured temporal windows. A realization R induces the family of laws

P ER =
{
LR
(
O(H) | do(ι)

)
: ι ∈ I, t ∈ T

}
.

Definition 147 (Experimental equivalence). Two realizations are experimentally equivalent under
E , written

R ≡E R′,
when

P ER = P ER′ .

A property ψ(R) is identifiable on a model class M under E when it is constant on every ≡E -
equivalence class contained in M.

Identifiability is therefore relative to both a model class and an experiment family. Enlarging the
intervention family refines the equivalence classes and can make previously hidden distinctions
identifiable. Enlarging the model class can have the opposite effect.

63.1 T29: Non-identifiability impossibility theorem

Theorem 148 (No uniformly correct decision under experimental equivalence). Let R,R′ ∈ M
satisfy

R ≡E R′

but
Cert(WR; ς) ̸= Cert(WR′ ; ς).

Then the workspace certificate is not identifiable on M under E. More strongly, for every possibly
randomized decision rule Ĉ based only on data generated by E,

PR

(
Ĉ ̸= CR

)
+ PR′

(
Ĉ ̸= CR′

)
= 1,

where CR = Cert(WR; ς). Consequently,

inf
Ĉ

max
{
PR(Ĉ ̸= CR),PR′(Ĉ ̸= CR′)

}
≥ 1

2 .
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Proof. The data law is identical under the two realizations, so p = P(Ĉ = 1) is the same in both. If
CR = 0 and CR′ = 1, the two error probabilities are p and 1− p. Their sum is one, and at least one
is at least one half. The opposite labeling is identical.

The theorem is not a limitation of a particular estimator. It is an information-theoretic obstruction.
No amount of optimization or sample size can resolve a difference that the declared observations
and interventions do not expose.

63.2 Hidden-controller witness

Consider two realizations that emit the same local streams X1, X2 and the same outcome

Y = X1 ⊕X2.

In the distributed realization, the two streams are generated and retained by separately intervenable
carriers, and no carrier contains the pair. In the centralized realization, a hidden controller contains
(X1, X2) and emits the two displayed streams. Under passive observation of (X1, X2, Y ), the induced
laws are identical. Even interventions that alter only the displayed messages may fail to distinguish
them if the hidden controller simply re-emits the manipulated values.

Carrier-relative relationality becomes identifiable only when the experiment can test the claimed
causal separation. Examples include independently interrupting the candidate carriers, exposing
the hidden memory, randomizing a shared controller, or measuring whether one physical mechanism
reconstructs the complete state before the displayed split. The decomposition controls N25–N27 are
therefore identifiability interventions, not merely optional robustness checks.

63.3 Identifiability of individual gates

The full certificate may be unidentified even when some coordinates are identified. Structural
dimension might be recoverable from observed transfer constraints while causal specificity remains
ambiguous. Conversely, a causal contrast may be identifiable even when the latent workspace
coordinates are known only up to gauge. Each margin should therefore be assigned one of four
statuses:

point identified, sign identified, partially identified, unidentified.

A complete pass requires the sign of every required gate to be identified as positive, not merely that
one compatible model produces a positive estimate.

64. Partial Identification of Workspace Claims

When point identification fails, the correct response is not to choose one convenient realization. It
is to report the set of values compatible with the data and assumptions [40, 31].

Definition 149 (Identified realization set). Given an experimental law P E and model class M,
define

RID(P E ;M) =
{
R ∈M : P ER = P E

}
.

For a gate q and specification ς, its identified margin set is

MID
q (P E ; ς) = {mq(WR; ς) : R ∈ RID} .
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The sharp lower and upper identified margins are

mID
q (ς) = infMID

q (ς), mID
q (ς) = supMID

q (ς).

A gate is sign-identified as passing if its lower bound is positive. It is sign-identified as failing if its
upper bound is nonpositive. If the interval crosses zero, the available design does not determine
that gate’s outcome.

64.1 Identified certificate set

Define
CID(P E ; ς) = {Cert(WR; ς) : R ∈ RID} ⊆ {0, 1}.

The certificate is point identified exactly when this set is a singleton. The marginal gate intervals
provide simple sufficient conditions, but they need not be logically necessary because gate margins
can be dependent across the identified set.

For robustness across specifications, define the realization-level robust margin

rS(R) = inf
ς∈S

min
q∈J∗

mq(WR; ς)

and its identified range

rID,S = inf
R∈RID

rS(R), rID,S = sup
R∈RID

rS(R).

64.2 T30: Joint specification-identification theorem

Theorem 150 (Identification of a specification-robust certificate). Let RID be the identified realiza-
tion set and S an admissible specification family.

1. If
rID,S > 0,

then every realization compatible with the experimental law passes every required gate under
every admissible specification. The robust certificate is identified as passing.

2. If
rID,S ≤ 0,

then no compatible realization passes the complete certificate throughout the family. The robust
certificate is identified as failing.

3. If there exist compatible realizations R+,R− with

rS(R+) > 0, rS(R−) ≤ 0,

then the robust certificate is not identified under the declared experiment.

Proof. The first two conclusions follow directly from the definitions of the infimum and supremum
over the identified set. The third gives two experimentally compatible realizations with different
robust-certificate values, so Theorem 148 applies.
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This theorem joins two forms of robustness that are often conflated. A result can be stable across
specifications within one fitted model yet fail to be identified across models compatible with the data.
It can also be identified under one specification while changing sign across a reasonable specification
family. The strongest claim controls both axes.

64.3 Confidence regions for identified sets

In finite samples, the identified set is itself uncertain. Let

R̂1−δ

be a confidence region satisfying

inf
R0∈M

PR0

(
R0 ∈ R̂1−δ

)
≥ 1− δ.

A conservative robust lower margin is

r̂1−δ = inf
R∈R̂1−δ

inf
ς∈S

min
q
mq(WR; ς).

If r̂1−δ > 0, a false specification-robust certificate has probability at most δ, provided that the
model class and specification family were fixed before the confidence region was computed. This
confidence-set approach is useful when gate estimators are strongly coupled or when the latent
realization is the primary inferential object.

65. Uniform Finite-Sample Certification

Population margins are not observed directly. A certification rule must control the estimation error
uniformly across every specification and gate on which its conclusion depends.

Let m̂q(ς) estimate mq(W ; ς). Suppose there are nonnegative error radii εq(n, δ) such that

P
(

sup
ς∈S
|m̂q(ς)−mq(ς)| ≤ εq(n, δ) for all q ∈ J∗

)
≥ 1− δ.

Define the empirical lower confidence envelope

m̂S
q,1−δ = inf

ς∈S
m̂q(ς)− εq(n, δ).

65.1 T31: Uniform specification-certificate theorem

Theorem 151 (Uniform finite-sample certification across specifications). Under the uniform error
event above, declare a specification-robust certificate only when

m̂S
q,1−δ > 0 for every q ∈ J∗.

Then
sup

P : CertS(W )=0
PP (the robust certificate is declared) ≤ δ.
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Proof. On the uniform error event,

mq(ς) ≥ m̂q(ς)− εq

for every gate and every specification. If all empirical lower envelopes are positive, every population
margin is positive throughout the family. A false declaration can therefore occur only when the
uniform error event fails, which has probability at most δ.

The theorem controls the complete specification family, not merely the analysis that happened to
produce the strongest estimate. It is an extension of the gatewise intersection rule in Theorem 156.
Gatewise validity controls the conjunction at one frozen specification. Uniform validity controls the
conjunction over a family.

65.2 Finite specification grids

Suppose S and J∗ are finite, and each margin is estimated as

m̂q(ς) = 1
n

n∑
i=1

Zi,q,ς − θq,ς , 0 ≤ Zi,q,ς ≤ 1,

from independent certification units. Hoeffding’s inequality and a union bound give

P

sup
q,ς
|m̂q(ς)−mq(ς)| >

√
log
(
2|J∗||S|/δ

)
2n

 ≤ δ.
Thus the choice

εn(δ) =

√
log
(
2|J∗||S|/δ

)
2n

yields an explicit conservative certificate. Dependent episodes require a bound appropriate to the
true independent unit rather than token-level or edge-level pseudo-replication.

65.3 Continuous specification families

Let Sη be an η-net of (S, dS) with covering number N(η,S, dS). If both the population and
empirical margin functions are Lq-Lipschitz, then

sup
ς∈S
|m̂q(ς)−mq(ς)| ≤ max

ςj∈Sη

|m̂q(ςj)−mq(ςj)|+ 2Lqη.

For bounded empirical means, a valid radius is therefore

εq,n,η(δ) =

√
log
(
2|J∗|N(η,S, dS)/δ

)
2n + 2Lqη.

The tuning parameter η balances net cardinality against interpolation error. More refined empirical-
process bounds may replace this elementary covering argument without changing the certificate
logic.

65.4 Power and indifference regions

A robust procedure can be valid yet uninformative when the family is too large or the data are
insufficient. Each gate should therefore report an indifference region [−κq, κq]. A conclusion is:

127



Stratified Relational Workspace Theory Core–Transfer Theory

Robust pass when the lower confidence envelope exceeds κq for every gate.

Robust fail when a required gate’s upper confidence envelope is below −κq throughout the relevant
family.

Specification conflict when well-estimated admissible specifications lie on opposite sides of the
indifference region.

Statistically unresolved when sampling uncertainty intersects the indifference region.

This vocabulary separates genuine sensitivity from low power.

66. Adaptive Specification Choice and Selective Validity

A pointwise valid test does not remain valid after the analyst searches for the most favorable target,
horizon, null panel, or threshold. Consider K independent null p-values and select the smallest.
Then

P
(

min
1≤k≤K

pk ≤ α
)

= 1− (1− α)K ,

which exceeds α whenever K > 1. The same logic applies when a workspace certificate is reported
only for the specification that produced the largest gate margins.

The issue is not exploration itself. Exploration is often necessary to learn which target and
intervention are scientifically meaningful. The issue is using the same random outcomes both to
choose the claim and to certify it. Post-selection inference addresses the general problem by using
simultaneous or selection-adjusted procedures [10].

66.1 Specification leakage

Definition 152 (Specification leakage). Specification leakage occurs when certification outcomes
influence any of the following without a fresh inferential correction:

Y +, ℓ, τ, I,N ,Θ,S,J∗.

The leakage status is separate from formation leakage. A workspace extractor may be frozen while
the analyst still searches over targets or thresholds on the certification split.

A valid report must retain the complete search history, including failed and abandoned specifications.
Reporting only the selected analysis prevents the reader from determining the effective multiplicity.

66.2 T32: Sample-split selection theorem

Theorem 153 (Validity after independent specification selection). Let ς̂ be selected using Dsel, and
let Dcert be independent of Dsel. For every fixed ς ∈ S, let ϕς(Dcert) ∈ {0, 1} be a certificate rule
satisfying

sup
P :Cert(W ;ς)=0

PP
(
ϕς = 1

)
≤ α.

Then the selected-specification procedure satisfies

sup
P

PP
(
ϕς̂ = 1,Cert(W ; ς̂) = 0

)
≤ α.
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Proof. Condition on Dsel. The selected specification is then fixed. Independence leaves the certifi-
cation data distributed exactly as in the fixed-specification test, whose false-pass probability is at
most α. Averaging the conditional bound over the selection data preserves the same bound.

The theorem justifies discovery on formation or calibration data followed by a single frozen evaluation
on fresh certification data. Reusing the certification split to revise the specification requires either
another fresh split or a simultaneous post-selection procedure whose validity covers the entire search.

66.3 Nested selection and stress testing

A practical design may use:
Dform ⊔ Dspec ⊔ Dcert ⊔ Dstress.

Formation learns the workspace. The specification split chooses targets, horizons, nulls, and
thresholds from a predeclared menu. Certification makes the pass decision once. Stress testing
explores broader shifts without retroactively changing the certified claim. Cross-fitting can recover
sample efficiency, but the fold-level selection and evaluation paths must remain separated and the
final uncertainty calculation must account for recombination.

66.4 Thresholds and null families are part of selection

Threshold tuning can be as consequential as target selection. If the observed causal effect is 0.12,
choosing a minimum effect threshold of 0.10 after seeing the estimate is not certification. Likewise,
retaining only the nulls that the intact system defeats converts a falsification panel into a success
filter. Thresholds and null families must be frozen or evaluated under a uniform rule that includes
every considered alternative.

67. Specification Audit and Reporting

A complete specification audit should accompany every strong relational workspace claim.

67.1 Audit procedure

1. State the reference specification ς0 in full.

2. Distinguish equivalent recodings, robustness alternatives, and genuinely different scope claims.

3. Declare the admissible family S and justify every major exclusion before certification.

4. Record the specification pseudometric or other transport bounds used to compare family
members.

5. Compute every gate’s lower envelope, upper envelope, sensitivity width, and reference margin.

6. State the experiment family E and the model class M relative to which identifiability is claimed.

7. Report identified sets or bounds whenever point identification fails.

8. Apply a uniform finite-sample rule over every gate and specification used in the conclusion.

9. Preserve the complete specification-selection history and the data split on which each choice
was made.

10. Report the strongest pointwise, family-robust, sign-identified, and statistically resolved conclu-
sions separately.
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67.2 Additional adversarial controls

The empirical null and audit panel is extended by:

N29 = post hoc target-selection audit,
N30 = horizon cherry-picking audit,
N31 = loss and utility substitution audit,
N32 = restricted intervention-family audit,
N33 = threshold and gate-set tuning audit,
N34 = frozen specification sweep across S.

The first five reconstruct or bound the analysis search that preceded the reported claim. The final
control reruns the complete frozen certificate across the admissible family. A claim that survives
N34 but fails the search audit remains vulnerable to selection bias. A claim that passes the search
audit but changes sign across S is validly estimated yet specification-fragile.

67.3 Required specification record

The machine-readable record should include:

SpecificationRecord = {reference, family, equivalence_classes,metric,
targets, losses, horizons, interventions,
null_panels, thresholds, selection_history,
identified_sets, uniform_bounds, gate_envelopes}.

Every omitted family member requires a reason. Every changed specification requires a data-split
label and time stamp. Every gate requires pointwise and family-wide status.

67.4 Claim-strength vocabulary

The following vocabulary is recommended:

Pointwise demonstrated. The certificate passes at one frozen specification with valid uncertainty.

Specification-robust. It passes uniformly across a declared admissible family.

Sign identified. Every realization compatible with the experimental law gives the same gate sign.

Robustly identified. The complete family-robust certificate is identified as passing.

Partially identified. The data restrict the certificate margins but do not determine every required
sign.

Specification-fragile. Validly estimated admissible specifications give different certificate out-
comes.

Selection-contaminated. The reported specification was chosen using certification outcomes
without valid adjustment.

67.5 Consequence for the motivating collaboration
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The motivating human–AI research process remains a plausible candidate persistent workspace,
but its strongest current description is narrower than a certified robust claim. The relevant target
trajectory, horizon family, intervention set, null panel, thresholds, and admissible specification family
have not been frozen and tested prospectively. Nor has the carrier-relative workspace predicate been
shown to be identifiable against hidden-controller and matched-storage alternatives. The theory
therefore supports a disciplined research program rather than a retrospective declaration.

The terminal architecture is now explicit. A strong claim must survive three separate questions:

Would it survive another defensible specification?
Could a contrary realization generate the same experiments?
Does the finite sample support every required margin uniformly?

Once these questions are answered, further extensions concern new mathematical settings or new
empirical domains rather than a missing foundational layer.
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PART XIX

Summary of Main Results

68. Structural and Foundational Results

T1: Limit–holonomy theorem

Γ(H) ∼= CHolo
o .

T2: Operator closure theorem

Heρi(a) = ρj(a)He =⇒ ρo(a)C∗ ⊆ C∗.

T2a: Workspace commutant theorem

OW ∼= Comm(Holo).

T3: Transfer-Laplacian kernel theorem

kerLH = Γ(H).

T4: Spectral stability theorem

If η = ∥L̃H − LH∥ < gd/2, then

∥P̃d − Pd∥ ≤
η

gd − η
≤ 2η
gd
.

T5: Gauge invariance theorem

Γ(Hg) = GV Γ(H),
and under unitary gauge,

LHg = GV LHG
−1
V .

T6: Persistence theorem

For the nonautonomous recurrence
et+1 ≤ αtet + σt,

et ≤
(
t−1∏
r=0

αr

)
e0

+
t−1∑
j=0

 t−1∏
r=j+1

αr

σj .
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If αt ≤ ᾱ < 1 and σt ≤ σ̄, then
lim sup
t→∞

et ≤
σ̄

1− ᾱ .

The derivation begins with a moving workspace projector and an explicit system update, and adds
a mean-square analogue and a non-collapse gate.

