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Preface
A mathematical representation can expose a structure that is expensive to see in another set of coordi-
nates. It can also hide the cost of reaching those coordinates, discarding a residual, or reconstructing
an answer. This volume studies both sides of that passage.

The first part follows an arithmetic selector through Fourier synthesis, rational projection, and a
normalized complex state. The second asks when symmetry makes a quantum evolution accessible
to classical computation. The third compares a restricted circuit with an ambient realization that may
leave the restriction temporarily and return. The fourth studies restored reversible circuits, safe dis-
crepancy covers, projection costs, and the limits of multiplicative summaries.

These treatments share the language of realizations, transfers, residuals, and obstructions. Their
models remain distinct. A finite Fourier identity is not a gate synthesis algorithm. A small invariant
sector is useful for simulation onlywhen its representation, updates, andmeasurements are accessible.
A catalytic saving depends on the chosen gate alphabet and cost. A lower bound for a faithful linear
summary has the hypotheses of that summary model.

Each part gives its own definitions and proof conditions. Formal and computational companions
follow the mathematical treatments. A shared glossary and collected references close the volume.
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How to read the volume
For a concrete entry point, begin with the twelve-dimensional arithmetic example and its visual study.
The symmetry treatment develops invariant packets, moving frames, and compressed representations.
The catalytic treatment begins with nested realization models before giving the complete linear core
and its quantum and reversible extensions. The circuit treatment supplies restoration conventions
before deriving its cover and projection results.

A proved statement has a written argument under explicit hypotheses. An exact finite computation
concerns the declared bounded state space. A formal result identifies a specified Lean declaration and
its proof record. A research proposal or conjecture remains open where its decisive obligation is not
established. Panel titles state these distinctions directly.

The mathematical notation is local to each part. In particular, circuit obstructions use the binary
field by default, while linear gate theory also works over general fields and rings. Formal coverage
applies to the selected declarations, rather than to every written theorem in the volume.
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PA RT I

Arithmetic realizations

An arithmetic selector is followed through Fourier synthesis, exact rational projection, and a nor-
malized complex state. The twelve-dimensional example makes each change of representation
explicit.
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CHA PTE R 1

Quantum–Arithmetic Bridge

Overview
A finite arithmetic selector can be transported into a rational signal projector and a complex projective
measurement by one explicitly normalized Fourier transformation. This chapter gives the full proof
chain and follows a single exact twelve-dimensional example through every representation. The arith-
metic input is the coprime residue set modulo twelve. Its Fourier synthesis is the integer-valued Ra-
manujan signal. The associated circulant matrix is an orthogonal projector of rank four. A normalized
version of the signal is a quantum state, and an inverse Fourier transformation recovers the arithmetic
support. An unsigned state has the same probabilities in the original basis yet zero probability on the
selected support after transformation. The two states are orthogonal. A continuous relative-phase fam-
ily makes that difference visible without changing the initial probability histogram.

The general finite Fourier, Möbius, divisor-projector, and polyphase identities are proved in the text.
The formal companion covers the concrete modulus-twelve realization, including the sound interpre-
tation of exact rational coordinates in the ordinary complex numbers, both unitarity identities, pro-
jector transport, state preparation and recovery, and the phase-sensitive probability conclusions. The
formal companion contains ninety-six named theorems across fivemodules, including the twenty-two
original bridge statements. The formal appendix identifies its exact coverage and verification evidence.

Ramanujan sums, Fourier orthogonality, rational cyclic projectors, and Ramanujan signal sub-
spaces are classical. The contribution of this presentation is an exact, inspectable realization chain,
its theorem-to-code concordance, and its explicit account of the information retained or discarded at
each map. It makes no circuit-efficiency or quantum-advantage claim.

1.1 The mathematical object being transported
The word bridge is useful only when its arrows have definitions. In the present example the common
object is a selector: a diagonal operator that retains certain Fourier coordinates and discards the others.
Arithmetic supplies the selected labels. Fourier synthesis expresses that selector in sample coordinates.
Complex normalization then supplies a unitary transformation and the state vectors used in a quan-
tum interpretation.

The basic identity is

P = FDF †.

Here D is a diagonal zero-or-one matrix, F is unitary, and † denotes conjugate transpose. Conse-
quently P is an orthogonal projector. The transformation F is reversible. The selection P need not be.
A complete decomposition consists of both Px and (I − P )x, whose sum recovers x.
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Quantum and Circuits PART I

This distinction determines what can be transported. A Fourier basis change preserves dimension,
inner products, norms, and the entire vector. A projector preserves only its selected component. Mea-
surement probabilities discard still more information. The same exact operator can appear in arith-
metic, signal processing, and finite-dimensional quantum theory, while those uses retain different
observables and have different implementation costs.

We work over C for Fourier transformations and use Q for the rational kernels. All index sets in
the main finite construction are specified, and no limit argument is needed. A packet in this chap-
ter means a component together with its stated realization map. This definition does not turn every
kind of component into the same object. Character-order packets and coefficient-residue lanes will be
distinguished explicitly in the polyphase section.

1.1.1 Claim labels and evidence classes

The labels QA01 through QA20 refer to mathematical statements in this paper. They are not a count
of Lean declarations. A single claim can use several formal lemmas, and a general theorem can have
a formally checked specialization rather than a generic Lean proof.