T7: Stable reconstruction theorem

For coalition analysis operator AS with lower frame bound αS > 0, observations

y = ASc+ η

and canonical decoder A†S satisfy

∥A†Sy − c∥ ≤
∥η∥
√
αS

.

The theorem is extended to encoding mismatch, exact support-based erasure distance, uniform node
erasures, reconstructive handoff, exact coalition sufficiency, and operational risk under a Lipschitz
predictive kernel.

T8: Exact gluing theorem

For every finite edge-complete workspace cover,

0 −→ W (G) RU−−−→ Č0(U ; W ) δ0
−−→ Č1(U ; W )

is exact. Hence

W (G) ∼= ker δ0 ∼= Eq

∏
α

Wα ⇒
∏
α<β

Wαβ

 .
The same analysis also yields a cover-Laplacian distance bound, a total descent kernel theorem, and
a harmonic Ȟ1 obstruction for relative-only data.

T9: Hierarchical collapse theorem

For every finite rooted hierarchy whose children edge-cover their parent,

Wa
∼= W (Ga) for every hierarchy node a,

and in particular
Wroot ∼= W (G).

If level r contributes defect δr and downstream collapse maps have Lipschitz constants Ls, then

δ
(R)
flat ≤

R−1∑
r=0

(
R−1∏
s=r+1

Ls

)
δr.

T25: Faithful coarse-graining theorem
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For a partition of the vertex set, let WΠ be the direct sum of the internally coherent section spaces
and let DΠ retain all boundary compatibility equations. Then

Γ(H) = JΠ kerDΠ.

Exact structural workspace content is therefore invariant under faithful aggregation. Approximate
error separates into an internal-coherence term and a boundary-coherence term controlled by their
respective spectral gaps.

T26: Bayes-risk transport theorem

For an information-faithful coarsening q : Vf → Vc,

RDc(S) = RDf
(q−1(S)) (S ⊆ Vc).

Hence displayed coalition size can decrease under coarsening. Weighted primitive support cost is a
more stable localization measure and cannot improve merely because several carriers were relabeled
as one macro-node.

T27: Decomposition-transport robustness theorem

If every gate margin at a reference decomposition exceeds its worst-case transport and model-
mismatch defect across D, then the complete certificate passes throughout the admissible family:

mq(W ;D0) > sup
D∈D

(
LqδD + bq(D)

)
∀q =⇒ Certifyrob

L,D(W ) = 1.

69. Dynamic, Causal, and Agency Results

T10: Approximate universality theorem

For the first d transfer-Laplacian modes, with λd ≤ ε < λd+1 = µ,

∥(I − Pd)ρV (a)Pd∥ ≤
∥ρE(a)∥

√
ε+ β(a)

√
µ

.

Thus low transfer energy, a separated complement, and small intertwining defect imply approximate
closure under the common operation algebra.

T11: Core–residual accumulation theorem

For a path γ = em · · · e1,

∥Qt(γ)TγPs(γ)∥ ≤
m∑
r=1

 m∏
ℓ=r+1

∥Teℓ
∥

 ∥Ver∥

×
(
r−1∏
ℓ=1
∥Heℓ

∥
)
.

The same bound controls the defect between full core-to-core path transport and the pure core
product. An exact Duhamel identity yields both estimates.
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T12: Predictive-state minimality and alignment theorem

On standard Borel spaces, the canonical conditional-law state

Zt = P(Y +
t ∈ · | Ht)

is sufficient and minimal:
Y +
t ⊥⊥ Ht | Zt,

and every sufficient statistic St = s(Ht) satisfies

Zt = ϕ(St) a.s.

Moreover, a structural candidate Wt is exactly operationally aligned if and only if

Zt = ϕW (Wt) a.s.

The countable intervention-indexed version holds for ZIt .

T13: Operational relationality theorem

For a finite target, exact alignment, a positive node-level conditional information gap, a positive
robust local-predictive-matched null gap, a feasible workspace intervention effect, and positive
matched specificity jointly imply that:

no single-node statistic is sufficient,
k0 ≥ 2,
no single node reconstructs the aligned workspace,
matched local nulls preserve all node risks but lose joint capacity,
and the workspace coordinate is causally efficacious at the tested scale.

If ηloop(τ) > 0, the conclusion additionally includes loop-mediated reentry.

T14: Replacement invariance theorem

For a unitary realization correspondence with discrepancy defect

δD = ∥D′JV − JED∥,

set
ηL = 2∥D∥δD + δ2

D.

If ηL < g/2, then the workspace projectors obey

qstr ≤
ηL

g − ηL
≤ 2ηL

g
.

A canonical unitary correspondence between the workspace subspaces exists, and its operation
defect is bounded by the projector drift, the local intertwining defect, and prior operation leakage.
Coalition frame bounds also persist under sufficiently small reconstructive transport error. With
declared causal-kernel and reconstructive-handoff defects,

did ≤ a qstr + b δop + c δcausal + d δrec.
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Under bounded norms and a uniform spectral gap, this gives the schematic estimate

did ≲ C
δreplacement

g
.

The causal and reconstructive terms are necessary assumptions rather than consequences of structural
similarity.

T15: Transfer identification theorem

Under the linear transfer model

Y = H∗X + ξ, E[ξXT] = 0, ΣXX ⪰ κI,

the unique population least-squares transfer is

H∗ = ΣY XΣ−1
XX ,

and
R(H)−R(H∗) ≥ κ∥H −H∗∥2F .

For empirical ordinary least squares,

∥Ĥ −H∗∥F ≤
∥M̂∥F
κ̂

,

with the stated ridge extension. The identified transfer is gauge covariant under independent
invertible changes of source and target coordinates.

T16: Uniform structure-selection theorem

For a finite candidate family with unique population optimum θ∗, margin ∆J > 0, and held-out
uniform score error at most ε,

J(θ̂)− J(θ∗) ≤ 2ε.

If 2ε < ∆J , then θ̂ = θ∗. The theorem applies to node membership, edge selection, gauge-normalized
transfer models, and finite boundary families.

T17: Stable boundary recovery theorem

For a finite admissible boundary family with unique maximizer S∗t , margin ∆B
t , and uniform held-out

score error εt,
Bt(S∗t )− Bt(Ŝt) ≤ 2εt,

and exact recovery holds when 2εt < ∆B
t . If the population score drifts uniformly by at most δt,

then
2δt < ∆B

t =⇒ S∗t+1 = S∗t .

T18: Model-specific formation transition theorem

For
mt+1 = tanh(λmt),
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there is a unique zero fixed point for 0 ≤ λ ≤ 1. For λ > 1, the zero state is unstable and exactly
two stable nonzero fixed points appear. Their amplitude satisfies

mλ =

√
3(λ− 1)
λ3 +O

(
(λ− 1)3/2).

This is an exact structural benchmark, not a universal law for complete relational workspaces.

T19: Cue-controlled goal-retention theorem

For matched future command and disturbance trajectories under

Gs+1 = RsGs +BsCs+1 + ζs+1,

two goal interventions satisfy

Gt+τ −G′t+τ = Rt+τ :t(g − g′).

If
ms ≤ σmin(Rs), ∥Rs∥ ≤Ms,

then (∏
s

ms

)
∥g − g′∥ ≤ ∥Gt+τ −G′t+τ∥ ≤

(∏
s

Ms

)
∥g − g′∥.

A linear action readout gives a corresponding lower bound on the induced action-mean separation.
The result isolates internal retention from repeated external goal rewriting.

T20: Approximate counterfactual-policy theorem

If the interventional action-value estimator satisfies

sup
a
|Q̂t(a)−Qt(a)| ≤ εQ

and the implemented policy has optimization error at most δopt relative to Q̂t, then

Regt(π̂t) ≤ 2εQ + δopt.

For deterministic greedy action, the bound is 2εQ. A unique true optimum with value gap greater
than 2εQ is recovered exactly. The guarantee is relative to the declared utility, feasible action
support, causal identification, and horizon.

T21: Repair-selection margin theorem

For a finite repair set and a repair-value estimator with uniform error εR, the selected repair r̂
satisfies

V (r∗)− V (r̂) ≤ 2εR.

If the optimal repair reaches reserve ρ+ 2εR, then the selected repair reaches reserve ρ. A unique
optimal repair whose value gap exceeds 2εR is selected exactly.

T22: Closed-loop self-maintenance theorem
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If matched no-repair deficit obeys
e

(0)
t+1 ≤ αet + dt

and the implemented repair has measured causal effect

e
(0)
t+1 − et+1 ≥ κet − ϵt,

set β = α− κ. Under
0 ≤ β < 1, dt ≤ d, ϵt ≤ ϵ,

et ≤ βte0 + (d+ ϵ)(1− βt)
1− β .

Hence
lim sup
t→∞

et ≤
d+ ϵ

1− β .

A corresponding margin condition makes the declared bounded-deficit viability set forward invariant.

T23: Workspace-agency synthesis theorem

Operational relationality, cue-controlled and behaviorally operative goals, calibrated counterfactual
values, feasible value-to-action and action-to-outcome interventions, causal closed-loop maintenance,
distributed control-state sufficiency, and matched local policy nulls jointly imply:

Regt ≤ 2εQ + δopt,

lim sup et ≤
d+ ϵ

1− β ,

kctl,ε ≥ 2,

together with causal mediation of goal-dependent action and repair through the implemented internal
channels. This is a sufficient, domain-relative agency certificate. It does not imply consciousness,
personhood, or unrestricted autonomy.

T24: Gatewise certification-validity theorem

Suppose a certificate requires every gate G1, . . . , Gm to pass, and the predeclared test for gate j has
false-pass probability at most αj whenever that required property is absent. Under the global null
that at least one required property is absent,

P(complete certificate passes) ≤ max
j
αj .

No independence assumption among gate tests is required. The guarantee fails under adaptive gate
deletion, selective reporting, or reuse of the certification split.

70. Decomposition, Specification, and Identification Results

T25: Faithful coarse-graining theorem

For an exact partition into internally coherent macro-components,

kerDH = JΠ kerDΠ.
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Thus faithful aggregation preserves the exact shared workspace and its dimension while changing
the displayed node resolution.

T26: Bayes-risk transport under aggregation

For an information-faithful coarsening map q,

RDc(S) = RDf

(
q−1(S)

)
.

Predictive content is preserved, although the visible coalition count may contract. Primitive-carrier
support cost is therefore preferred when claims must be compared across resolutions.

T27: Decomposition-transport robustness theorem

If every required gate has reference margin larger than its worst admissible decomposition-transport
defect, then the complete certificate passes throughout D. When the mismatch term vanishes, the
certificate radius is bounded below by the smallest gate margin divided by its transport sensitivity.

T28: Specification-transport robustness theorem

For a reference specification ς0, if

mq(W ; ς0) > sup
ς∈S

[LqdS(ς, ς0) + bq(ς)]

for every gate, then the transported workspace passes every admissible specification. If bq = 0,

rspec(W ; ς0) ≥ min
q:Lq>0

mq(W ; ς0)
Lq

.

T29: Experimental non-identifiability theorem

If two realizations induce the same law under every declared observation and intervention but have
different certificate values, no decision rule based on that experiment can be uniformly correct. For
every such rule, the two error probabilities sum to one, so the minimax error is at least one half.

T30: Joint specification-identification theorem

Let rS(R) be the worst gate margin across the specification family. If its infimum over the identified
realization set is positive, the robust certificate is identified as passing. If its supremum is nonpositive,
the certificate is identified as failing. Compatible realizations on opposite sides of zero establish
non-identifiability.

T31: Uniform finite-sample specification theorem

If all gate estimators are uniformly within their error radii across S, then requiring every empirical
lower envelope to be positive controls the probability of a false robust certificate by the failure
probability of the uniform event.

T32: Independent selection and certification theorem

A specification chosen on data independent of the certification split may be evaluated by its fixed-
specification test without inflating the false-pass bound. Selection and certification on the same
outcomes require simultaneous or post-selection correction.
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PART XX

Conjectures and Open Mathematical Directions

71. Workspace Formation Transitions

The symbolic outline proposed a coupling threshold λc. A general theory must first state what is
allowed to vary with λ. A threshold may concern structural coherence, causal efficacy, relational
irreducibility, or the conjunction of all certification gates. These need not occur at the same
parameter value.

71.1 No coordinate-free universal threshold

Proposition 154 (Threshold values are parameterization dependent). Suppose a model indexed by
λ passes a declared formation certificate exactly for λ > λc. For every strictly increasing bijection f ,
the reparameterized family indexed by µ = f(λ) has threshold

µc = f(λc).

Consequently, the numerical value of a coupling threshold is not invariant without a physically or
operationally fixed parameterization.

Proof. The reparameterized realization at µ is the original realization at f−1(µ). It passes precisely
when f−1(µ) > λc, equivalently when µ > f(λc).

There can therefore be no model-independent numerical value of λc. The invariant object is the
change in the certified organization and its local critical behavior, not the label placed on the control
parameter.

71.2 Gate-specific transition parameters

For a one-parameter family Rλ, define

λstr = inf{λ : dε(λ) > 0, gε(λ) > 0},
λop = inf{λ : δalign(λ) ≤ εop},

λcausal = inf{λ : ηcausal(λ) ≥ τcausal},
λrel = inf{λ : kε(λ) ≥ 2,∆tr(λ) ≥ τtr},

λform = inf{λ : FormΘform(Wλ) = 1}.

In general,
λstr, λop, λcausal, λrel, λform

can be distinct. A synchronized representation can appear before it becomes causally useful, and
causal coordination can appear while remaining reducible to one centralized component.

71.3 A solvable nonlinear formation model T18

A minimal exact model is the scalar recurrent coherence equation

mt+1 = tanh(λmt), λ ≥ 0.
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The order parameter mt represents a signed coherent mode. This model is not a complete relational
workspace. It isolates one mechanism by which a nonzero shared mode can appear continuously
from a symmetric zero state.

Theorem 155 (Pitchfork formation transition). For the map

Fλ(m) = tanh(λm), m ∈ [−1, 1],

the following hold.

1. If 0 ≤ λ ≤ 1, the unique fixed point is m = 0. It is globally attracting for λ < 1 and nonexpanding
at λ = 1.

2. If λ > 1, there are exactly three fixed points

−mλ, 0, mλ, mλ ∈ (0, 1).

The zero fixed point is unstable and the two nonzero fixed points are locally asymptotically stable.

3. As λ ↓ 1,

mλ =

√
3(λ− 1)
λ3 +O

(
(λ− 1)3/2).

Proof. A fixed point satisfies
artanh(m) = λm.

For m > 0, the function
h(m) = artanh(m)

m

is strictly increasing from 1 to +∞. Hence there is no positive solution when λ ≤ 1, and exactly
one positive solution when λ > 1. Odd symmetry gives the negative solution.

The derivative is
F ′λ(m) = λ sech2(λm).

At zero this equals λ, proving stability for λ < 1 and instability for λ > 1. At a nonzero fixed point,

F ′λ(mλ) = λ(1−m2
λ) = (1−m2

λ) artanh(mλ)
mλ

< 1,

because
artanh(m) < m

1−m2 (0 < m < 1).

The derivative is positive, so the nonzero fixed points are locally stable. Finally, expanding

tanh(λm) = λm− λ3m3

3 +O(m5)

and solving the nonzero fixed-point equation gives the stated asymptotic.

The square-root scaling is a genuine model-specific critical law. It does not show that every workspace
forms by a pitchfork bifurcation. It supplies an exact benchmark against which more complex
formation dynamics can be tested.
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71.4 Detecting a transition from finite data

Let Q(λ) be a gate-specific population order parameter and Q̂n(λ) its held-out estimate. If

sup
λ∈Λn

|Q̂n(λ)−Q(λ)| ≤ εn

on a finite evaluation grid Λn, then every threshold crossing with vertical margin larger than 2εn is
recovered by the same uniform-selection argument as Theorem 120. Near a continuous transition,
the margin vanishes and sample requirements necessarily grow. A broad, slowly varying crossover
should not be reported as a sharp phase transition without a finite-size scaling analysis.

71.5 General formation-transition conjecture

For adaptive transfer systems with a fixed physical parameterization, there may exist model classes
in which

λ < λc =⇒ FormΘform(Wλ) = 0,
while

λ > λc =⇒ FormΘform(Wλ) = 1
with a stable nonzero structural mode, positive causal efficacy, and relational irreducibility. The
theorem above establishes this only for one structural order parameter in a solvable nonlinear model.
The conjunction of all workspace gates remains model dependent.

72. Hierarchical Stabilization Conjecture

For appropriate recurrent systems,

W (r+1) = Γεr (W (r))

may converge to a stable workspace type:

did
(
W (r+1),W (r)

)
→ 0.