We use three evidence descriptions. A general prose theorem has a proof below for all inputs satisfying
its hypotheses. A formal specialization is an actual declaration in the preserved modulus-twelve source.
A finite computational check is a bounded verification of an implementation. These descriptions can
support the same identity, but they are not interchangeable. The Lean guide gives the exact declaration
mapping.

The central example uses the vectors

c = (4, 0, 2, 0,−2, 0,−4, 0,−2, 0, 2, 0),
b = (5, 2,−1, 2, 5, 2,−1, 2, 5, 2,−1, 2),
x = (9, 2, 1, 2, 3, 2,−5, 2, 3, 2, 1, 2).

These are the literal coefficients of the formal source, and x = c + b. Keeping one example fixed
makes every arrow independently checkable.

1.2 Fourier conventions and the finite proof chain
Let q be a positive integer. Write Iq = {0, 1, . . . , q − 1}, interpreting indices modulo q, and put

ζq = e2πi/q.

A signal is a vector x : Iq → C. We write Idq for the identity matrix of dimension q, and I for an
identitymatrixwhen its dimension is clear. Our inner product is conjugate-linear in the first argument:

〈x, y〉 =
q−1∑
n=0

x(n)y(n), ‖x‖2 = 〈x, x〉.

The unscaled negative-sign discrete Fourier transform is

x̂(k) =

q−1∑
n=0

x(n)ζ−knq .
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Quantum and Circuits PART I

The positive-sign normalized Fourier matrix is

(Fq)na = q−1/2ζnaq .

Thus Fq synthesizes a signal from normalized frequency coordinates, while F †
q x = x̂/

√
q analyzes

it. This convention explains all signs and all square-root factors below. The negative-sign transform
and the positive-sign synthesis are adjoints of one another.

Theorem QA01. The order of a finite phase

For a ∈ Iq, the multiplicative order of ζaq is

q

gcd(a, q) .

Proof. The equation (ζaq )
t = 1 holds exactly when q divides at. Write g = gcd(a, q), q = gq′, and

a = ga′, with gcd(a′, q′) = 1. The divisibility condition is q′ | a′t, which is equivalent to q′ | t. Its
smallest positive solution is t = q′. This includes a = 0: then g = q and the order is one. □

Theorem QA02. Character orthogonality

For any integer h,

q−1∑
n=0

ζhnq =

{
q, q | h,
0, q ∤ h.

Proof. If q | h, every summand is one. Otherwise r = ζhq 6= 1 and rq = 1. Multiplying the sum by
1 − r gives 1 − rq = 0, so the sum is zero. This argument also covers q = 1, where only the first case
occurs. □

Theorem QA03. Unitarity, inversion, and Parseval

For every positive q,

F †
qFq = Idq, FqF

†
q = Idq .

Consequently,

x(n) =
1

q

q−1∑
k=0

x̂(k)ζknq ,
∑
n

|x(n)|2 = 1

q

∑
k

|x̂(k)|2.

Proof. The (a, b) entry of the first matrix product is

1

q

q−1∑
n=0

ζn(b−a)q .

By QA02 it is one when a = b and zero otherwise. The (n,m) entry of the second product is the
same orthogonality sum with indices interchanged. Since F †

q x = x̂/
√
q, the identity FqF †

q x = x is the
displayed inverse formula. Finally, a unitary matrix preserves inner products:
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Quantum and Circuits PART I

‖F †
q x‖2 = x†FqF

†
q x = x†x.

Replacing F †
q x by x̂/√q proves Parseval. □

These proofs use finite sums, ordinary complex multiplication, and the positive real square root of
q. No asymptotic approximation enters. At q = 1 the Fourier matrix is the one-by-one identity, and all
identities have their literal scalar meanings.

1.3 Coprimality becomes an integer signal
Let

Uq = {a ∈ Iq : gcd(a, q) = 1}, φ(q) = |Uq|.

The Ramanujan sum is

cq(n) =
∑
a∈Uq

ζanq , n ∈ Z.

It adds the primitive qth-root phases selected by QA01. Its definition is complex, but its value is an
integer. That integrality is the step that makes the sample-coordinate projector rational. Ramanujan
sums and their divisor formulas are classical arithmetic constructions [1].

Theorem QA04. Möbius formula and integrality

Let µ be the Möbius function, with µ(1) = 1. For every positive q and every integer n,

cq(n) =
∑

d|gcd(q,n)
dµ(q/d) ∈ Z.

In particular cq has period q, is real-valued, satisfies cq(−n) = cq(n), and has cq(0) = φ(q).
Proof. For a positive integer g,

∑
d|g

µ(d) =

{
1, g = 1,

0, g > 1.

To see this, only squarefree divisors contribute. If g has r distinct prime factors, the sum is (1− 1)r,
with value one when r = 0. Therefore

1gcd(a,q)=1 =
∑

d|gcd(a,q)
µ(d).

Substitute this into the phase sum over all a ∈ Iq, exchange the finite sums, and write a = db in the
terms where d | a:
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Quantum and Circuits PART I

cq(n) =
∑
d|q

µ(d)

q/d−1∑
b=0

e2πibn/(q/d)

=
∑
d|q

(q/d)|n

µ(d)
q

d
.

The second equality is QA02. Replacing q/d by e gives the displayed divisor sum. It is an integer.
Periodicity follows already from the phase definition. The divisor formula is unchanged by n 7→ −n,
so cq(−n) = cq(n). At n = 0, every selected phase is one, giving cq(0) = |Uq|. □

At q = 1, U1 = {0} because gcd(0, 1) = 1. The phase sum and the divisor formula both give c1(n) =
1. This boundary case is included in the proofs even though the inherited arithmetic regression range
begins at modulus two.