73. Endogenous Boundary Conjecture

The boundary theorems in Part XV establish recovery and stability once a score, candidate family,
and formation procedure are fixed. They do not establish that an arbitrary adaptive system will
create, represent, and maintain its own boundary.

Let
Bsys
t

be an internal membership or routing state used by the system, and let

S∗t = arg max
S∈Spass

Bt(S)

be the population boundary defined by the external certification protocol. The strong endogenous
boundary conjecture asserts that there are adaptive systems and nontrivial environments for which:

dB(Bsys
t , S∗t )→ 0,

FormΘform(WBsys
t

) = 1,
CE

(
Bsys
t → Routingt+1

)
> 0,

CE
(
BoundaryDamaget → RepairActiont+1

)
> 0,

142



Stratified Relational Workspace Theory Core–Transfer Theory

while the scaffold contains no direct encoding of S∗t .

A convincing demonstration requires four separable achievements:

1. discovery: interaction history changes which boundary is learned;

2. instantiation: an internal variable causally realizes that boundary;

3. use: changing the boundary changes workspace routing and downstream behavior; and

4. maintenance: detected boundary degradation causes restorative action.

Theorems 122 and 123 handle external consistency of the selected boundary. Theorems 128 and
129 now handle controlled repair selection and bounded closed-loop maintenance once a health
representation, damage class, monitor, and repair controller are given. The remaining conjectural
step is endogenous learning of the internal boundary, detector, and repair policy under open-ended
environmental change without direct scaffold encoding or external substitution.
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PART XXI

Empirical Certification and Reporting Protocol

74. Required Experiments

A workspace claim is not certified by a single benchmark score. The complete protocol is organized
as a sequence of declarations, held-out measurements, implemented interventions, matched nulls,
specification sweeps, identification checks, and gate decisions. Every reported result must identify
the claim level it supports. Measurements that were not performed remain unmeasured rather than
being inferred from neighboring gates.

74.1 Claim declaration before evaluation

Before the certification split is opened, record:

1. the full reference specification ς0 = (D, Y +, ℓ, τ, I,N ,Θ);

2. the admissible decomposition family D and specification family S;

3. the target trajectory Y +, loss, horizon, and environment family;

4. the candidate structural workspace extractor;

5. the goal family G, utility normalization, and feasible action set;

6. the intervention families IW , IG, IA, ID, IR;

7. the null panel and the local distributions each null must preserve;

8. the required certificate level and every numerical threshold;

9. the formation, calibration, certification, and stress-test splits;

10. the uncertainty procedure and resampling unit; and

11. the stopping and model-selection rules;

12. the experiment family and model class used for identifiability; and

13. the complete specification-selection history and multiplicity rule.

Changing any of these after observing certification outcomes creates a new analysis that must be
reported as exploratory or evaluated on a fresh split.

74.2 Data and intervention partition

Use at least four logically distinct partitions:

D = Dform ⊔ Dcal ⊔ Dcert ⊔ Dstress.

Their roles are:

Formation. Learn membership, transfer maps, workspace channels, boundaries, policies, and repair
models.
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Calibration. Select thresholds, intervention amplitudes, and uncertainty procedures without
making the final pass decision.

Certification. Estimate the declared gates once under the frozen analysis plan.

Stress test. Evaluate distribution shift, repeated damage, replacement, and long-horizon persis-
tence.

When independent partitions are impossible, the report must state the precise cross-fitting or
nested-resampling procedure and preserve formation leakage controls.

74.3 Structural tests

Report the complete low-energy spectrum relevant to the selected threshold:

spec(LH), dε, gε, δcoh.

At minimum include:

• the construction and normalization of DH ;

• edge weights and estimated transfer uncertainties;

• the selected eigenspace dimension and threshold rule;

• the spectral gap with uncertainty or perturbation bound;

• stability under bootstrap, seed, and representation replacement; and

• the exact or approximate kernel residual.

74.4 Transfer and operation tests

Report
ηint, δtr

e , Ωγ , Λγ ,

together with:

• the paths and cycle basis used;

• path-length dependence of leakage;

• the gauge-alignment procedure;

• held-out transfer-prediction error;

• operation-intertwining defects; and

• the approximate closure bound from Theorem T10.

74.5 Predictive alignment and coalition tests

Report
δIalign, {∆ℓ

A}A⊆V , kε, δZA.

When the number of coalitions is too large for exhaustive evaluation, state the sampling design,
include every singleton and every leave-one-out coalition, and report the most favorable coalition
found for the reducibility null. The claim must not be based only on average coalition performance.
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74.6 Causal and reentry tests

Report
ηνcausal, ∆specific(r), δmed, ηrec(τ), ηloop(τ).

Every causal estimate must be paired with:

1. a concrete mechanism-level implementation;

2. a manipulation check;

3. matched background variables;

4. declared direct paths that were blocked or preserved;

5. intervention magnitude and cost;

6. an off-workspace matched intervention; and

7. the downstream outcome window.

74.7 Persistence, reconstruction, and replacement tests

Report
did(Wt,Wt+τ ), Reck, et, α(k), µkeep

t .

The report must separate:

• subspace tracking from state tracking;

• coherence from non-collapse;

• reconstruction from mere prediction;

• repair from successor-workspace creation; and

• structural replacement from causal and reconstructive replacement.

74.8 Formation-provenance tests

Report
Eform, δscaf , δleak, ∆hist

q .

Include the external scaffold, information available to the learner, history shuffles, cross-scaffold
retraining, and every route by which certification labels or target boundaries could have entered
formation.

74.9 Learned-structure and boundary tests

Report
∥Ĥ −H∗∥, ∆J , ∆B

t , COutτ (Ŝ), CInτ (Ŝ).

Boundary reports must include the admissible candidate family, full-system and empty-set controls,
singleton and centralized controls, score components, margin to the runner-up, and temporal stability
under held-out environment drift.

74.10 Goal and counterfactual-policy tests
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Report the agency coordinates

ηG(τ), δcue
G (τ), ηG→A, δQ, ηV→A, ηA→Y , kctl,ε.

The required experiments include:

1. cue-controlled goal interventions;

2. goal-channel ablation and permutation;

3. counterfactual-value calibration against action interventions;

4. value-label permutation among feasible actions;

5. critic or value-channel blocking;

6. action replay under held-out perturbations;

7. policy regret or value-gap estimation; and

8. coalition reconstruction of the complete control state.

74.11 Damage and repair tests

For every damage family, report

ηD→M , ηM→R, ηR→v, ∆spec
repair, δrep−id, sup

t
et.

The repeated-disturbance experiment must contain:

1. a no-damage baseline;

2. damage with repair disabled;

3. damage with the intact repair loop;

4. monitor ablation;

5. cost-matched random repair;

6. off-workspace repair;

7. repeated and compound damage; and

8. a held-out disturbance distribution.

75. Required Null Families
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The core null panel is:
N1 = shuffled transfer maps with validated local matching,
N2 = shuffled cross-node temporal correspondence,
N3 = matched-capacity local memory,
N4 = matched-size irrelevant artifact,
N5 = participant ablation,
N6 = artifact ablation,
N7 = workspace implementation intervention,
N8 = matched off-workspace intervention,
N9 = representation replacement,
N10 = context reset and reconstruction,
N11 = matched formation-history shuffle,
N12 = cross-scaffold re-encoding and retraining,
N13 = boundary-label and certification leakage audit,
N14 = empty, full, singleton, and centralized boundary nulls,
N15 = held-out transfer and membership re-estimation,
N16 = boundary damage, use, and repair intervention,
N17 = goal-code permutation with cues and actions matched,
N18 = persistent external-cue rewrite with internal retention cut,
N19 = counterfactual-value label permutation,
N20 = critic or value-channel ablation,
N21 = open-loop action replay under held-out perturbation,
N22 = monitor-blind cost-matched random repair,
N23 = off-workspace repair with matched intervention norm,
N24 = identity-breaking reconstruction with matched task score,
N25 = merge control for components sharing an uninterruptible controller,
N26 = secret-sharing split of a known centralized controller,
N27 = hidden shared-memory and common-cue exposure test,
N28 = frozen certificate sweep across the admissible decomposition family,
N29 = post hoc target-selection audit,
N30 = horizon cherry-picking audit,
N31 = loss and utility substitution audit,
N32 = restricted intervention-family audit,
N33 = threshold and gate-set tuning audit,
N34 = frozen certificate sweep across the admissible specification family.

75.1 Null validity record

Each observational null must state:

• the local distributions it preserves;
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• the relational dependency it destroys;

• the distance between intact and null local marginals;

• the capacity, parameter count, and information budget; and

• whether null fitting used the same data budget as the intact model.

Each causal null must state:

• the manipulated mechanism;

• the matched background and intervention cost;

• the intended causal path destroyed or preserved;

• the manipulation check; and

• unintended direct effects detected during validation.

A failed manipulation check invalidates the null. It does not count as evidence for the workspace
claim.

75.2 Claim-specific null subsets

A successful claim requires
Pass(N1, . . . , N28)

only for the subset relevant to its stated level. The subset must be frozen before certification. Failed
applicable nulls, invalid nulls, and unmeasured nulls are retained separately in the final report. They
must not be merged into a generic “not significant” category.

76. Certification Vector and Complete Reporting Templates

76.1 Extended certification vector

Use a vector rather than one aggregate score:

Cfull(W ) =
(
dε, gε, δcoh, δ

I
align,∆ℓ

joint, kε,

∆tr(Q), ηνcausal,∆specific(r), ηloop(τ),
did,Reck,mD,∆dec,Eform, δ

scaf , δleak,

∆J ,∆B
t ,COutτ (Ŝ),CInτ (Ŝ),

ηG(τ), δcue
G (τ), ηG→A, δQ, ηV→A, ηA→Y ,

ηD→M , ηM→R, ηR→v,∆spec
repair, δrep−id, sup

t
et
)
.

A claim passes only when every required coordinate lies in its predeclared admissible region. No
weighted average may compensate for a failed required gate.

76.2 Claim card template
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Field Required entry
Claim identifier Unique versioned identifier tied to code and result artifacts.
Claim level Archive, shared representation, operational workspace, relational

workspace, persistent workspace, self-maintaining workspace, or
workspace agent.

Reference decomposition Nodes, artifacts, channels, local-access maps, and coalition
universe.

Admissible decomposition
family

Plausible merges, splits, shared-resource assignments, exclusions,
and audit rationale.

Target and horizon Y +, loss, utility, prediction horizon, control horizon, and
maintenance horizon.

Environment scope Training, certification, and stress-test environment families.
Workspace extractor Frozen construction of DH , LH , spectral threshold, and state

readout.
Goal and policy Goal codes, utility normalization, action set, and policy class.
Boundary Candidate family, score, admissibility constraints, and selected

boundary.
Interventions Feasible workspace, goal, action, damage, and repair

implementations.
Null panel Applicable Nj , preservation targets, and fit budgets.
Thresholds Every gate direction, numerical cutoff, and uncertainty rule.
Data split Formation, calibration, certification, stress, and cross-fitting

logic.
Stopping rule Number of seeds, runs, interventions, and any sequential

stopping criterion.
Status Confirmatory, exploratory, replication, or audit.

76.3 Gate-estimate table template

For every required coordinate, include one row with the following fields:

Field Required entry
Gate Formal symbol and verbal interpretation.
Estimator Exact statistic, normalization, and software implementation.
Evaluation unit Episode, participant, graph, seed, environment, or other independent

unit.
Point estimate Estimate on the frozen certification split.
Uncertainty Interval, bound, or posterior region with declared coverage or credibility.
Threshold Predeclared pass region.
Manipulation
status

Passed, failed, or not applicable.

Decision Pass, fail, invalid, underpowered, or unmeasured.
Sensitivity Result under reasonable alternative normalizations and resampling

choices.
Artifact reference File, table, raw-result key, and code commit.
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76.4 Intervention ledger template

Field Required entry
Intervention ID Unique identifier and randomization seed.
Target mechanism Workspace coordinate, goal code, value channel, action, boundary, moni-

tor, or repair channel.
Implementation Exact code path, hook, artifact edit, or mechanism change.
Dose Norm, duration, timing, and support of the intervention.
Background match Variables fixed, blocked, randomized, or balanced.
Excluded paths Direct paths intentionally removed from the causal contrast.
Manipulation check Evidence that the intended mechanism changed by the specified amount.
Collateral effects Changes outside the target mechanism.
Outcome Downstream variable and evaluation window.
Effect estimate Point estimate, uncertainty, and sign convention.
Cost Compute, latency, information, action, or structural cost.
Validity status Valid, invalid, ambiguous, or unmeasured.

76.5 Null ledger template

Field Required entry
Null ID One of N1, . . . , N34 or a declared extension.
Claim attacked The exact explanation the null is designed to preserve or destroy.
Matched quantities Local marginals, capacity, training budget, action cost, intervention norm,

or other controlled quantities.
Destroyed relation Edge alignment, temporal order, value ranking, goal identity, monitor

mediation, or another relational feature.
Fit procedure Data, optimization, seeds, and hyperparameter budget.
Validity metric Distance from the intended matched quantities.
Primary contrast Intact minus null effect with uncertainty.
Disposition Rejects null, fails to reject, invalid null, or underpowered.
Failure notes Any mismatch or collateral mechanism change.

76.6 Agency and maintenance report template

The agency section must provide the following matrix:
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Component Primary metric Required contrast
Goal semantics Held-out Qg

t ordering Distinct goals reverse or alter at least one declared
action ordering.

Goal retention ηG(τ) Goal intervention with future cues matched or removed.
Goal use ηG→A Goal intervention versus goal-label replay.
Counterfactual accuracy δQ Internal value versus external action interventions.
Value use ηV →A Value-label permutation and value-channel ablation.
Outcome control ηA→Y Feasible action intervention.
Damage detection ηD→M Damage versus matched no-damage.
Repair mediation ηM→R Monitor intervention and monitor ablation.
Restoration ηR→v Repair versus matched no-repair.
Repair specificity ∆spec

repair Intended repair versus cost-matched generic action.
Identity preservation δrep−id Pre-damage workspace versus post-repair workspace.
Long-run maintenance supt et Repeated held-out disturbances.
Relational location kctl,ε Full system versus all single nodes and matched local

nulls.

76.7 Uncertainty and multiplicity

The independent resampling unit must match the data-generating process. Token, time-step, or
edge resampling is invalid when dependence is organized at the episode, participant, graph, or
environment level. Recommended procedures include:

• environment- or episode-level bootstrap;

• repeated independent training seeds;

• cluster-robust intervals for repeated observations;

• permutation tests that preserve the declared local structure;

• concentration bounds for uniform finite candidate families; and

• stress-test intervals over held-out environment families.

Pass decisions should use one-sided uncertainty bounds. For a lower-bounded gate θ ≥ τ , pass only
when the lower confidence bound exceeds τ . For an upper-bounded defect δ ≤ ε, pass only when
the upper confidence bound is below ε.

When a conclusion ranges over S, the uncertainty rule must be uniform over every gate and
specification included in the claim. Report the pointwise interval, the family-wide lower envelope,
the covering or multiplicity correction, and the identification status. A narrow pointwise interval
does not establish a robust result when model or specification uncertainty remains wide.

76.8 T24: Gatewise certification validity

Theorem 156 (Intersection-gate false-certification control). Let a certificate require all gates
G1, . . . , Gm to pass. For each gate j, let H0j denote the null that the required property is absent,
and assume the predeclared test satisfies

sup
P∈H0j

PP (Gj passes) ≤ αj .
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The global null is

H0 =
m⋃
j=1

H0j ,

meaning that at least one required property is absent. If the certificate is declared only when every
gate passes, then

sup
P∈H0

PP (certificate passes) ≤ max
1≤j≤m

αj .

No independence assumption among gate tests is required.

Proof. For any P ∈ H0, choose an index jP such that P ∈ H0jP . The event that every gate passes
is contained in the event that gate jP passes. Hence

PP (certificate passes) ≤ PP (GjP passes) ≤ αjP ≤ max
j
αj .

Taking the supremum over P ∈ H0 proves the claim.

The theorem is an intersection-union guarantee. It applies only when the gate family, thresholds,
and tests are fixed before certification and each gate test is uniformly valid for its null. Adaptive
gate deletion, selective reporting, or repeated reuse of the certification split invalidates the bound.

76.9 Failure taxonomy

Every gate and null receives exactly one primary status:

Pass. The frozen estimate and uncertainty rule satisfy the threshold.

Fail. The gate was validly measured and did not satisfy the threshold.

Invalid intervention. The manipulation check or background match failed.

Invalid null. The null did not preserve its required local quantities or exceeded its fit budget.

Underpowered. The uncertainty interval crosses the threshold by more than the declared indiffer-
ence region.

Unmeasured. No valid estimate was obtained.

Leakage. Formation or model selection used certification information.

Exploratory. The metric, threshold, or analysis was selected after inspecting certification outcomes.

Only Pass counts toward the formal certificate. “Underpowered” and “unmeasured” are not failures
of the underlying theory, but they are failures to establish the corresponding empirical claim.

76.10 Machine-readable result record

The machine-readable record should contain at least the following top-level objects:

ResultRecord = {claim, specification, specification_family, decomposition, data_splits, formation,
workspace_extractor, goals, actions, interventions,
nulls, gates, identified_sets, specification_envelopes, uncertainty, failures, artifacts}.
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Each gate object records its symbol, estimator, direction, threshold, point estimate, interval, split,
seed set, status, and artifact reference. Each intervention and null object records its manipulation
check and validity status. The schema must preserve failed and invalid entries rather than only the
passing subset.

76.11 Minimum reproducibility package

A complete certification package contains:

1. the frozen claim card;

2. source code and environment lock file;

3. exact data or deterministic data-generation procedure;

4. formation, calibration, certification, and stress-test manifests;

5. learned transfer, workspace, policy, monitor, and repair parameters;

6. raw per-run and per-intervention results;

7. the intervention and null ledgers;

8. the complete gate table, including failures;

9. figures and tables regenerated from raw results;

10. random seeds and hardware or numerical-precision information;

11. checksums for every included artifact; and

12. a single verification command that reproduces package integrity and the reported summary
tables.

76.12 Decision rule

Let J (L) be the required gate set for claim level L. Then

CertifyL(W ; ς) =
∧

j∈J (L,ς)
Passj(W ; ς).

For a workspace-agent claim, the required set includes every structural, operational, relational,
persistent, goal, counterfactual-control, and self-maintenance gate declared in Parts IX and XVI. A
specification-robust claim additionally requires the uniform rule of Part XVIII across S. Failure of
an earlier level prevents certification of a later level, even when later-level behavior appears strong
on a task benchmark.
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PART XXII

Integrated Worked Examples and Case Studies

77. Case-Study Method and Common Gate Card

The preceding parts define a large family of structural, operational, causal, relational, persistent,
formative, and agentive predicates. A worked example is useful only when it makes clear which
of those predicates are established, which are assumed, and which remain unmeasured. This part
therefore uses a single case-study protocol for three different kinds of realization:

1. an exact finite-dimensional model of a human–human theorem laboratory;

2. an idealized human–AI–artifact–executor research loop, followed by a deliberately conservative
audit of the collaboration that motivated the theory; and

3. a closed-form multi-agent control system that reaches the formal agency level inside a small
declared domain.

The first and third cases are analytic models. Their conclusions hold inside those models. The
second contains both an analytic idealization and an observational audit. The audit is not upgraded
to a certificate merely because the idealization is mathematically clean.

Definition 157 (Case-study realization). A case-study realization is a tuple

K =
(
R,B,C,P, E ,D,S, I,Q,G

)
,

where:

• R is the declared relational realization;

• B is the boundary problem and component decomposition;

• C is the structural core–transfer model;

• P is the downstream predictive or control problem;

• E is the evidence or generated-data family;

• D is the admissible decomposition family;

• S is the admissible family of complete scientific specifications, including targets, losses, horizons,
interventions, nulls, and thresholds;

• I is the feasible intervention family;

• Q is the matched null family; and

• G is the set of gates being claimed.

A conclusion is always relative to this tuple. Changing the downstream target, temporal horizon,
intervention support, component decomposition, null family, or threshold rule creates a different
specification of the case. A stronger case study reports whether the conclusion survives the
predeclared family S and whether the relevant gates are identified by the available experiment
family.

155



Stratified Relational Workspace Theory Core–Transfer Theory

77.1 Three evidential statuses

Every claim in this part receives one of three primary statuses:

Analytic. The gate follows exactly from a declared mathematical model.

Empirically certified. The gate is estimated from held-out data using the protocol of Part XXI
and passes its frozen uncertainty rule.

Observational only. The case contains suggestive records or natural perturbations, but no valid
held-out intervention-and-null certificate.

An analytic result is not automatically an empirical result. An observational pattern is not
automatically a causal result. None of the three statuses establishes phenomenal consciousness.

77.2 Common gate card

For each case we report the vector

Card(K) = (S,O,R,P,F,A,D,X,C) ,

where:
S = structural core and spectral coherence,
O = operational alignment and causal efficacy,
R = relational irreducibility and matched-null gap,
P = persistence, reconstruction, and identity,
F = formation provenance and boundary status,
A = goal-conditioned agency and self-maintenance,
D = decomposition robustness and interface audit,
X = specification robustness, identification, and uniform uncertainty,
C = consciousness or personhood claim.

The decomposition coordinate distinguishes a result established only for the declared interface from
one stable across an admissible family. The specification coordinate records whether the same
conclusion survives scientifically defensible alternatives, whether its sign is identified by the available
experiments, and whether its lower margin remains positive after uniform finite-sample uncertainty.
The final coordinate is included to make the non-implication explicit. In all examples below,

C = not established.

77.3 Claim-level discipline

Let L(K) ∈ {0, 1, . . . , 6} denote the highest level from Part XXIV whose complete required gate set
is established. The level is conjunctive and pointwise in the declared scientific specification unless
the D and X coordinates also pass:

L(K) ≥ ℓ ⇐⇒
∧

j∈J (ℓ)
Passj(K).

A case may have strong higher-level-looking behavior while remaining at a lower certified level
because an earlier gate is absent. For example, successful repair behavior does not establish self-
maintenance when no matched no-repair counterfactual is available, and coherent shared documents
do not establish a relational workspace when one participant contains the complete operative state.
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77.4 Structural calculations used repeatedly

The positive examples use a recurring distributed code. Let

c = (c1, c2, c3)T ∈ R3

and define three local encodings

E1c = (c1, c2), E2c = (c2, c3), E3c = (c1, c3).

Then
3∑
i=1

E∗i Ei = 2I3.

No individual encoding is injective, while every two-node coalition is injective. The pairwise frame
operators are

E∗{1,2}E{1,2} = diag(1, 2, 1),
E∗{1,3}E{1,3} = diag(2, 1, 1),
E∗{2,3}E{2,3} = diag(1, 1, 2).

Hence
α{i,j} = 1 (i ̸= j),

and one-node erasure recovery is exact. Every nonzero core vector is visible at at least two nodes, so

der = 2.

This code is distributed but redundant: no node is sufficient, yet any one node may be lost without
destroying the core.

77.5 Binary synergy test

Let C1, C2, C3 be independent uniform bits and let

Y = C1 ⊕ C2 ⊕ C3.

Each node sees two of the three bits. Therefore

H(Y | EiC) = 1 bit for every i,

while
H(Y | E1C,E2C,E3C) = 0.

Under logarithmic loss,

Rlog({i}) = 1, Rlog(V ) = 0, ∆log
joint = 1 bit, k0 = 2.

Moreover, Y is independent of every individual local state. The null law that keeps all three core
bits independent and makes Y an independent uniform bit preserves every pair (Y,EiC) while
destroying the joint parity relation. It is therefore a predictive-marginal-matched relational null
with

∆tr = 1 bit.

This test will be reused with different semantic interpretations.
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78. Case Study A: A Distributed Human–Human Theorem Laboratory

78.1 Declared realization

Consider two researchers and one persistent notebook:

VHH = {P,C,N},

where:

• P is a proposer who tracks the theorem statement and open proof obligations;

• C is a critic who tracks proof obligations and falsification status;

• N is a notebook that tracks the theorem statement and falsification status.

The abstract core is
c = (q, p, f)T ∈ R3,

with
q = statement coordinate, p = proof-obligation coordinate,
f = falsification-status coordinate.

The accessible encodings are

EP =
(

1 0 0
0 1 0

)
, EC =

(
0 1 0
0 0 1

)
, EN =

(
1 0 0
0 0 1

)
.

The semantics are stylized. The point is not that real researchers contain only two numbers. The
point is to exhibit, without metaphor, a system in which no participant or artifact contains the
entire operative state while the coupled system does.

78.2 Exact overlap descent

Order the local coordinates as

x = (qP , pP , pC , fC , qN , fN )T.

Compatibility requires
pP = pC , fC = fN , qN = qP .

The discrepancy operator is

DHH =

 0 1 −1 0 0 0
0 0 0 1 0 −1
−1 0 0 0 1 0

 .
Therefore

kerDHH =
{

(q, p, p, f, q, f)T : q, p, f ∈ R
}
∼= R3.

The rows are orthogonal with squared norm two, so

DHHD
∗
HH = 2I3.

Consequently the transfer Laplacian has spectrum

spec(LHH) = {0, 0, 0, 2, 2, 2},
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and the exact workspace gap is
γHH = 2.

The low-energy subspace is therefore stable under any Laplacian perturbation whose operator norm
is strictly below one, with the quantitative projector bound from Theorem 43.

78.3 Reconstruction and one-node failure

The full frame operator is

FPCN = E∗PEP + E∗CEC + E∗NEN = 2I3.

For every two-node coalition S,
λmin(FS) = 1.

Thus every two-node coalition reconstructs the complete core and, for noisy observations yS =
ASc+ ηS ,

∥ĉ− c∥ ≤ ∥ηS∥.

No individual node reconstructs c, because

rank(EP ) = rank(EC) = rank(EN ) = 2 < 3.

The realization is therefore simultaneously:

individually incomplete and robust to any one-node loss.

78.4 Relational prediction problem

Let q, p, f now be independent uniform bits and define the downstream acceptance decision

Y = q ⊕ p⊕ f.

The interpretation is abstract: acceptance depends on the statement, the state of the proof
obligations, and the current falsification record. No individual node has sufficient information:

H(Y | XP ) = H(Y | XC) = H(Y | XN ) = 1.

Every two-node coalition has all three bits and therefore zero conditional entropy. Hence

∆log
joint = 1 bit, k0 = 2.

Let QHH preserve the independent uniform local bit pairs but replace Y by an independent uniform
bit. Because parity is independent of every two-bit local view, QHH preserves each (Y,Xi)-marginal.
Nevertheless,

Rlog,QHH(V )−Rlog,PHH(V ) = 1 bit.
This is an exact relational witness: the predictive capacity lies in the joint organization rather than
in any local predictive marginal.

78.5 Feasible intervention and specificity

A feasible statement intervention must alter both local realizations of the statement coordinate:

ιq←a : (qP , qN )← (a, a),
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while holding (p, f) fixed. For configurations with fixed p and f , changing a flips the downstream
decision with total-variation effect one:

TV (P (Y | ιq←0), P (Y | ιq←1)) = 1.

A matched intervention on a residual notebook-format coordinate leaves Y unchanged. Thus the
core intervention has positive causal specificity in this model.

78.6 Persistence, handoff, and replacement

Suppose the proposer becomes unavailable. The remaining coalition {C,N} reconstructs (q, p, f)
exactly. A replacement proposer P ′ can therefore be initialized by

EP ′c = (q, p).

If P ′ uses a different local coordinate system

JP ′ ∈ GL(2),

then the incoming and outgoing overlap maps are conjugated accordingly. The global section and
all downstream kernels remain unchanged. This is exact replacement invariance, not literal carrier
identity.

If the notebook alone survives, the core cannot be reconstructed because the proof-obligation
coordinate is missing. The model therefore predicts a sharp handoff boundary:

one surviving node is insufficient, any two surviving nodes are sufficient.

78.7 Case card

Inside the declared finite model,

S = ✓analytic, O = ✓analytic,

R = ✓analytic, P = ✓analytic,

F = scaffolded, A = not tested,
D = fixed decomposition, C = not established.

The highest supported level is Level 4 when the handoff dynamics and identity correspondence are
included. The example does not contain an operational goal state, counterfactual policy, damage
monitor, or repair loop, so it does not support Levels 5 or 6.

79. Case Study B: A Human–AI–Artifact–Executor Research Loop

79.1 Idealized four-node loop

Consider four heterogeneous components:

VHAI = {H,M,X,A},

where:

• H is a human researcher who maintains goals and semantic direction;
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• M is a language-model process that constructs local formalizations;

• X is an execution and verification process that compiles, tests, or falsifies candidate artifacts;
and

• A is a persistent artifact store containing exact source, results, and versioned handoff state.

Let the abstract research state be
c = (g, d, p, v)T ∈ R4,

where:

g = goal and acceptance criterion, d = current derivation or theory state,
p = open proof or implementation obligations, v = verification and regression status.

Define local encodings

EHc = (g, d), EMc = (g, p), EXc = (p, v), EAc = (d, v).

Each coordinate is represented at exactly two nodes, and the incidence pattern forms a four-cycle.

79.2 Exact structural calculation

Order the local coordinates as

x = (gH , dH , gM , pM , pX , vX , dA, vA)T.

The overlap discrepancies are

gH − gM , pM − pX , vX − vA, dA − dH .

Thus

DHAI =


1 0 −1 0 0 0 0 0
0 0 0 1 −1 0 0 0
0 0 0 0 0 1 0 −1
0 −1 0 0 0 0 1 0

 .
The rows are orthogonal with squared norm two. Therefore

kerDHAI ∼= R4,

spec(LHAI) = {0, 0, 0, 0, 2, 2, 2, 2}, γHAI = 2.

The full accessible frame operator is
FHMXA = 2I4.

No single node is injective. Every three-node coalition reconstructs the full state, and the two
opposite pairs

{H,X}, {M,A}

are already sufficient. Adjacent pairs observe only three of the four coordinates. Hence

krec = 2, der = 2,

while the identity of the sufficient two-node coalition depends on the graph geometry.
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79.3 Relational parity benchmark

Let g, d, p, v be independent uniform bits and define

Y = g ⊕ d⊕ p⊕ v.

Every single node sees only two bits, so

H(Y | Xi) = 1 for all i.

The opposite pairs {H,X} and {M,A} determine all four bits and therefore determine Y . Every
adjacent pair remains one bit short. It follows that

∆log
joint = 1 bit, k0 = 2.

As in the preceding case, parity is independent of every individual local view. Replacing Y by an
independent uniform bit produces a matched local predictive null and a full-system transfer gap of
one bit.

This benchmark is intentionally narrow. It demonstrates that the four-cycle can realize exact
relational information. It does not show that every real human–AI collaboration has this encoding,
this target, or this degree of irreducibility.

79.4 A process-level interpretation

The idealized loop can be read as the recurrent sequence

H
g−→M

p−→ X
v−→ A

d−→ H.

A more explicit cycle is:

1. the human supplies a goal and acceptance criterion;

2. the model converts that goal into a formal derivation and explicit obligations;

3. the executor compiles, tests, or searches for counterexamples;

4. the artifact store preserves the exact source and verification record;

5. the human evaluates the returned derivation and evidence, revising the next goal.

The operative state is reentrant because products of one cycle become inputs to the next. The
artifact is not merely a record when its contents alter the next formalization, test, or acceptance
decision.

79.5 Conservative audit of the motivating collaboration

The collaboration that motivated this theory has several features consistent with the four-node
description: specialized shared vocabulary, versioned LaTeX and code artifacts, repeated compile-
and-repair cycles, explicit theorem and null-control demands, and reconstruction across conversations
from handoff packages. Those observations justify treating the collaboration as a serious candidate
case. They do not establish the complete certificate.

162



Stratified Relational Workspace Theory Core–Transfer Theory

Gate family Present evidential
status

Conservative assessment

Declared heterogeneous
components

Observational Human, model, artifacts, and execution environment are
distinguishable components with different roles and
information access.

Persistent shared
vocabulary

Observational Recurrent terms and distinctions survive across research
phases and constrain later work.

Exact structural core
Γ(H)

Unmeasured No frozen local coordinate system or learned transfer family
has yet been estimated from held-out data.

Transfer-Laplacian gap Unmeasured The idealized value 2 belongs to the toy four-cycle, not to
the actual collaboration.

Operational alignment Unmeasured No preregistered future variable has been shown
conditionally independent of the full history given a
measured workspace state.

Joint advantage Suggestive only The coupled process has produced outputs that neither
party appears to have supplied verbatim, but local-only
Bayes risks have not been measured under controlled
information ceilings.

Matched relational null
gap

Unmeasured Shuffled artifacts, matched irrelevant memory, and
local-predictive-marginal-preserving nulls have not been run
as a frozen panel.

Causal workspace
efficacy

Suggestive only Corrections, compiler failures, and artifact substitutions
change later behavior, but they are not yet matched
workspace interventions with manipulation checks.

Artifact-mediated
persistence

Observational Handoff files and source bundles support continuation, but
blind reconstruction and ablation curves have not been
estimated.

Formation provenance Mixed The communication architecture is scaffolded, while
terminology, theorem organization, and many control
practices were adaptively developed. Causal
formation-history contribution is unmeasured.