Theorem QA05. Exact spectral support and energy

Over one period,

ĉq(k) = q 1k∈Uq , k ∈ Iq.

Moreover,

q−1∑
n=0

|cq(n)|2 = qφ(q).

Proof. Substitute the phase definition and exchange two finite sums:

ĉq(k) =
∑
a∈Uq

q−1∑
n=0

ζ(a−k)nq .

QA02 makes the inner sum q exactly when a = k, and zero otherwise. The energy identity follows
from QA03:

‖cq‖2 =
1

q

∑
k

|ĉq(k)|2 =
1

q
φ(q)q2.

□
The selector has been recovered by an identity. A numerical spectrum can illustrate the result, but

neither a tolerance nor a peak-finding rule defines the arithmetic support.

1.4 Rational character-order projectors
It is helpful to distinguish the size of an ambient signal from the order of a character. Fix a positive
ambient length N . For each divisor d of N , define

Sd = {a ∈ IN : N/gcd(a,N) = d}.
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Quantum and Circuits PART I

The set Sd contains the labels of characters of exact order d. Put Dd = diag(1a∈Sd
) and

P
(N)
d = FNDdF

†
N .

The superscript records the ambient dimension. In particular, the kernel normalization below is
1/N , even when d < N .

Theorem QA06. Rational kernels and complete divisor decomposition

For every d | N ,

(P
(N)
d )nm =

1

N
cd(n−m).

The matrices have rational entries and satisfy

(P
(N)
d )† = P

(N)
d ,

P
(N)
d P (N)

e = δdeP
(N)
d ,∑

d|N

P
(N)
d = IdN ,

rankP (N)
d = trP (N)

d = φ(d).

Proof. A label in Sd has the unique form a = (N/d)b, where 0 ≤ b < d and gcd(b, d) = 1. Indeed,

gcd((N/d)b,N) = (N/d) gcd(b, d).

Direct multiplication therefore gives

(FNDdF
†
N )nm =

1

N

∑
a∈Sd

ζ
a(n−m)
N

=
1

N

∑
b∈Ud

ζ
b(n−m)
d =

1

N
cd(n−m).

QA04 proves rationality. Each Dd is a self-adjoint diagonal projector. The sets Sd partition IN , be-
cause every character has exactly one order dividing N . Hence DdDe = δdeDd and

∑
d|N Dd = IdN .

Conjugating these identities by the unitary FN proves the projector identities. The rank is unchanged
under multiplication by invertible matrices, so it equals the number of selected diagonal entries,
|Sd| = φ(d). The diagonal kernel entries are all cd(0)/N = φ(d)/N , whose sum is φ(d). □

This orthogonal divisor-shell decomposition has established antecedents in Ramanujan subspaces
and filter banks [2, 3, 4]. The general theorem above is proved independently in this text. The formal
companion certifies the concrete N = d = 12 projector and its transport identity, rather than an
arbitrary-divisor Lean theorem.

1.4.1 A shift-operator realization and its sign

LetA be the cyclic shift (Ax)(n) = x(n−1). A Fourier column fa(n) = N−1/2ζnaN satisfiesAfa = ζ−aN fa.
Therefore
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Quantum and Circuits PART I

Ea =
1

N

N−1∑
`=0

ζa`N A
`

acts as the identity on fa and as zero on every other column, by QA02. Summing Ea over Sd gives

P
(N)
d =

1

N

N−1∑
`=0

cd(ℓ)A
`.

This formula also follows entrywise because (A`)nm is one exactly when n −m = ℓ modulo N . A
group-algebra convention with the opposite shift sign writes individual idempotents with the oppo-
site phase sign. The divisor shells are unchanged under a 7→ −a, and cd(−ℓ) = cd(ℓ), so the rational
shell formula remains the same.

Proposition 21.11 of Stratified Universality for Resolved Representations, gives the rational cyclic order-
projector formula in the group algebra. Boundary 21.12 distinguishes it from formal-series coefficient-
residue selection [5]. The present shift calculation makes the representation and the sign explicit.

1.4.2 Unions of order classes

If D is any set of divisors of N , then

PD =
∑
d∈D

P
(N)
d

is a rational orthogonal projector of rank
∑

d∈D φ(d). Its complement is the sum over the remaining
divisors. Individual split Fourier projectors can have nonrational entries. Summing complete order
classes is a sufficient mechanism for rationality. No converse classification of every rational selector is
needed for the present bridge.

1.5 Selection, residuals, and information loss

For any set S ⊆ IN , let DS be its diagonal indicator and PS = FNDSF
†
N . This construction does not

require S to be an order class. Rationality is special, but orthogonal projection is general.

Theorem QA07. Projector geometry and exact residual reconstruction

For every x ∈ CN ,

x = PSx+ (I − PS)x,
〈PSx, (I − PS)x〉 = 0,

‖x‖2 = ‖PSx‖2 + ‖(I − PS)x‖2.

Furthermore, PS is injective exactly when S = IN . If S is proper, its kernel has dimension N − |S|.
Proof. The first equality is distributivity. Since P †

S = PS and P 2
S = PS ,

〈PSx, (I − PS)x〉 = x†PS(I − PS)x = 0.
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Expanding the norm square of the orthogonal sum proves the energy identity. In Fourier coordi-
nates, PS is DS , whose kernel consists exactly of the vectors supported outside S. Its dimension is
N − |S|. This kernel is zero exactly when every label is selected. □

This gives a precise reconstruction contract. The pair of packets (PSx, (I−PS)x) retains the complete
vector, subject to the compatibility condition that the first lies in the range and the second in the kernel.
Keeping only the first packet is an exact projection but an incomplete representation of an arbitrary
input.