Workspace agency Not established No complete goal-retention, counterfactual-policy,
distributed-control, damage, and repair certificate has been
run.

Consciousness or
personhood

Not established The theory supplies no such inference from the observed
collaboration.

The correct present statement is therefore:

candidate persistent collaborative workspace rather than certified relational workspace agent.

79.6 A controlled certification design

A serious test can use one manuscript section or software work unit as the unit of analysis. Before
the certification split is opened, freeze:

• the next-stage task family;

• the downstream target, such as accepted theorem patch, successful clean compile, and absence
of a declared regression;

• the local information available to each component;

• the workspace extractor and transfer maps;
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• all intervention and null families; and

• the required gate thresholds.

The following conditions can then be compared:

H = human-side externalized state only,
M = fresh model instance with model-side state only,
A = artifact package without live human or model state,
X = executor and test outputs without the research context,
Full = the intact recurrent loop.

The design must avoid pretending that a person’s unobserved internal state has been fully measured.
The local conditions certify only the declared accessible histories.

A minimal null panel includes:

1. theorem-to-artifact reassignment with artifact size and style matched;

2. temporal shuffling of verification feedback;

3. matched irrelevant manuals or source bundles;

4. context reset followed by blind reconstruction;

5. removal of compiler or test feedback while preserving message count;

6. model replacement under a fixed handoff package;

7. artifact removal with equivalent token budget restored by irrelevant text;

8. a local-marginal-matched synthetic null for the frozen downstream target.

A valid empirical claim would require the intact loop to outperform every required local and
matched-null condition, while the extracted workspace state remains sufficient and feasible workspace
interventions alter the downstream result in the predicted direction.

79.7 Handoff and identity experiment

Let Bt be the source-and-results bundle at the end of stage t. A blind handoff trial replaces the
active model instance and optionally the human analyst, then asks the replacement coalition to
reconstruct:

(current definitions,proved results, open obligations, next admissible research step) .

The reconstruction error is measured against a frozen adjudication set. A replacement invariance
test additionally compares:

• the transported structural workspace;

• operation behavior on held-out transformations;

• response to matched interventions; and

• preservation of failed and unresolved claims.
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Equivalent benchmark prose alone is insufficient. A replacement that silently changes which
interventions alter later reasoning has a nonzero causal identity defect even when it produces a
similarly polished manuscript.

79.8 Case card

For the idealized four-cycle model,
S,O,R,P

can all be made analytic by specifying the downstream kernel and temporal updates. For the
motivating collaboration itself, the conservative card is

S = observational candidate, O = unmeasured,
R = unmeasured, P = observational candidate,
F = mixed and unmeasured, A = not established,
D = unmeasured, C = not established.

This audit is intentionally stricter than ordinary conversational language. It preserves the possibility
that the collaboration instantiates a real relational workspace while refusing to treat that possibility
as already certified.

80. Case Study C: A Closed-Form Multi-Agent Workspace Agent

80.1 Declared finite-state system

Consider three agents:
VMA = {P,M,R},

called the planner, monitor, and recorder. The global workspace-control state is

ct = (gt, bt, ht) ∈ F3
2,

where:
gt = goal bit, bt = environment or belief bit,
ht = workspace-health bit, ht = 1 means intact.

The local accessible states are

XP (t) = (gt, bt), XM (t) = (bt, ht), XR(t) = (gt, ht).

This is the three-node distributed code from Topic 77. Consequently:

dim Γ = 3, spec(L) = {0, 0, 0, 2, 2, 2}, krec = 2, der = 2.

The organization is fully scaffolded. No endogenous-formation claim is made.

80.2 Goal retention

In the absence of an explicit goal intervention, let

gt+1 = gt.

Under matched cue-cut trials,
do(gt = 0) and do(gt = 1)
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remain distinguishable at every later time:

|gt+τ − g′t+τ | = 1.

Thus the cue-controlled retention factor is exactly one:

ηG(τ) = 1.

The goal is not reloaded by an external channel after the initial intervention.

80.3 Joint task and repair action

After a possible damage event, let the pre-repair health be

h−t ∈ {0, 1}.

The system chooses a joint action

ut = (at, rt) ∈ {0, 1}2,

where at is a task action and rt is a repair action. Define the optimal task action

a∗t = gt ⊕ bt ⊕ h−t

and optimal repair action
r∗t = 1− h−t .

No individual node determines the full pair (a∗t , r∗t ):

• the planner lacks h−t ;

• the monitor lacks gt; and

• the recorder lacks bt.

Every two-node coalition determines all three workspace bits and therefore the complete action.
Under independent uniform bits,

H(a∗t | Xi(t)) = 1 for every i,

so the task-action component has a one-bit joint advantage and

kctl,0 = 2.

80.4 Interventional value and exact policy

Let the one-step utility be

Ug(a, r; b, h−) = 1{a = g ⊕ b⊕ h−}+ 21{h− ∨ r = 1} − 1
2r.

For fixed (g, b, h−), the unique maximizer is

(a∗, r∗) = (g ⊕ b⊕ h−, 1− h−).

Indeed:
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• a wrong task action loses one unit;

• omitting repair when h− = 0 loses 3/2 units; and

• performing unnecessary repair when h− = 1 loses 1/2 unit.

The smallest optimal-action gap is therefore

∆Q = 1
2 .

By Theorem 127, any uniformly accurate value model with

εQ <
1
4

recovers the exact greedy joint action. More generally, its regret is bounded by

Reg ≤ 2εQ + δopt.

80.5 Feasible goal, workspace, and damage interventions

The intervention family contains:

do(gt = a), do(bt = b), do(h−t = h),

implemented consistently across every local chart that contains the manipulated coordinate. Holding
the other two bits fixed, each core-bit intervention changes the prescribed task action. A matched
intervention on an independent residual bit leaves the task and repair actions unchanged. Hence

∆specific > 0.

A damage intervention sets
h−t = 0.

The matched no-repair counterfactual holds rt = 0, while the intact policy sets rt = 1.

80.6 Exact self-maintenance

Post-action health evolves according to

ht+1 = h−t ∨ rt.

Define the maintenance deficit
et = 1− ht.

Under the intact policy,
ht+1 = 1 and et+1 = 0

for both damage states. Under the matched no-repair intervention and h−t = 0,

e
(0)
t+1 = 1.

Thus the measured causal repair gain is

∆maint = 1.
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The closed-loop recurrence has

β = 0, d = 0, ϵ = 0,

so Theorem 129 gives
sup
t
et = 0

after each repair action. Monitor-blind random repair fails the specificity control whenever it either
omits necessary repair or performs unnecessary repair with positive probability.

80.7 Reentry and causal loop

The repaired health bit becomes part of the next workspace state:

h−t −→ rt −→ ht+1 −→ XM (t+ 1), XR(t+ 1).

Cutting the direct storage of h−t while preserving the action-mediated path still leaves a return
path through repair. Cutting the repair-to-health edge destroys that return. The system therefore
contains explicit loop-mediated reentry rather than mere temporal autocorrelation.

80.8 Analytic agency certificate

Within this finite structural causal model, the following hold exactly:

1. a nontrivial exact distributed workspace with spectral gap two;

2. two-node minimal reconstruction and control coalition size;

3. matched-null joint advantage for the parity task;

4. persistent internally retained goal state;

5. exact interventional action values and zero policy regret;

6. goal and workspace interventions that alter action;

7. damage detection and repair selection;

8. positive matched repair gain and bounded maintenance deficit; and

9. causal reentry through the action-mediated repair loop.

Therefore, relative to the declared bits, actions, utility, intervention family, and one-step horizon,

AgentΘA
(W) = 1.

The case reaches formal Level 6 by construction. It remains:

fully scaffolded, domain restricted, non-evidence for consciousness.

80.9 Case card

S = ✓analytic, O = ✓analytic,

R = ✓analytic, P = ✓analytic,

F = fully scaffolded, A = ✓analytic,

D = fixed decomposition, C = not established.
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The example demonstrates logical compatibility among relationality, redundancy, agency, and self-
maintenance. It does not show that those properties arise spontaneously, scale to open environments,
or imply subjective experience.

81. Near-Miss Cases and Anti-Triviality Controls

Positive examples are insufficient unless neighboring false positives are also made explicit. The
following systems each resemble a relational workspace in one respect while failing a required gate.

81.1 Near miss A: the replicated archive

Let every node store a complete copy of the same core:

Ei = Id for every i.

Then coherence is perfect and reconstruction is robust, but

k0 = 1, min
i
δlocal
i = 0.

If the archive is never used in downstream control, then also

ηcausal = 0.

This is a shared representation or archive, not a relationally irreducible workspace.

81.2 Near miss B: the centralized oracle with decorative agents

Suppose node o contains the complete predictive state Zt, while every other node receives only
messages generated by o. The full system can have excellent performance, rich communication, and
recurrent activity. Yet

Y +
t ⊥⊥ Ht | Xo(t), k0 = 1, ∆joint = 0.

Removing the decorative nodes may change latency or style without changing the operative capacity.
Multi-agent appearance therefore does not imply a relational workspace.

81.3 Near miss C: locally coherent but globally obstructed charts

Let three local scalar charts have relative overlap demands

b12 = b23 = b31 = 1.

The cycle obstruction is
ωU (b) = |1 + 1 + 1|√

3
=
√

3 > 0.

Each local chart is internally coherent, but no global scalar assignment satisfies all three overlap
equations. The system contains compatible-looking subworkspaces without a global workspace.

81.4 Near miss D: externally reloaded goals

Let
Gt+1 = Ct+1,
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where Ct+1 is an external instruction repeated at every step. Goal and action can be strongly
correlated, but after cutting the cue channel,

I(Gt+τ ;Gt | cut(C)) = 0.

The system tracks an external command. It has not established internal goal retention.

81.5 Near miss E: task recovery with identity failure

Let two realizations have identical benchmark output distributions,

P (Ybench) = P ′(Ybench),

but different intervention kernels:
K(w, b) ̸= K ′(βw, b)

for some matched workspace intervention. Then task behavior is preserved while

dcausal(W,W ′) > 0.

The later system may be a successor or replacement rather than the same workspace under the
identity criterion of Part XII.

81.6 Near miss F: open-loop repair replay

A recorded repair sequence may restore average task performance after a fixed damage schedule.
If the same sequence is replayed when the damage timing or type changes, it need not respond
appropriately. When

Rt ⊥⊥Mt | clock and replay index,

monitor-to-repair mediation is absent. Successful replay is robustness under a script, not self-
maintenance.

81.7 Anti-triviality summary

The near misses establish six independent exclusions:

workspace ̸= replicated storage,
̸= centralized control with decorative communication,
̸= locally coherent but obstructed charts,
̸= externally reloaded goals,
̸= task-equivalent identity replacement,
̸= open-loop repair replay.

A complete certificate must distinguish the intended realization from all near misses relevant to its
claimed level.

82. Cross-Case Synthesis and Benchmark Blueprint

82.1 Comparative gate matrix
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Gate family Human–human
analytic model

Motivating human–AI
collaboration

Multi-agent analytic model

Exact structural core Analytic pass Not measured Analytic pass
Spectral gap 2 Not measured 2
Minimal sufficient
coalition

k0 = 2 Not measured k0 = 2

Matched-null transfer
gap

1 bit Not measured 1 bit for task parity

Causal specificity Analytic pass Suggestive, uncontrolled Analytic pass
One-node erasure
resilience

Analytic pass Handoff only
observational

Analytic pass

Formation
provenance

Scaffolded Mixed, unmeasured Fully scaffolded

Goal retention Not modeled Not certified Exact analytic pass
Counterfactual policy Not modeled Not certified Exact analytic pass
Self-maintenance Not modeled Not certified Exact analytic pass
Highest supported
level

Level 4 in model Candidate only Level 6 in model

Consciousness/
personhood

Not established Not established Not established

The table illustrates why the theory uses a vector certificate rather than one score. The human–
human model is relational and persistent without being agentive. The multi-agent model is agentive
without being endogenously formed. The motivating collaboration is richer than either toy model
but presently has weaker evidential status because the necessary interventions and nulls have not
been frozen and run.

82.2 Benchmark family B1: distributed parity

The first benchmark is the exact parity family from Topics 85–80. For m ≥ 3, distribute m
independent bits among nodes so that no individual node sees all bits, but specified coalitions do.
The target is

Y =
m⊕
j=1

Cj .

The benchmark measures:

• the learned transfer-Laplacian spectrum;

• coalition conditional entropy and log risk;

• recovery of k0;

• robustness to edge and node ablations;

• matched local-predictive null gaps; and

• causal response to consistent versus inconsistent coordinate interventions.

The ground truth is known exactly, so structural and relational estimators can be calibrated before
they are applied to open-ended research tasks.

82.3 Benchmark family B2: theorem-patch handoff
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A theorem-patch task supplies:

(definitions, partial proof, counterexample tests, style constraints)

across distinct components. No component receives all four. The coupled system must produce a
patch that:

1. is formally consistent with the definitions;

2. closes the declared proof obligation or marks it unresolved;

3. passes the frozen counterexample suite;

4. compiles from a clean environment; and

5. survives a blind replacement-handoff trial.

Matched nulls permute proof fragments, substitute irrelevant artifacts of equal size, or replay test
outputs from a different theorem. This family targets the structural, relational, persistence, and
identity layers without requiring an agency claim.

82.4 Benchmark family B3: damage and repair

A certified workspace is first formed and measured. A damage intervention then removes or corrupts
one of:

a transfer channel, a participant, an artifact, a goal encoding, a verification path.

The system receives a repair-action family with matched costs. The benchmark measures:

ηD→M , ηM→R, ηR→v, ∆spec
repair, did.

Open-loop replay, random repair, off-workspace repair, and identity-breaking task recovery are
mandatory controls.

82.5 Benchmark family B4: scaffold transport

Train the same formation rule under several scaffolds

Σ(1), . . . ,Σ(K)

that differ in node labels, coordinate systems, and communication topology but support the same
abstract task. After gauge alignment, measure whether the learned organizations transport to a
common equivalence class:

[Ĥ(1)]G ∼= · · · ∼= [Ĥ(K)]G .

A structure that appears only under one answer-encoding scaffold has weak endogeneity evidence. A
structure that recurs across alternative scaffolds, passes held-out task and causal gates, and cannot
be compressed into the scaffold specification has stronger evidence.

82.6 Reporting rule for mixed analytic and empirical cases

When a case combines exact mathematics with observed data, report separate columns:

proved in model
∣∣ estimated in system

∣∣ not established.
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For example, the four-cycle Laplacian has an analytic gap of two, but an actual human–AI
collaboration has that gap only if its measured discrepancy operator has the corresponding spectrum.
Importing the toy value into the empirical case is invalid.

82.7 Lessons from the integrated cases

The case studies establish the following conceptual separation:

1. A relational workspace can be mathematically exact without being an agent.

2. An agentive workspace can be fully scaffolded and still be operationally real within its domain.

3. A rich real collaboration can be a stronger candidate than a toy model while having a weaker
current certificate.

4. Redundancy and irreducibility are compatible when no individual node is sufficient but several
proper coalitions are.

5. Artifact-mediated persistence is not passive storage when artifact contents causally alter later
operations.

6. High task performance, communication volume, or behavioral polish alone cannot distinguish
the intended theory from its near misses.

7. No structural, causal, or agentive result in these examples entails phenomenal consciousness.

The theory becomes empirically meaningful only when the same gate
card that certifies the positive case rejects its matched near misses.
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PART XXIII

Relation to Prior Work

83. Scope, Method, and Standards of Priority

83.1 Purpose of the literature review

The preceding parts construct a unified formal theory. Construction alone does not establish
priority. This part therefore asks a narrower question: which ingredients are established, which are
adaptations to a new domain, which combinations appear to be unusual, and which claims remain
open originality candidates?

The audit uses five labels:
STD = established concept, theorem, or technique,
ADP = established machinery adapted to relational workspaces,
SYN = nontrivial synthesis of established components,
CAN = candidate original contribution requiring priority review,
EMP = empirical claim not yet established in an uncontrolled system.

These labels describe the status of a claim, not its importance. A standard result may be indis-
pensable. A synthesis may be scientifically useful without containing a new theorem. A candidate
contribution may later be narrowed or withdrawn when a closer precedent is found.

83.2 Search scope and date

This review covers sources available through August 29, 2026. It includes:

• extended and distributed cognition, transactive memory, shared intentionality, common knowl-
edge, collective intelligence, and group agency;

• blackboard systems, global-workspace architectures, team cognition, hybrid intelligence, and
human–AI cooperation;

• category-theoretic limits, local systems, holonomy, sheaves, Čech descent, connection and sheaf
Laplacians, consensus, and spectral perturbation;

• statistical sufficiency, causal states, information decomposition, structural causal models, system
identification, frames, erasure recovery, and probabilistic process equivalence; and

• agency, viability, control, empowerment, damage detection, repair, and self-maintaining systems.

The search combined exact-title queries, component-level queries, backward reference tracing, and
comparison with recent formal work. It is a scholarly priority review, not a legal patent search and
not a proof that no uncatalogued, unpublished, or differently named precedent exists.

83.3 A stronger standard than name uniqueness

Failure to find the phrase “Stratified Relational Workspace Theory” in prior literature is weak
evidence. Priority is determined by mathematical and operational equivalence, not by terminology.
Let C be a claim in the paper and S a prior source. Write

S ≼ C
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when the main content of C follows from S after admissible relabeling, restriction, or direct
specialization. A substantive novelty residual exists only when the claim contains content not
absorbed by the closure of known sources:

Res(C) = C \ Cl
( ⋃
S∈L

S

)
.

This is a conceptual audit device rather than a set-theoretic definition of ideas. Its purpose is to
force an explicit account of what remains after the standard machinery is removed.

83.4 When a synthesis counts as a contribution

A conjunction of known ingredients is not automatically new. The present framework treats a
synthesis as a candidate contribution only when it satisfies all three conditions:

1. Non-redundancy. Removing one of the joined layers changes the class of systems certified or
the predictions made.

2. Formal integration. The layers share declared objects, transfer maps, interventions, or
invariants rather than appearing as an unconnected checklist.

3. New discriminations. The synthesis separates at least one positive case from a matched near
miss that the individual components do not separate on their own.

The anti-centralization, matched-null, non-collapse, provenance, replacement, and repair-replay
controls are important precisely because they make the combination testable rather than merely
terminological.

83.5 Priority claims are coordinatewise

The analysis does not make one global novelty claim. It uses a priority profile

p(C) = (pconcept, pobject, ptheorem, pcertificate, pexperiment) .

For example, the philosophical concept of distributed cognition may be standard while a specific
mathematical object is adapted, a theorem is a specialization of known spectral theory, the certificate
is a synthesis, and the empirical claim is unresolved. This prevents originality in one coordinate
from being used to imply originality in every coordinate.

84. Philosophical and Cognitive Ancestry

84.1 Extended cognition

The extended-mind tradition argues that external resources can participate in cognitive processes
when they are appropriately integrated with an agent’s activity [15]. Its critics emphasize that
causal coupling alone is too permissive and that cognition requires a principled mark or boundary
[2, 44]. Stratified Relational Workspace Theory inherits the possibility of extracranial realization
but changes the question. It does not ask whether a notebook, model, or collaborator literally
belongs to one individual’s mind. It asks whether a distributed realization contains a persistent,
causally operative, jointly reconstructible structure that passes explicit anti-triviality gates.

Accordingly,
ExtendedCognition ⇍⇒ SRW .
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An externally scaffolded process may be cognitively extended without being relationally irreducible.
Conversely, an institution or multi-agent system may instantiate a certified relational workspace
without being an extension of any single person’s cognition.

84.2 Distributed cognition

Distributed cognition studies cognitive organization across people, representations, artifacts, and
environments rather than locating all relevant processing inside one individual [28, 27]. This is
the closest philosophical ancestor of the framework’s ontology. It already supports the central
observation that the unit of analysis may be a coupled system and that external representations
can transform the computations available to that system.

The framework should therefore not claim the following ideas as new:

• cognition can be distributed across heterogeneous carriers;

• artifacts can be active components of a cognitive process;

• representational transformations can alter system-level performance; and

• the relevant explanatory unit can exceed an individual organism.

The added ambition is mathematical and certifying. The theory specifies local state spaces, transfer
maps, compatible sections, causal sufficiency, coalition irreducibility, persistence, replacement
identity, formation provenance, and matched nulls. Distributed cognition supplies the ontological
motivation. It does not by itself supply this complete formal certificate.

84.3 Transactive memory and collective intelligence

Transactive-memory theory models the group-level organization of “who knows what” and the pro-
cesses by which members encode, retrieve, and coordinate specialized knowledge [52, 34]. Collective-
intelligence research studies stable differences in group performance that are not reduced to the
intelligence of a single member [54]. Both traditions are directly relevant to the coalition layer.

The distinction is:

transactive memory ≈ distributed indexing and retrieval of expertise,
collective intelligence ≈ system-level task capacity,
relational workspace ≈ an invariant state plus transfer, causal, and identity structure.

A transactive-memory system may still be centralized by one coordinator. A high-performing group
may still be explainable by the best individual member. The certificate therefore requires matched
coalition risks and nulls rather than inferring relationality from group success.

84.4 Shared intention, common knowledge, and group agency

Common-knowledge theory formalizes nested epistemic conditions required by many distributed
protocols [23, 21]. Shared-action accounts analyze jointly intended and mutually responsive activity
[12]. Group-agency theory asks when a collective can satisfy rational and normative conditions
associated with agency [35].
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These literatures address questions that the theory deliberately keeps separate:

epistemic coordination what members know about one another,
shared intention how intentions and plans are jointly organized,
group agency when collective attitudes and actions form an agent,
SRW structure how a distributed operative state exists and persists.

The workspace-agent predicate in Part XVI is domain-relative and causal. It is not a general account
of corporate personhood, moral responsibility, or collective intentionality.

85. Workspace Architectures and the Meaning of “Workspace”

85.1 Global workspace theories

Global workspace theories use widespread availability or broadcast within a cognitive architecture
to explain conscious access and flexible control [7, 18]. The shared word “workspace” can create
a misleading implication of equivalence. The theory neither assumes a single broadcast hub nor
defines consciousness by access to a global channel. Its workspace may be distributed across agents
and artifacts, and its existence criterion is a conjunction of structural, predictive, causal, relational,
and persistence gates.

The relation is therefore analogical rather than identificatory:

SRW(W ) ≠⇒ GlobalNeuronalWorkspace(W ) ≠⇒ Conscious(W ).

The term is retained because it denotes a domain in which jointly available operations can be carried
out. Every consciousness claim remains on an explicitly separate axis.

85.2 Dialogue and the Shared Workspace Framework

Pickering and Garrod’s Shared Workspace Framework treats dialogue as a jointly organized activity
in which interlocutors construct, align, and use shared representations, including persistent external
artifacts [60]. This is a direct conceptual and terminological predecessor. The theory therefore
cannot claim priority for the idea that dialogue or collaboration operates through a shared workspace.

The difference is one of formal scope. SRWT permits arbitrary graph-structured human, machine,
instrument, and artifact nodes and asks whether their common organization passes typed-transport,
coalition, causal, persistence, and replacement gates. A dialogue can instantiate such a workspace,
but the shared-workspace account of dialogue does not by itself imply relational irreducibility or
persistent identity under carrier replacement.

85.3 Blackboard systems

Blackboard architectures coordinate specialized modules through a shared data structure [26]. They
are an important engineering precedent for artifact-mediated collaboration. They also provide a
canonical near miss. When the blackboard itself contains the complete operative state and all
modules merely read or write it, the system can fail the relational irreducibility gate:

k0 = 1.

A blackboard implementation can instantiate a relational workspace, but only when no single board
or controller is sufficient and when the transfer and coalition tests show genuinely distributed
operative capacity.
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85.4 Consensus and coordination

Network consensus studies how local interactions drive distributed states toward agreement [39].
Agreement is not the same as a workspace. Consensus often removes heterogeneity by converg-
ing all nodes to a common value. Stratified relational workspaces preserve heterogeneous local
representations and may require complementary disagreement:

Xi ̸∼= Xj , Eic ̸= Ejc, (ci)i ∈ Γ(H).

The global state is compatible, not necessarily copied. This distinction is central to the anti-
replication criterion.

85.5 Terminological discipline

The phrase “relational workspace” is used here in a technical sense:

A state-bearing, operation-supporting organization whose relevant invariants are dis-
tributed across declared components and preserved through admissible transfers and
time.

It does not, by terminology alone, imply a mind, subject, self, institution, shared intention, or
conscious broadcast. Those stronger predicates require separate definitions and evidence.

86. Local-to-Global Mathematics

86.1 Limits, local systems, and holonomy

The exact compatible-section object
Γ(H) = lim←−Ci

is a standard categorical limit construction [37]. For invertible transfers on a connected graph,
identifying global sections with the fixed subspace of holonomy is standard local-system and bundle
mathematics [25, 11]. Accordingly, Theorem T1 is not claimed as a new abstract theorem. Its role
is foundational: it translates the workspace question into an exact invariant-subspace question and
exposes cycle obstructions.

The operation-closure and commutant statements are likewise standard representation-theoretic
consequences once the operation algebra and intertwiners are defined. Their contribution is the
specification of what counts as a shared operation in the workspace model, not the discovery of
commutants.

86.2 Cellular sheaves and sheaf Laplacians

Cellular sheaves encode heterogeneous local data and restriction maps, while global sections express
consistency across a cell complex. Their Laplacians have kernels equal to spaces of global sections
and support spectral analysis of approximate consistency [24, 43]. The transfer Laplacian

LH = D∗HDH

is therefore best understood as a workspace-specific sheaf or connection Laplacian. The kernel
theorem kerLH = Γ(H) is standard once the coboundary operator is constructed.
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The appropriate priority statement is:

sheaf/Laplacian mechanism : STD,
workspace interpretation and gate integration : ADP/SYN.

The transfer Laplacian itself is not presented as an unprecedented mathematical object.

86.3 Connection Laplacians and gauge covariance

Connection Laplacians compare vector-valued data transported across a graph and naturally
transform under local changes of coordinates [49]. The gauge rule

Hg
e = gt(e)Heg

−1
s(e)

and the conjugacy of holonomy are therefore standard. The theory uses this structure to define
realization identity and to prevent raw coordinate matrices from being mistaken for invariant
workspace content.

This use is an adaptation with conceptual consequences. It makes model or participant replacement
a question about transported invariant organization, not token equality. The general mathematics
remains prior.

86.4 Čech descent and gluing

Exact gluing, equalizer formulas, and Čech obstruction theory are standard local-to-global construc-
tions. Sheaf-theoretic contextuality provides a prominent example in which the absence of a global
section is itself the substantive phenomenon [1]. Part XIII adapts this logic to local workspaces and
adds an anti-centralization requirement at the meta-level.

The exact descent theorems T8 and T9 should therefore be presented as specialized consequences of
established descent. The candidate contribution is the combination:

descent + predictive sufficiency + causal equivalence + coalition anti-centralization.

Standard gluing alone does not certify an operative workspace of workspaces.

86.5 Spectral perturbation

The projector-stability results in Part IV belong to the classical perturbation theory of invariant
subspaces [17, 29]. Bounds of the form

∥P − P̃∥ ≲ ∥L− L̃∥
spectral gap

are not new. Their workspace-specific role is to turn uncertainty in learned transfers into uncertainty
about identity, operation closure, and replacement. The novelty, if any, lies in the downstream
certificate built on the bound, not in the perturbation inequality.

87. Predictive, Causal, and Information-Theoretic Precedents

87.1 Minimal predictive states

The conditional-law state
Zt = P(Y +

t ∈ · | Ht)
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is a canonical sufficient statistic. Computational mechanics develops causal states as equivalence
classes of histories with identical future conditional laws and proves their minimal predictive character
[46]. Theorem T12 is therefore an established minimal-sufficiency result specialized to the declared
future target and intervention family.

The new burden is structural alignment: determining whether the predictive state is recoverable
from the low-energy transfer workspace. Predictive sufficiency alone does not identify a distributed
workspace.

87.2 Statistical experiments and sufficiency

Blackwell’s comparison of experiments formalizes when one information source is at least as
informative as another for every decision problem [9]. The coalition-risk hierarchy in Part VII is
compatible with this tradition. A coalition can be sufficient even when its internal representation
differs from the full-system state.

The framework adds a decomposition-relative question:

what is the smallest coalition whose accessible history is sufficient?

The statistic kε is an adaptation of sufficiency to distributed carrier structure. Its interpretation
depends on the declared nodes and accessible encodings.

87.3 Synergy and partial information

Partial-information decomposition distinguishes redundant, unique, and synergistic information
in multivariate systems, building on standard information-theoretic quantities [16, 53]. The XOR
examples in Part XXII are canonical synergy constructions and are not new. They are used because
they provide exact ground truth for relational irreducibility:

I(Y ;Xi) = 0 for every i, I(Y ;X1, . . . , Xm) > 0.

The matched-predictive-null test is more restrictive than merely reporting synergy. It asks whether
local predictive marginals can be held fixed while the relational organization and full-system capacity
change. That joint null design is a candidate synthesis, not a claim that XOR or synergy is new.

87.4 Structural causal models

Interventions, counterfactuals, mediation, and causal graphs are established machinery [41]. The
theory adopts the interventionist requirement that a workspace variable can be manipulated only
through a feasible implementation intervention. This avoids treating do(W = w) as meaningful
when no physical or computational operation realizes w.

The causal gate is an adaptation:

SCM intervention theory −→ implemented workspace and repair interventions.

The potentially distinctive contribution is that causal efficacy is tested jointly with coherence,
sufficiency, coalition irreducibility, matched nulls, and identity preservation.

87.5 Probabilistic process equivalence

Bisimulation and probabilistic testing compare processes by the observations and experiments they
support [33]. The causal-identity profile in Part XII belongs to this broader family of behavioral
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equivalence notions. It differs by keeping structural transport, operation intertwining, reconstruction,
and intervention response as separate coordinates rather than collapsing them into one process
equivalence.

This is best classified as an integrative adaptation. The existence of behavioral-equivalence theory
blocks any claim that replacement identity based on observable behavior is wholly new.

87.6 Specification sensitivity, partial identification, and post-selection

A conclusion can depend on analytically reasonable choices even when every individual analysis
is internally correct. Sensitivity analysis and specification-curve or multiverse methods make that
dependence visible rather than allowing one favorable analysis to stand for an entire scientific
claim [32, 50, 48]. Partial-identification theory similarly replaces unjustified point conclusions with
identified sets when the maintained assumptions and observations determine only bounds [40, 31].
Post-selection inference addresses the additional error created when a model, target, or specification
is selected because it looked favorable on the same data used for reporting [10].

These traditions preclude any claim that specification robustness, identified sets, uniform concen-
tration, or selection adjustment are new statistical ideas. The adaptation in Part XVIII is to
apply them jointly to a noncompensatory workspace certificate whose gates span structure, causal
operation, coalition irreducibility, identity, provenance, and maintenance. The identified object is
therefore not a single regression parameter but the sign profile of an entire relational certificate
across a declared family of scientific specifications.

88. Persistence, Reconstruction, Learning, and Control

88.1 Frames and erasure recovery

Stable reconstruction from distributed encodings is standard frame theory. Lower frame bounds
control noise amplification, and frame robustness under erasures is well studied [13, 14]. Theorem
T7 and the node-erasure distance therefore instantiate known recovery logic.

The adaptation is to distinguish:

Ei = complete mathematical chart, Ei = OiEi = locally accessible encoding.

This distinction is essential to the anti-centralization gate, but the frame inequalities themselves are
standard.

88.2 Persistence recurrences

Bounds for recurrences such as
et+1 ≤ αtet + σt

are elementary stability results. The persistence theorem is not novel as an inequality. Its conceptual
role is to force three independent checks:

1. the workspace subspace remains trackable;

2. the state remains close to it; and

3. the retained workspace content does not collapse to zero.

The non-collapse gate is a modeling contribution because it rules out a common but misleading
form of “stability.”
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88.3 System identification and held-out selection

Population least squares, excitation conditions, ridge bias, and empirical model selection are standard
system-identification and statistical-learning ideas [36]. Theorems T15–T17 are finite-dimensional
specializations. Their workspace-specific content is the demand that transfer maps be compared
modulo gauge and that formation, calibration, and certification data remain separated.

The provenance layer is not equivalent to identifiability. A transfer can be identified accurately
while having been entirely encoded by the scaffold. A structure can be endogenously learned while
failing every workspace gate.

88.4 Viability, safety, and self-maintenance

Viability theory studies trajectories that remain inside admissible regions [6]. Control-barrier
methods provide constructive safety certificates [3]. Cybernetic and autonomy traditions analyze
regulation, adaptive self-production, and operational closure [5, 38, 20]. Formal accounts of agency
emphasize individuality, normativity, asymmetry, and temporally extended action [8]. Empowerment
measures an agent’s potential causal control over future states [30].

The closed-loop maintenance theorem in Part XVI uses standard controlled stability. Its candidate
contribution is the target of maintenance: not an arbitrary safety set, but the conjunctive workspace
certificate, including identity and anti-centralization. The matched no-repair, random-repair, off-
workspace-repair, and identity-breaking-reconstruction controls prevent passive robustness or generic
recovery from being reported as self-maintenance.