For character-order packets, QA06 gives the stronger complete decomposition

x =
∑
d|N

P
(N)
d x, ‖x‖2 =

∑
d|N

‖P (N)
d x‖2.

Thedecomposition is a change in organization rather than a reduction in the dimension of thewhole
signal. Smaller stored selectors do not make an arbitrary signal contain less information. Compression
requires a restriction on the admissible signals or an explicit approximation criterion.

1.6 Coefficient-residue lanes and polyphase transport
There is a second exact decomposition that is common in Komorebi calculations and in signal pro-
cessing. It separates positions by residue class rather than separating Fourier characters by order. Both
decompositions use projectors, but they select different objects.

1.6.1 Formal coefficient lanes

Let L ≥ 1 and let f(z) =
∑

n≥0 anz
n be a formal power series over a field containing a primitive Lth

root ω and 1/L. For 0 ≤ r < L, define

Erf(t) =
∑
m≥0

ar+Lmt
m, Rrf(z) = zrErf(z

L).

The first expression addresses the lane in a new variable. The second places that lane back at its
original coefficient positions.

Theorem QA08. Exact coefficient-residue decomposition

The coefficient-residue maps satisfy

Rrf(z) =
1

L

L−1∑
j=0

ω−rjf(ωjz),

RrRs = δrsRr,

L−1∑
r=0

Rrf = f.

Proof. The coefficient of zn in the first right-hand side is
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an
L

L−1∑
j=0

ωj(n−r).

Character orthogonality makes it an when n ≡ r (mod L) and zero otherwise. This is precisely the
coefficient ofRrf . Each coefficient position belongs to a unique lane, so the projector and completeness
identities follow coefficientwise. The equality is formal, with no analytic convergence hypothesis. □

For an infinite analytic series, the same identity holds wherever all displayed evaluations are de-
fined, but the formal theorem does not need that interpretation. The lane index is an exponent residue.
It is not a multiplicative-order class of a Fourier character.

1.6.2 Finite polyphase lanes

Now suppose N = LM with positive integers L andM . For a vector x ∈ CN , define its L lanes by

xr(m) = x(r + Lm), 0 ≤ r < L, 0 ≤ m < M.

The addressing map T : x 7→ (x0, . . . , xL−1) is bijective. Interleaving the lanes reconstructs x, and

N−1∑
n=0

|x(n)|2 =
L−1∑
r=0

M−1∑
m=0

|xr(m)|2.

This energy identity is an exact reindexing. It is useful to preserve it separately from the spectral
aliasing identity that follows.

Theorem QA09. Polyphase Fourier identities and decimation aliasing

Write x̂r for the unscaledM -point transform of lane r. Then for k ∈ IN ,

x̂(k) =
L−1∑
r=0

ζ−krN x̂r(k mod M).

Conversely, for ℓ ∈ IM ,

x̂r(ℓ) =
1

L

L−1∑
j=0

ζ
r(`+jM)
N x̂(ℓ+ jM).

Proof. Partition the N samples by their unique representation n = r + Lm:

x̂(k) =
L−1∑
r=0

M−1∑
m=0

xr(m)ζ
−k(r+Lm)
N

=
∑
r

ζ−krN

∑
m

xr(m)ζ−kmM .

The inner sum is x̂r(k mod M), proving the first identity. For the second, insert Fourier inversion
into the lane transform:
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x̂r(ℓ) =
M−1∑
m=0

x(r + Lm)ζ−`mM

=
1

N

N−1∑
k=0

x̂(k)ζkrN

M−1∑
m=0

ζ
(k−`)m
M .

QA02 makes the inner sum M exactly when k = ℓ + jM for some 0 ≤ j < L. Since M/N = 1/L,
this is the second displayed identity. □

Every lane transform combines an alias class of L full-spectrum coefficients. One decimated lane
generally cannot distinguish those coefficients. All L offsets together retain the original signal. For a
fixed alias class ℓ, the equations across r are an invertible Fourier mixing system after the nonzero
phases ζr`N are removed. The apparent collapse is resolved by preserving the complete collection of
offsets.

1.6.3 Why the two projectors must not be conflated

A coefficient-residue selector keeps samples such as x(0), x(3), x(6), x(9). A character-order projector
keeps spectral modes such as 1, 5, 7, 11. The former is diagonal in sample coordinates; the latter is
diagonal in frequency coordinates. Under a Fourier basis change, a sample-residue mask generally
produces a different operator, with its own alias structure.

A valid comparison therefore specifies the conjugating matrix and the chosen selector. The fact
that both constructions use roots of unity does not identify their packets. QA08 and QA09 supply an
explicit rotation and Fourier calculation where a bridge is needed. Neither statement is claimed as a
generic theorem in the inherited Lean package used here.

1.7 The exact modulus-twelve arithmetic calculation
We now fix q = 12. The coprime labels are

U12 = {1, 5, 7, 11}, φ(12) = 4, ζ = eπi/6 =

√
3

2
+
i

2
.

The signal is

c(n) = ζn + ζ5n + ζ7n + ζ11n = 2 cos(πn/6) + 2 cos(5πn/6).

The cosine formula comes from conjugate pairs. It exposes interference, while the integer divisor
formula provides an independent arithmetic route to each value.

Theorem QA10. The exact phase and transform tables

Over one period,

c = (4, 0, 2, 0,−2, 0,−4, 0,−2, 0, 2, 0),

and
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ĉ = (0, 12, 0, 0, 0, 12, 0, 12, 0, 0, 0, 12).

Proof. For q = 12, QA04 becomes

c(n) = 212|n − 414|n − 616|n + 12112|n.

Indeed, the only divisors d of twelve for which µ(12/d) 6= 0 are 2, 4, 6, 12, with coefficients
2,−4,−6, 12. Evaluating the divisibility indicators at 0, . . . , 11 gives the sample table. QA05 gives
value twelve at the four coprime labels and zero elsewhere. □

At sample zero, all four phases agree and the value is four. At sample one, they cancel. At sample
six, all four are minus one and the value is minus four. Those signs are the relative phase information
that will later distinguish two states with the same initial probabilities.

1.7.1 A compact projector matrix

Put P = P
(12)
12 . Its entries are

Pnm =
c(n−m)

12
.

Equivalently, its first row is (
1

3
, 0,

1

6
, 0,−1

6
, 0,−1

3
, 0,−1

6
, 0,

1

6
, 0

)
,

and each subsequent row is the cyclic right shift of the preceding row. This specifies every entry
of the twelve-by-twelve rational matrix. It agrees exactly with the literal matrix in the original formal
module and with the indexed matrix in the later transport module.

With D = diag(1a∈U12) and F = F12,

P = FDF †, P 2 = P, P † = P, rankP = trP = 4.

The six divisor shells of length twelve have orders 1, 2, 3, 4, 6, 12 and ranks 1, 1, 2, 2, 2, 4. Their ranks
add to twelve, and their orthogonal sum is the identity by QA06.

1.7.2 The finite lanes of the same signal

For L = 3 andM = 4, the coefficient-residue lanes are

c0 = (4, 0,−4, 0),
c1 = (0,−2, 0, 2),
c2 = (2, 0,−2, 0).

Their four-point Fourier transforms are

ĉ0 = (0, 8, 0, 8), ĉ1 = (0, 4i, 0,−4i), ĉ2 = (0, 4, 0, 4).

For example, a full coefficient at k = 1 is reconstructed as

12
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ĉ(1) = 8 + 4iζ−1 + 4ζ−2 = 12.

At k = 9, the same lane-frequency index 1 gives

ĉ(9) = 8 + 4iζ−9 + 4ζ−18 = 8− 4− 4 = 0.

The offsets distinguish two full Fourier labels with the same reduced frequency. These equations
demonstrate the role of the phases in QA09. They do not identify a lane with a character-order shell.

1.8 Filtering a signal with something to remove
Take the off-band perturbation

b(n) = 3 cos(πn/2) + 2.

The constant occupies frequency zero, and the cosine occupies labels three and nine. These labels
all lie outside U12. The perturbation has the literal rational vector

b = (5, 2,−1, 2, 5, 2,−1, 2, 5, 2,−1, 2).

Set x = c+ b, giving

x = (9, 2, 1, 2, 3, 2,−5, 2, 3, 2, 1, 2).

Theorem QA11. Exact filter recovery and orthogonal energy

The test signal satisfies

Pc = c, Pb = 0, Px = c, (I − P )x = b,

and

〈c, b〉 = 0, ‖c‖2 = 48, ‖b‖2 = 102, ‖x‖2 = 150 = 48 + 102.

Proof. QA05 gives the support of ĉ. Write the cosine as

3 cos(πn/2) = 3

2
(ζ3n + ζ9n).

Thus b̂ equals twenty-four at zero, eighteen at three and nine, and zero elsewhere. Multiplication by
D fixes the spectrum of c and kills the spectrum of b, proving the filter identities. Their supports are
disjoint, so Parseval for inner products gives 〈c, b〉 = 0. QA05 gives ‖c‖2 = 12 · 4 = 48, and

‖b‖2 = 242 + 182 + 182

12
= 102.

QA07 then gives ‖x‖2 = 48 + 102 = 150. The same numbers follow by direct rational squaring of
the displayed vectors. □

13
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The discarded component is part of a complete explanation of the input. It is called a perturbation
because the example declares c to be the target. It is a perfectly exact signal component rather than an
error introduced by the representation. If the task were to recover all of x, deleting bwould lose valid
information.

1.9 Normalized states and literal unitary transport
In a twelve-dimensional complex Hilbert space, let |0〉, . . . , |11〉 be an orthonormal basis. Define

|u〉 = |1〉+ |5〉+ |7〉+ |11〉
2

.

Its squared norm is 4(1/2)2 = 1. Define the amplitude states

|ψ〉 = 1√
48

11∑
n=0

c(n)|n〉, |χ〉 = 1√
48

11∑
n=0

|c(n)| |n〉.

Both have norm one because
∑

n c(n)
2 = 48. The second state is a separately specified state, con-

structed from the absolute-value vector. No universal quantum operation implementing the nonlinear
rule z 7→ |z| is being asserted.

Theorem QA12. Exact preparation and recovery

With the positive-sign Fourier matrix defined in Section 1.2,

F |u〉 = |ψ〉, F †|ψ〉 = |u〉.

Proof. At coordinate n, the first left-hand side is

1

2
√
12

∑
a∈U12

ζna =
c(n)√
48
.