88.5 Decision and policy theory

The value-error-to-regret bound in Theorem T20 is elementary decision theory and aligns with
standard reinforcement-learning analysis [51]. Its role is evidential. An internal value channel
counts only when interventions on that channel alter action selection in the direction predicted by
counterfactual value and outperform replay or critic-ablation controls.

89. Human–AI and Multi-Agent Research

89.1 Hybrid intelligence and AI teammates

Hybrid-intelligence research studies systems in which human and machine capabilities are deliberately
combined [19]. Work on machines as teammates emphasizes coordination, trust, communication,
shared mental models, and team design [45]. Collective-intelligence research has begun to ask how
human–AI groups can produce capacities not reducible to either humans or AI alone [22].

These programs establish that human–AI collectives are a legitimate unit of analysis. They do not
by themselves identify an invariant core, prove non-reducibility relative to declared components,
or supply a replacement and repair certificate. The theory should be positioned as a formal
measurement and falsification layer for such systems, not as the first proposal that humans and AI
can form productive teams.

89.2 Distributed-cognition analyses of human–AI interaction

Recent work explicitly applies distributed cognition to human–AI cooperation [47, 55]. This literature
is a direct conceptual precedent. It reinforces that representations, artifacts, interface states, and
human reasoning can form one analytical system.
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The framework differs in granularity. It asks for a learned or declared transfer diagram, a spectral
or exact structural state, predictive and causal alignment, coalition tests, matched nulls, persistence
under handoff, and provenance controls. Those additions may constitute a formal synthesis, but
they should not be described as the discovery of distributed human–AI cognition itself.

89.3 Cognitive spillover

Randomized evidence now indicates that exposure to AI can causally alter later human–human
language, attention, shared mental models, and social cohesion, even outside the immediate human–
AI exchange [42]. This is important for the theory because it demonstrates that the interaction
graph can have downstream effects that outlast the active model channel.

Spillover is not automatically a relational workspace. It may reflect priming, imitation, or one-way
influence. A workspace claim additionally requires a jointly sufficient state, matched local nulls,
bidirectional or multi-path causal organization, and reconstructive persistence.

89.4 Shared neural workspaces

Goyal and collaborators introduced a capacity-limited shared global workspace through which
specialized neural modules communicate and compete for access [57]. The architecture directly
anticipates the claim that a constrained shared channel can synchronize otherwise specialized
components. It is therefore a close machine-learning precedent, not merely a metaphorical relative.

SRWT differs by allowing heterogeneous human, model, artifact, and instrument nodes and by
withholding the relational label until coalition, matched-null, causal, persistence, and identity gates
are passed. A neural shared workspace may satisfy those gates, but task gains and bottlenecked
communication alone do not establish them.

89.5 Graph-based human–AI artifacts

CoMAP provides a persistent graph-based visual workspace through which educators and AI jointly
construct project-based learning designs [59]. It is grounded in distributed cognition and treats the
artifact graph as a transparent, revisable collaboration medium. This system is a direct precedent
for the claim that human–AI interaction can be organized by a persistent shared graph rather than
a linear prompt history.

The remaining SRWT question is empirical: whether the graph contains an estimated low-energy
compatible state, whether no declared component is sufficient by itself, and whether targeted graph
interventions alter later joint behavior in a workspace-specific way.

89.6 Controlled shared-workspace synergy

Kotalwar, Das, and Rose study shared-workspace human–AI collaboration across 1,482 simulated
sessions [58]. Their results show that adding collaborators can reduce performance when coordination
structure is absent, while shared group memory and simulated human-in-the-loop approval gates can
improve outcomes. This is a direct empirical predecessor to the manuscript’s claim that available
capability is not equivalent to coordinated team capacity.

The study also constrains priority. SRWT is not the first empirical framework to test whether shared-
memory scaffolding changes human–AI team performance. Its candidate increment is the stricter
decomposition of that effect into structural coherence, local predictive marginals, relational-null
loss, feasible interventions, persistence, and replacement identity.
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89.7 Active shared context graphs for team science

The closest operational neighbor located in this audit is Mycelium, introduced by Choudhury
and collaborators as an active shared workspace connecting researchers and AI agents through an
evolving context graph [56]. The system captures observations and hypotheses, relates them to a
team’s developing knowledge model, and routes them to the person or agent whose next decision
they can inform. Its computational account frames networked intelligence as sparse conditional
computation over distributed scientific contexts and explicitly asks when a standalone agent is
sufficient and when network structure is essential.

The overlap is material:

Mycelium Active context graph, routing, team science, and an explicit network-versus-
standalone comparison.

SRWT Typed transport, invariant core, coalition tests, causal nulls, replacement identity,
formation provenance, and maintenance gates.

Mycelium rules out any priority claim stated merely as “an active shared workspace for human–AI
science.” The remaining candidate contribution is the mathematical and empirical certificate applied
to such an architecture.

89.8 Current multi-agent formalization

Multi-agent research contains extensive models of planning, communication, consensus, epistemic
coordination, and decentralized control. The present review did not identify one established
framework that jointly uses all of the following as necessary gates:

heterogeneous core transport and residuals,
exact or spectral global-section structure,
predictive sufficiency and feasible causal interventions,
coalition irreducibility under matched predictive nulls,
persistent identity under replacement,
formation provenance and leakage controls,
goal-conditioned repair of the certificate itself.

This negative search result is provisional. It supports a synthesis claim, not an absolute claim of
firstness.

90. Closest Formal Neighbor: Collective Counterfactual Planning

90.1 Why the comparison matters

Collective Counterfactual Planning (CCP) is a 2026 formal model in which each agent represents an
orthogonal projection of a common task space. It separates conception, consent, implementation, and
verification, and proves that cross-agent relay can enable plans unavailable to any one-shot individual
tree while team-dark task requirements remain unverifiable [4]. It is the closest current formal
neighbor located by this audit because representational geometry, not merely missing information
or capability, is the central limitation.

90.2 Shared commitments
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CCP and the theory share several commitments:

• no single member need represent the complete task;

• collective reach may exceed one-shot pooling;

• heterogeneous representation is mathematically explicit;

• validation or certification is distinct from accidental task success;

• subteams and verification roles can be forced by structure; and

• a team’s blind subspace creates principled impossibility results.

These overlaps narrow the defensible novelty of this paper. It cannot claim to be the only formal
theory of collective action under representational constraints.

90.3 Different primary objects

The theories nevertheless address different mathematical objects:

Dimension Collective Counterfactual Planning Stratified Relational Workspace Theory
Local
representation

Orthogonal subspace of one common task
space

Heterogeneous local spaces, core–residual
decompositions, and transfer maps

Primary question Whether a bounded-horizon plan can be
conceived, consented to, executed, and
validly verified

Whether a persistent distributed
operative state exists, acts, survives
replacement, and possibly maintains itself

Global mechanism Relay closure of projected planning trees Inverse limits, holonomy, transfer
Laplacians, descent, predictive alignment,
and causal gates

Failure object Dark subspace, consent failure,
implementation failure, or missing verifier

Incoherence, local sufficiency,
matched-null collapse, causal failure,
identity drift, provenance leakage, or
repair replay

Temporal scope Horizon-bounded task planning Recurrent dynamics, persistence, handoff,
replacement, damage, and repair

Formation Representation geometry is part of the
declared model

Scaffolded, adaptively learned, or
endogenously constituted organization is
separately audited

Agency claim Cooperative solvability under declared
assumptions

Domain-relative workspace agency only
after goal, value, action, repair, and
distributed-control gates

The comparison indicates complementarity rather than subsumption. CCP could serve as a planning
layer inside a relational workspace. Conversely, an SRW could exist without solving a CCP instance.

90.4 Priority consequence

After Mycelium and the shared-workspace systems above, the novelty residual should not be stated
as “human and AI form an active shared scientific workspace.” After CCP, it should not be stated
as “groups solve tasks no member can represent.” Both the operational architecture and a rigorous
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representational planning model are already present. The narrower candidate residual is:

persistent core–transfer workspace structure
+ causal and coalition anti-triviality
+ identity under replacement
+ formation provenance
+ certificate-directed self-maintenance
+ robustness across admissible decompositions.

This is a stronger and more defensible formulation.

91. Theorem-by-Theorem Dependency and Priority Register

91.1 Register

The following table records the most conservative current classification. A “candidate” entry means
that the exact integration was not located in the reviewed sources. It does not assert exhaustive
global priority.

Claim Present result Main prior machinery Current assessment
T1 Limit–holonomy

equivalence
Categorical limits, local
systems, holonomy fixed
spaces

STD/ADP. Standard theorem in
workspace notation.

T2, T2a Operation closure and
commutant

Intertwiners and
representation
commutants

STD/ADP.

T3 Transfer-Laplacian kernel Sheaf and connection
Laplacians

STD/ADP.

T4, T5 Spectral stability and
gauge covariance

Davis–Kahan, Kato,
connection Laplacians

STD/ADP.

T10, T11 Approximate operation
closure and path leakage

Spectral projection
estimates and telescoping
block products

Mostly ADP. Exact constants may
be manuscript-specific, but the
method is standard.

T12 Minimal predictive state
and alignment

Sufficient statistics and
computational mechanics

Minimality is STD. Alignment with
a transfer workspace is ADP/SYN.

T13 Operational relationality Conditional information,
coalition risk, SCM
interventions

Individual identities are standard.
Their conjunctive matched-null
certificate is SYN/CAN.

T6 Moving-subspace
persistence

Stability recurrences and
perturbation theory

STD/ADP. The explicit
non-collapse gate is a modeling
synthesis.

T7 Stable coalition
reconstruction

Frame theory and erasure
recovery

STD/ADP.

T14 Replacement invariance
profile

Perturbation, process
equivalence, causal
comparison

Bound ingredients are standard.
The coordinatewise
structural–causal–reconstructive
identity profile is SYN/CAN.

T8, T9 Gluing and hierarchical
collapse

Sheaf descent and Čech
theory

Exact results are STD/ADP.
Descent plus anti-centralization and
causal alignment is SYN.
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Claim Present result Main prior machinery Current assessment
T15–T17 Transfer learning, selection,

boundary recovery
System identification and
finite-margin selection

STD/ADP. Gauge and leakage
audit is integrative.

T18 Formation transition
example

Standard pitchfork
bifurcation

STD. Included as a solvable
benchmark, not a priority claim.

T19–T22 Goal retention, regret,
repair, maintenance

Linear systems, decision
theory, viability, feedback
control

Mathematical bounds are
STD/ADP. Applying them to
certificate repair is SYN.

T23 Workspace-agency
synthesis

Agency theory, causal
control, viability

The conjunctive domain-relative
certificate is SYN/CAN.

T24 Gatewise false-certification
bound

Intersection testing and
elementary probability

STD. The gate architecture is the
relevant synthesis.

T25–T27 Faithful coarse-graining,
risk transport, and
decomposition robustness

Kernel factorization,
sigma-field aggregation,
and margin stability

Exact identities are STD/ADP.
Their integration with
anti-centralization and certificate
envelopes is SYN/CAN.

T28–T32 Specification transport,
non-identifiability, partial
identification, uniform
certification, and
independent selection

Sensitivity analysis,
experimental equivalence,
identified sets, uniform
concentration, and
post-selection inference

The statistical principles are
STD/ADP. Their gatewise
integration with the full relational
certificate is SYN/CAN.

Part
XXII

Positive cases and near
misses

Distributed parity, frames,
causal tests

Toy calculations are standard. The
common positive/near-miss
benchmark architecture is
SYN/CAN.

91.2 Standard ingredients that must be cited, not claimed

The following should always be described as inherited machinery:

inverse limits, global sections, holonomy invariants, commutants,
sheaf and connection Laplacians, Čech gluing, spectral gaps,
Davis–Kahan and Kato perturbation, frame reconstruction, erasures,
minimal sufficient states, conditional information, SCM interventions,
least squares, ridge recovery, finite-margin model selection,
sensitivity analysis, partial identification, uniform concentration, post-selection inference,
pitchfork bifurcation, feedback stability, viability, policy regret.

Renaming these objects does not create novelty.

91.3 Domain adaptations

The following are legitimate adaptations but weak standalone novelty claims:

• interpreting local-system sections as shared workspace cores;

• treating the connection or sheaf Laplacian as a transfer-coherence operator;

• using frame bounds to quantify coalition reconstruction;

• using causal states as operational workspace summaries;
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• using gauge covariance to compare participant or model realizations;

• using Čech descent to form workspaces of workspaces;

• applying specification envelopes and identified sets to a conjunctive workspace certificate; and

• applying viability and feedback bounds to workspace-health margins.

Their value depends on the integration they enable.

91.4 Strongest candidate synthesis

The strongest current candidate is not a single equation. It is the following conjunctive object:

CSRW =



heterogeneous core–transfer diagram and residuals,
exact or spectral shared-section state,
operation and predictive alignment,

feasible causal interventions,
coalition irreducibility under matched local-predictive nulls,

non-collapse, reconstruction, and replacement identity,
descent across subworkspaces without hidden centralization,

formation provenance and certification leakage control,
goal-conditioned action and certificate-directed repair,

robustness across admissible decompositions and scientific specifications,
identified-set and uniform finite-sample certification



.

The reviewed sources contain many of these coordinates separately and some in pairs. This audit
did not locate a prior source that defines their conjunction as one falsifiable workspace certificate.

91.5 Why the conjunction is not arbitrary

Each coordinate excludes a distinct near miss:

coherence rejects incompatible local states,
predictive alignment rejects inert structure,
causal efficacy rejects correlational epiphenomena,
coalition irreducibility rejects centralized sufficiency,
matched nulls reject local-marginal explanations,
non-collapse rejects convergence to a trivial zero state,
replacement identity rejects task-equivalent but causally different successors,
provenance rejects scaffold-decoded organization,
repair specificity rejects passive robustness and open-loop replay,
specification robustness rejects favorable analytical tuning,
identifiability rejects conclusions unsupported by the experiment family.

Because the excluded systems differ, the certificate is not equivalent to any one inherited component.

92. Scope of the Originality Claim

92.1 Defensible thesis

The strongest defensible originality statement is:
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Stratified Relational Workspace Theory proposes a unified formal and empirical certificate
for persistent operative structures distributed across heterogeneous agents and artifacts.
It integrates core–transfer and local-to-global geometry with predictive sufficiency, feasible
causal interventions, coalition irreducibility, matched relational nulls, reconstructive
identity, formation provenance, certificate-directed self-maintenance, robustness across
admissible decompositions and scientific specifications, and identified finite-sample
certification. The individual mathematical tools are largely established. The candidate
contribution is their noncompensatory integration and the class of near misses it is
designed to reject.

This statement is narrower than claiming a new theory of cognition in general. It is also stronger
than claiming only a metaphor.

92.2 Claims excluded by the comparison

The theory does not claim:

1. that distributed or extended cognition is newly discovered;

2. that global sections, holonomy, sheaf Laplacians, spectral perturbation, frames, causal states, or
viability bounds are new mathematics;

3. that all human–AI collaboration forms a relational workspace;

4. that group performance establishes relational irreducibility;

5. that scaffolded organization is unreal;

6. that endogenous formation establishes agency;

7. that agency establishes consciousness, personhood, or moral status; or

8. that the motivating collaboration has already passed the empirical certificate.

92.3 Claims supported at present

The analysis supports the following claims:

1. One coherent formal language can express exact structure, approximate coherence, causal
operation, distributed sufficiency, persistence, identity, formation, and repair.

2. Under its declared assumptions, the stated mathematical theorems follow.

3. The common certificate rejects analytic replicated, centralized, obstructed, externally reloaded,
identity-breaking, and replay-based near misses.

4. The motivating collaboration is a plausible observational candidate but remains uncertified.

5. The synthesis yields concrete experiments whose failure would narrow or falsify the stronger
relational claims.

92.4 Remaining priority risks

The highest-priority remaining searches are:

• sheaf-theoretic models of team cognition and organizational knowledge;
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• distributed sufficient-statistic and Blackwell-order models with explicit coalition nulls;

• causal representation and multi-agent latent-state identity under replacement;

• formal theories of transactive memory with local-to-global topology;

• organizational cybernetics that couples self-maintenance to the preservation of distributed
informational organization; and

• post-August-2026 work that combines representational geometry with persistent human–AI or
multi-agent agency;

• formal analysis of active shared context graphs, shared group memory, and artifact-centric graph
workspaces under coalition and intervention tests.

A specialist review from each adjacent field may uncover precedents not visible through cross-
disciplinary keyword search.