This is the defining coordinate of ψ. Applying F † and using F †F = I proves the second equality.□
The normalization relation is

√
48 = 2

√
12. In the exact coordinate implementation the Fourier scale

is
√
3/6 = 1/

√
12, and the state scale is

√
3/12 = 1/

√
48. The later formal source proves those scale

identities and the exponential entry formula, rather than leaving them as informal interpretations of
a rational tuple.

This is a mathematical quantum-state construction. An actual realization would additionally re-
quire state preparation, a twelve-dimensional unitary implementation, coherence control, and sam-
pling. A twelve-dimensional Fourier matrix is not the ordinary sixteen-dimensional Fourier transfor-
mation on four qubits. The unitary direct sum F12 ⊕ I4 supplies a mathematical sixteen-dimensional
embedding, but it supplies no gate synthesis or resource bound by itself.

1.10 Relative phase is absent from one histogram and present in another

For a normalized state |v〉 =
∑

n v(n)|n〉, the standard-basis probabilities are |v(n)|2. In the basis ana-
lyzed by F †, the probabilities are |(F †v)(k)|2.

14
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These describe two measurement procedures on separately prepared copies. Measuring the first
histogram on a particular copy does not preserve that copy as a coherent input for the second proce-
dure.

Theorem QA13. Equal initial probabilities and orthogonal states

The states ψ and χ have identical probabilities in the original basis and are orthogonal:

|ψ(n)|2 = |χ(n)|2 for all n, 〈ψ, χ〉 = 0.

Proof. Squaring a real number or its absolute value gives the same result, proving the first claim.
For orthogonality,

〈ψ, χ〉 = 1

48

11∑
n=0

c(n)|c(n)|.

The positive entries contribute 16+4+4 = 24, and the negative entries contribute−4−16−4 = −24.
Their sum is zero. □

This is a strong information boundary. The states are distinct even after the physically irrelevant
overall phase is disregarded. Orthogonal normalized states cannot be scalar multiples of one another.
Yet their original-basis probability histograms are identical.

Theorem QA14. Complete arithmetic phase separation

After applying F †,

Pr
F †ψ

(k ∈ U12) = 1, Pr
F †χ

(k ∈ U12) = 0.

More explicitly,

(F †ψ)(k) =

{
1/2, k ∈ {1, 5, 7, 11},
0, otherwise,

whereas

(F †χ)(k) =


2/3, k ∈ {0, 6},
1/6, k ∈ {2, 4, 8, 10},
0, otherwise.

Proof. QA12 gives the first amplitude table. For the second, set a(n) = |c(n)|. Its vector is

a = (4, 0, 2, 0, 2, 0, 4, 0, 2, 0, 2, 0).

It has period six. Pairing n and n + 6 in its twelve-point transform produces a factor 1 + (−1)k, so
every odd transform coefficient vanishes. For k = 2ℓ, its transform is twice the six-point transform of
(4, 0, 2, 0, 2, 0). The doubled transform is sixteen when ℓ is divisible by three and four otherwise, as
one sees from

15
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2
(
4 + 2e−2πi`/3 + 2e−4πi`/3

)
.

When ℓ ≡ 0 (mod 3), the bracket is eight. Otherwise the two cubic phases sum to minus one and
the bracket is two. Thus

â = (16, 0, 4, 0, 4, 0, 16, 0, 4, 0, 4, 0).

State normalization and the unitary inverse transform divide this table by
√
48
√
12 = 24, producing

the second amplitude table. Its support is even,while every label inU12 is odd. The selected probability
is therefore zero. The signed state has four probabilities of 1/4, with total one. □

The full probability comparison is:

Label
Initial probability, both

states After F †, signed state After F †, unsigned state

0 1/3 0 4/9
1 0 1/4 0
2 1/12 0 1/36
3 0 0 0
4 1/12 0 1/36
5 0 1/4 0
6 1/3 0 4/9
7 0 1/4 0
8 1/12 0 1/36
9 0 0 0
10 1/12 0 1/36
11 0 1/4 0

Every column sums to one. The Fourier probability supports are disjoint. Negative amplitudes in
the original arithmetic signal therefore encode observable relative phase, even though their signs do
not appear in the first probability column.

Theorem QA15. No inverse from the initial histogram alone

There is no function from original-basis probability histograms to state vectors that reconstructs both
ψ and χ. There is also no reconstruction of both states up to overall phase from that histogram alone.

Proof. The two histograms are equal by QA13. A function assigns the same output to equal inputs,
so it cannot output the two distinct vectors. For the phase-insensitive formulation, QA13 shows that
the states are orthogonal and normalized. If χ = λψ for any complex scalar of modulus one, then
〈ψ, χ〉 = λ 6= 0, a contradiction. □

Thefirst formulation is formalized in the later publicationmodule. The strengthening to equivalence
up to global phase is a prose corollary proved here. It is not counted as an additional inherited Lean
declaration.

1.11 The selector as a projective measurement
The pair {P, I−P} is a projective measurement because its twomembers are self-adjoint, idempotent,
orthogonal, and sum to the identity. For the conditional updatewe choose the ideal Lüders instrument,
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whose unnormalized branches send a density matrix ρ to PρP and (I − P )ρ(I − P ). The projector
effects determine the outcome probabilities; this chosen instrument determines the state update. The
probability rule and this conditional update can be stated independently of the arithmetic example.

Theorem QA16. Selection probability and conditional state

LetP be an orthogonal projector onCN and let v be a normalized state. For the ideal Lüders instrument
just specified, the two probabilities are

p = ‖Pv‖2 = 〈v, Pv〉, 1− p = ‖(I − P )v‖2.

When p > 0, the normalized selected state is Pv/√p. When 1− p > 0, the normalized complemen-
tary state is (I − P )v/

√
1− p. The probabilities belong to [0, 1] and sum to one.

Proof. Since P †P = P , the quadratic form equals ‖Pv‖2 and is nonnegative. QA07 applied to a unit
vector gives the probability sum and the upper bound. Division by the positive square root produces
a state of squared norm one in each nonzero branch. □

For the explicit normalized test signal v = x/
√
150, QA11 gives

p =
48

150
=

8

25
, 1− p = 102

150
=

17

25
.

The selected conditional state is c/
√
48 = ψ, and the complementary conditional state is b/

√
102. An

exact classical filter applied to the full vector returns c. A projective measurement on the normalized
input instead returns a branchwith these probabilities. These are compatible uses of the same operator
with different observation rules.

The vector χmakes noninjectivity concrete: Pχ = 0 although ‖χ‖ = 1. A reversible Fourier change
of basis cannot be substituted for this loss of information. Conversely, retaining both complementary
packets reconstructs every vector, as QA07 and the publication module explicitly state.

The inherited formal source certifies the concrete projectors, states, and probability identities. It
does not provide a general quantum measurement library or a generic theorem implementing the
conditional state-update rule. QA16 is a general prose theorem, with the usual finite-dimensional
measurement interpretation.

1.12 Exact arithmetic coordinates and their complex meaning

The twelfth root contains
√
3 and i. Its relevant exact arithmetic can be represented without floating-

point trigonometric evaluation. Let a tuple

(a, b, c, d) ∈ Q4

denote

ι(a, b, c, d) = a+ b
√
3 + i(c+ d

√
3).

The coordinate root is (0, 1/2, 1/2, 0), whose interpretation is
√
3/2 + i/2. Coordinate conjugation

sends (a, b, c, d) to (a, b,−c,−d). Addition is entrywise, and multiplication is

17
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(a, b, c, d)(A,B,C,D) =
(
aA+ 3bB − cC − 3dD,

aB + bA− cD − dC,
aC + 3bD + cA+ 3dB,

aD + bC + cB + dA
)
.

Theorem QA17. Sound interpretation of the exact operations

The map ι preserves zero, one, rational scalars, addition, multiplication, conjugation, natural powers,
and finite sums. Therefore an equality obtained with these exact coordinate operations yields the
corresponding equality in C.

Proof. The claims for zero, one, rational scalars, addition, and conjugation follow directly from the
definition. For multiplication, write the two interpreted values as (a + b

√
3) + i(c + d

√
3) and (A +

B
√
3) + i(C +D

√
3). Their product has real part

(a+ b
√
3)(A+B

√
3)− (c+ d

√
3)(C +D

√
3)

and imaginary part

(a+ b
√
3)(C +D

√
3) + (c+ d

√
3)(A+B

√
3).

Expanding and using (
√
3)2 = 3 gives exactly the displayed tuple product. Power preservation

follows by induction from multiplication and one. Finite-sum preservation follows by induction from
addition and zero. Applying a function to equal coordinate tuples gives equal complex numbers. □

Only sound transport of equalities is needed here. The formal source does not install the tuple type
as a global field instance, and it does not need an injectivity theorem for ι. It proves preservation of the
actual operations and explicitly connects the scales and root to their conventional complex formulas.

The matrix interpretation is entrywise. Since multiplication is a finite sum of products and the ad-
joint uses conjugation, QA17 also transports coordinate matrix multiplication and adjoints. The same
argument transports matrix action on vectors and squared norms. This is what closes the gap between
an exact coordinate certificate and an identity about an ordinary complex unitary matrix.

1.13 The central finite bridge theorem
The arithmetic, signal, and state statements can now be gatheredwithout leaving any undefined arrow.

Theorem QA18. Arithmetic, rational signal, and unitary realization

Let F , D, P , c, b, x, u, ψ, and χ have the explicit modulus-twelve definitions above. Then:

1. F †F = FF † = I .
2. P = FDF †, P 2 = P , and P † = P .
3. Px = c and (I − P )x = b, with ‖x‖2 = 48 + 102 = 150.
4. Fu = ψ and F †ψ = u.
5. u, ψ, and χ are normalized, and ψ is orthogonal to χ.
6. ψ and χ have identical original-basis probabilities.
7. Their inverse-Fourier coprime probabilities are respectively one and zero.
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8. Pψ = ψ, Pχ = 0, and P is not injective.

Proof. QA03 gives the unitarity identities. QA06 gives projector transport and the two projector
identities. QA11 gives the filter and energy statements. QA12 gives preparation and recovery; the
displayed normalizations andQA13 give statement five and statement six. QA14 gives statement seven.
In Fourier coordinates ψ is supported on U12 while χ is supported outside it, so Pψ = ψ and Pχ = 0.
The normalized nonzero vector χ is therefore in the kernel, proving noninjectivity. □

The later formal publication theorem gathers the principal complex transport and probability iden-
tities into a single conjunction. Its supporting modules also supply the exact vector coefficients, filter
recovery, residual reconstruction, and noninjectivity theorem. The general prose route above explains
why the identities hold; the finite formal source certifies this literal example under its exact definitions.