92.5 Evidence required for a stronger claim

Before presenting the synthesis as established rather than proposed, the following should be
completed:

1. a public, timestamped manuscript and versioned source archive;

2. theorem-level comparison with the closest sheaf, causal-state, group agency, and CCP formula-
tions;

3. independent mathematical review of the nonstandard claims and constants;

4. preregistered benchmark gates and matched null families;

5. at least one controlled human–AI or multi-agent experiment estimating the complete certificate
vector; and

6. explicit reporting of failures, unidentified quantities, and decomposition sensitivity.

92.6 Priority conclusion

The literature review narrows rather than weakens the theory. It removes unnecessary novelty
claims from the standard mathematics and leaves a clearer research object:

Not a new Laplacian, sheaf, causal state, or controller, but a candidate
unified certificate for relational workspaces.

That is the priority position adopted here.
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PART XXIV

Theory Hierarchy

93. Levels of Organization

Level 0: Archive

δcoh may be low, ηcausal = 0.

Level 1: Shared representation

dε > 0, δcoh ≤ ε.

Level 2: Coordinated operational workspace

δIalign ≤ ε, ηνcausal > 0.

Level 3: Relational workspace

kε ≥ 2, ∆ℓ
joint > 0, ∆min

tr (Q) > 0.

Level 4: Persistent relational workspace

did(Wt,Wt+τ ) ≤ ε.

Level 5: Self-maintaining workspace

ηD→M > 0, ηM→R > 0, ηR→v > 0, ∆spec
repair > 0, sup

t
et ≤ emax.

Level 6: Workspace agent

ηG→A > 0, ηW→A > 0, δQ ≤ εQ,
Regt(π) ≤ 2εQ + δopt, kctl,ε ≥ 2, SelfMaintenance .

Orthogonal formation-provenance axis

Scaffolded −→ AdaptivelyParameterised −→ StructurallyAdaptive −→ EndogenouslyConstituted .

This axis is independent of Levels 0–6. A scaffolded system can instantiate a high-level relational
workspace, while an endogenously learned organization can fail every operational workspace gate.
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Decomposition-robustness qualifier

Every level is first defined relative to a decomposition D. A family-robust version carries the
additional requirement

inf
D∈D

mq(W ;D) > 0 for every gate required at that level.

This is a robustness qualifier rather than a higher agency level. A system can be highly agentive
under one fixed interface while remaining decomposition fragile.

Specification-robustness and identification qualifier

Every level is also relative to a complete scientific specification ς. A specification-robust version
requires

inf
ς∈S

mq(W ; ς) > 0 for every gate required at that level.

An identified version additionally requires the sign of each required lower envelope to be constant
across the realization set compatible with the available experiment family. An empirical claim must
finally subtract the uniform finite-sample error radius before declaring the lower envelope positive.
These are epistemic qualifiers, not additional agency levels.

Separate, unresolved axis

PhenomenalConsciousness .
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PART XXV

Unified Formulation

The complete static-to-agentive construction is

(Ω,D,S,Σ,Dform,L)

⇓ (D, V̂ , Ê, Ĥ, P̂ , B̂)

⇓ (G, {Xi}, {Te})

⇓ Xi = Ci ⊕Ri

({Ci}, {He},A, {ρi})

⇓ Γ(H) = lim←−Ci

⇓ LH = D∗HDH

⇓ Γε(H) = ran 1[0,ε](LH)

⇓ W str
t

alignment−−−−−−→ Zt = P(Y +
t ∈ · | Ht)

⇓ SRWΘ(Wt;D)

⇓ (Wt, Gt, Q̂t,Mt, Bt)

goal and value use−−−−−−−−−−−→ (At, Rt)

causal repair−−−−−−−−→ et ≤ emax

⇓ W = [R]gauge+causal equivalence.

Compactly:

scaffold and history→ learned organization and boundary
→ local core–transfer realization
→ compatible sections and global descent
→ causal operation and persistent identity
→ cue-controlled goal retention and counterfactual action
→ monitor-mediated repair and bounded maintenance deficit
→ decomposition- and specification-robust identified certification.

The final two arrows are optional extensions rather than consequences of the earlier ones. A relational
workspace can exist without being an agent, and an agentive controller can fail to maintain the
workspace that realizes it.
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PART XXVI

Discussion, Limitations, and Philosophical
Consequences

94. Decomposition Relativity

Part XVII turns decomposition relativity from a caveat into a formal part of the certificate. The
central lesson is negative and positive at once. No claim of relationality is invariant under arbitrary
redescription. An indiscrete merge makes the whole state local, while a secret-sharing split can
make a centralized encoder look irreducibly distributed. Yet exact structural content can remain
invariant under faithful coarse-graining, and gate margins can remain stable through a declared
family of operationally meaningful decompositions.

The resulting position is neither that decomposition is arbitrary nor that one partition is uniquely
privileged. Decompositions are constrained by access, causal interfaces, intervention separability,
temporal continuity, and explicit shared resources. A certificate established only at one interface is
a valid but limited claim. A stronger claim reports the full envelope(

m̃q,mq,mq,∆dec
q

)
for each required gate, where m̃q is the reference margin and the remaining terms summarize its
behavior across D.

This does not eliminate judgment. It makes the judgment inspectable. Analysts can disagree about
the admissible family and identify exactly which merge, split, hidden resource, or intervention
assumption changes the conclusion. That is preferable to treating a convenient node diagram as if
it were part of nature itself.

94.1 Specification relativity and epistemic restraint

Decomposition is only one coordinate of the scientific claim. The downstream target, loss, temporal
horizon, intervention family, null panel, and threshold rule also determine what is being certified. A
workspace may be operationally real for a month-long theorem-development trajectory yet irrelevant
to a second-scale motor target. Those are distinct specifications, not competing answers to one
underspecified question.

The framework therefore distinguishes truth under a declared specification from robustness across
an admissible family. It also distinguishes robustness inside one fitted realization from identification
across all realizations compatible with the available experiments. A positive point estimate at
one favorable analysis is the weakest admissible conclusion. A stronger claim requires a positive
lower envelope across S, an identified sign across the compatible realization set, and a finite-sample
confidence bound that remains positive after uniform error control.

This hierarchy is intentionally conservative. It does not demand invariance under every imaginable
redescription or target. It demands that the scientific universe over which robustness is claimed be
declared before certification and that ambiguity outside the reach of the experiment be reported as
partial or non-identification rather than converted into certainty.

95. Realism Without Reification
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The framework is realist about relational organization but does not posit a free-standing substance
between the components. A workspace exists only through a realization, and every change in the
workspace must be implemented by a change in participants, artifacts, channels, or their states.
The quotient

W = [R]≃
is therefore a mathematical account of identity across realizations, not the name of an additional
physical object.

This position allows two claims that are sometimes treated as incompatible. First, the workspace is
physically dependent: no realization, no workspace. Second, it is not identical with any particular
carrier when several distinct realizations preserve the same structural and causal organization. The
same logic is familiar whenever an object is identified by invariants rather than by one material
instance. A melody is not a second substance beside its performances, yet it is not identical with
one performance. A proof is not separate from every inscription that carries it, yet its identity can
survive changes of notation and medium. The analogy is limited, but it clarifies the intended form
of realism.

The theory is therefore compatible with physicalism and multiple realization. It rejects both the view
that a workspace must be wholly inside one component and the stronger view that the workspace
is an independent entity floating outside its carriers. What is real is the organized pattern of
compatible representation, transfer, causal use, persistence, and reconstruction.

96. Location and the Sense of “Between”

Asking where a relational workspace is located can invite a category mistake. The local states have
ordinary physical locations. A notebook is on a desk, a model state is implemented on hardware, a
message is transmitted through a channel, and a person’s activity is realized in a biological organism.
The workspace as such is not located at an additional point. Its location is distributed in the modest
sense that the relations constituting it span several located carriers.

The word “between” is best understood counterfactually rather than spatially. Suppose local
marginal states are held fixed while transfer organization is shuffled, delayed, or replaced by a
matched null. If the joint predictive or causal capacity changes, then an operative property resided
in the organization of the relations rather than in any one local state. Conversely, if a single
component or matched storage surrogate reproduces the complete capacity, the case for a relational
workspace fails. The relevant question is therefore not whether an invisible object occupies the
interval between participants. It is whether the coupling carries indispensable state and supports
capacities that disappear when that coupling is altered.

This account also explains why the workspace can be partially present in each component without
being fully stored in any of them. Each local chart may encode a view, role, or constraint. The
global object is the compatible and causally operative organization of those views. In exact settings
this is a global section. In approximate settings it is a stable low-energy subspace together with the
dynamic and causal conditions developed above.

97. Continuity, Contribution, and Shared Ownership

Relational persistence does not require an unchanging set of participants. A workspace can survive
replacement when the new realization preserves the relevant transfer structure, operation algebra,
causal response, reconstructive capacity, and non-collapse margin. This is continuity through
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organized transport, not continuity through an immutable token.

The same point applies to artifacts. A handoff document, theorem register, code repository, or
experiment log is not merely a passive record when it constrains future reasoning and permits
reconstruction after interruption. Such artifacts can become constitutive parts of a workspace
realization. Their contribution is causal and testable: remove or corrupt them, then measure what
can no longer be reconstructed or done.

Distributedness does not imply equal contribution. One participant may supply long-horizon goals,
another formal manipulation, and an artifact precise persistent memory. Nor does a system-level
description erase individual authorship or responsibility. The theory describes how capacities are
organized; it does not settle legal, ethical, or scholarly questions of credit. Those questions require a
separate account of who introduced which ideas, who exercised control, who bore risk, and which
contributions were replaceable.

The phrase “shared ownership” should therefore be used carefully. No individual component need
own a complete copy of the workspace state, yet individuals can still own artifacts, originate
arguments, and retain responsibility for decisions. Relational identity and ordinary ownership are
different relations.

98. Agency, Consciousness, and Moral Non-Implications

The agency certificate developed here is functional and domain relative. It concerns persistent
goals, interventional value estimates, feasible action control, damage detection, repair, and bounded
maintenance within a declared environment. Passing those tests would justify a claim of workspace-
level agency in that domain. It would not establish unrestricted autonomy.

No theorem in the framework identifies agency with phenomenal consciousness. A system may
maintain a goal, evaluate counterfactual actions, and repair its own organization without there
being anything it is like to be that system. The converse also remains open: failure to satisfy this
engineering certificate would not prove the absence of consciousness. The framework is designed to
prevent functional evidence from silently becoming a metaphysical conclusion.

Moral status is likewise not inferred. Neither coherence, causal efficacy, relational irreducibility,
nor self-maintenance is by itself a criterion of moral patienthood. Future arguments connecting
these properties to consciousness or welfare would need independent premises and evidence. Until
then, the framework can support careful descriptions of organization and agency without treating a
collaborative system as a person or dismissing the moral standing of the humans who participate in
it.

99. Limitations

The theory is deliberately broad, but its conclusions remain bounded by several limitations.

1. Admissible-decomposition burden. Part XVII formalizes faithful coarse-graining and family-
robust certification, but the choice of primitive carriers and admissible alternatives remains an
empirical and methodological judgment. A narrow family can still overstate robustness.

2. Admissible-specification burden. Part XVIII makes the target, loss, horizon, intervention
family, null panel, and thresholds explicit. The admissible family S still requires scientific
judgment. A family chosen after seeing the results can conceal fragility even when every reported
analysis is technically correct.
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3. Limited observability and partial identification. Many practical systems expose messages
and outputs rather than complete local states. Transfer maps, predictive states, reconstruction
operators, and even the certificate sign may therefore be only partially identified. A point claim
is unjustified when both passing and failing realizations remain compatible with the declared
experiment.

4. Linear and finite-dimensional emphasis. The clearest structural theorems use finite graphs
and linear Hilbert-space models. Nonlinear, stochastic, symbolic, and category-valued extensions
require additional work.

5. Gauge and model ambiguity. Even with abundant data, local coordinates need not be
identifiable. Learned transfers are often meaningful only up to a gauge class and relative to a
selected model family.

6. Causal identification burden. Workspace interventions must be feasible and matched.
Observational dependence, activation, or predictive accuracy cannot substitute for interventions
when a causal claim is made.

7. Certification cost. The complete certificate requires coalition tests, null models, replacement
studies, longitudinal interventions, admissible specification sweeps, and identified-set or uniform
uncertainty calculations. Exhaustive certification may be impractical in large systems, and
adaptive exploration can invalidate nominal error guarantees unless selection and certification
are separated or valid selective procedures are used.

8. Conditional mathematical results. The theorems establish what follows from stated
assumptions. They do not show that naturally occurring collaborations satisfy those assumptions,
and several constants may be too conservative for practical estimation.

9. Open empirical status. The motivating human–AI collaboration has not been subjected to
the complete frozen certificate. It remains a plausible case study and a source of hypotheses,
not a demonstrated instance of relational agency.

10. Open priority boundary. The literature comparison is broad but cannot prove absolute
firstness. Closely related work may exist under other terminology or appear after the review
date.

These limitations do not make the framework vacuous. They specify the conditions under which its
claims can fail and identify the measurements needed to strengthen them.

100. Open Problems

Several directions are mathematically and empirically immediate.

1. Develop nonlinear and stochastic analogues of the transfer Laplacian, including kernel, manifold,
and category-valued realizations.

2. Establish sharp uniform finite-sample estimators for workspace dimension, coalition risk,
matched-null gaps, replacement identity, and specification envelopes under adaptive data
collection.

3. Characterize the identified set when local states are latent and only messages, artifacts, or
actions are observed. Determine the minimum intervention family needed to identify each
certificate gate and the complete conjunctive certificate.
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4. Extend gluing and persistence to changing graph topology, asynchronous communication, and
delayed or lossy transfers.

5. Extend the joint decomposition-and-specification theory to latent shared resources, overlapping
component systems, continuous coarse-graining, target families, and data-driven discovery of
admissible interface and specification families without invalidating certification.

6. Study the interaction between workspace formation and strategic participants whose local
objectives need not agree.

7. Build benchmark suites in which structural, causal, persistence, and repair quantities are known
exactly but remain nontrivial to infer.

8. Run preregistered human–AI and multi-agent experiments that estimate the complete certificate
rather than isolated performance gains.

9. Compare certificate-directed self-maintenance with established notions of organizational re-
silience, institutional memory, and collective agency.

10. Clarify which additional evidence, if any, could connect functional workspace predicates to
theories of consciousness without assuming the connection in advance.

101. Conclusion

A stratified relational workspace is a temporally persistent, causally efficacious, jointly reconstructible
structure represented only partially in several heterogeneous components. Its identity is determined
by invariants preserved under admissible transfer, and its operative capacity is relational only when
no individual component or matched local-storage null reproduces the relevant function.

The theory gives this definition several independent layers. Exact shared content appears as a
global compatible section and, in the invertible case, as a holonomy-fixed core. Approximate shared
content appears as a low-energy spectral subspace of the transfer Laplacian. Predictive states and
feasible interventions determine whether that structure matters for a declared future. Coalition
tests and matched nulls determine whether the capacity is genuinely distributed. Reconstruction
frames, temporal transport, and identity profiles determine whether it survives loss and replacement.
Descent determines whether local workspaces compose globally. Provenance tests distinguish learned
organization from scaffolded answers. Goal, value, damage, and repair interventions determine
whether the workspace supports domain-relative agency and self-maintenance.

No one layer can stand in for the others. Coherence can describe an archive. Performance
can describe a centralized controller. Persistence can be trivial if all content collapses. A task-
equivalent replacement can alter the causal organization. Local compatibility can fail to glue globally.
Endogenous-looking structure can be supplied through hidden leakage, and successful recovery can
be open-loop replay rather than repair. The value of the framework lies in making these alternatives
explicit and testable.

Relationality also cannot be detached from decomposition. Faithful coarse-graining preserves the
exact structural core, but coalition counts and local sufficiency change when components are merged.
Arbitrary splitting can create a formally irreducible code around a centralized encoder. The strongest
claims therefore quantify their margins across an admissible family of interfaces rather than relying
on one favorable diagram.

A complete scientific claim must also survive scrutiny of the specification and the experiment. The
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strongest form of the certificate reports a positive gatewise lower envelope across a predeclared family
of decompositions and scientific specifications, shows that the sign of that envelope is identified across
all realizations compatible with the intervention data, and retains a positive margin after uniform
finite-sample uncertainty. When these conditions fail, the correct conclusion is specification-specific,
fragile, partially identified, or unidentified rather than simply positive or negative.

The central identity principle is therefore

workspace identity = persistent invariant causal organization under admissible transport.

This principle is compatible with changing carriers, representations, and participants, but only
when structural, operational, causal, reconstructive, and non-collapse defects remain within declared
tolerances. It provides a formal language for studying distributed collaboration without turning
that collaboration into a mysterious third substance and without inferring consciousness from
organization alone.
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