One mathematical object has thus appeared in three realizations. Arithmetic selects coprime char-
acter labels. The signal realization is a rational circulant projector. The complex state realization uses
a unitary basis change and a projective measurement. The complete vector information is preserved
by the basis change, while selection and observation have separately stated losses.

1.14 A continuous phase family with a fixed initial histogram
The two endpoint states are especially simple, but the mechanism is continuous. Define the nonneg-
ative vectors v+ and v− by placing |c(n)|/

√
48 respectively on the positive and negative entries of c,

with zero elsewhere. Thus

χ = v+ + v−, ψ = v+ − v−.

Their supports are disjoint, and each has squared norm 1/2. For real θ, define

χθ = v+ + eiθv−.

It is a normalized state with the same original-basis probabilities for every θ. The endpoints are
χ0 = χ and χπ = ψ.

Theorem QA19. Relative-phase response

For this family,

Pr
F †χθ

(k ∈ U12) = ‖Pχθ‖2 = sin2(θ/2).

Proof. Disjoint support gives ‖χθ‖2 = ‖v+‖2 + ‖v−‖2 = 1 and unchanged entrywise squared mag-
nitudes. Solving for v+ and v− in terms of χ and ψ gives

χθ =
1 + eiθ

2
χ+

1− eiθ

2
ψ.

Since Pχ = 0 and Pψ = ψ,

Pχθ =
1− eiθ

2
ψ.
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Its squared norm is

|1− eiθ|2

4
=

1− cos θ
2

= sin2(θ/2).

Finally, P = FDF † and unitarity imply ‖Pχθ‖2 = ‖DF †χθ‖2, exactly the sum of the selected
Fourier-basis probabilities. □

This is a provedprose extension for the visual guide. It is not presented as an inheritedLean theorem.
It shows that a probability histogram can stay fixed while an interference-based observation varies
from zero to one.

1.15 Phase replacement and dephasing are different operations
The unsigned endpoint is a coherent state with specified positive amplitudes. It should not be con-
fused with a state obtained by forgetting all relative phases. The latter is represented by a mixed state,
not generally by one state vector.

For a normalized vector v, its density matrix is vv†. Complete dephasing in the sample basis keeps
only its diagonal entries. In the present example, dephasing either ψ or χ gives the same diagonal
matrix

ρdiag = diag
(
c(n)2/48

)11
n=0

.

Its trace is one, and every diagonal entry is nonnegative.

Theorem QA20. The dephased selected probability

The selected projective-measurement probability of this diagonal state is

tr(Pρdiag) =
1

3
.

Proof. Every diagonal entry of P is c(0)/12 = 4/12 = 1/3. Multiplication by a diagonal matrix and
taking the trace gives

tr(Pρdiag) =
∑
n

Pnn
c(n)2

48
=

1

3

∑
n

c(n)2

48
=

1

3
.

□
The three outcomes are therefore distinct: the signed coherent state has selected probability one, the

unsigned coherent state has probability zero, and the completely dephased state has probability one
third. This calculation prevents an incorrect identification of amplitude sign removal with physical
decoherence. QA20 is a general finite-dimensional calculation specialized to the example and proved
here. Density matrices and dephasing are outside the inherited Lean package.

1.16 What is complete and what remains a separate question
The finite worked bridge is complete as a mathematical result. Its maps are defined, its identities are
proved, its literal coefficients agree across the rational and cyclotomic representations, and its principal
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modulus-twelve transport and phase claims have formal certificates. The current release provides the
traditional paper, visual guide, formal concordance, source, and reproducibility records.

The general prose theorems also establish Fourier unitarity, the Möbius divisor formula, rational
divisor-projector completeness, and polyphase aliasing for the declared finite or formal models. Their
arbitrary-modulus formulations are not claimed as generic Lean declarations in this package. The
continuous phase and dephased-state extensions are proved prose results rather than inherited formal
additions. The visual guide illustrates the continuous phase family.

Several broader questions have different proof obligations. Efficient preparation of coprime-
support states needs an algorithm and a cost model. Efficient circuit synthesis of the twelve-
dimensional transformation or its qubit embedding needs a gate construction and resource bounds.
Incomplete-sample recovery needs an observation map that is injective on the declared model, or a
stability theorem with stated conditioning. Noisy implementation needs a perturbation analysis. A
physical claim needs an experimental protocol and measured data.

These questions can be asked using the same operator language. Their existence does not weaken
the exact bridge proved here, and the bridge does not answer them automatically. The present re-
sult shows, in one fully specified example, how arithmetic selection becomes rational filtering and
phase-sensitive unitary realization while keeping reconstruction, information loss, and measurement
distinct.
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Arithmetic in Fourier space

One arithmetic selector, three realizations

Four residues modulo twelve will become an integer signal, an exact rational filter, and a
normalized quantum state. Every bridge will be written down.

The guide follows one object through three coordinate systems. The starting condition is coprimality.
The signal realization adds its selected waves. The quantum realization normalizes the amplitude
vector and distinguishes coherent transformation from measurement.

U12 = {1, 5, 7, 11}, c12(n) =
∑
a∈U12

e2πian/12.

We will build a projector that keeps exactly those modes, apply it to a signal with a complementary
component, and account for all retained and discarded energy. Then we will compare two orthogonal
states with identical initial measurement probabilities.

Arithmetic Signal Quantum model

Coprime labels Fourier support Frequency-basis amplitudes
Rational cyclic projector Exact convolution filter Projective measurement
Cyclotomic phase sum Integer samples Signed coherent amplitudes

These are exact finite mathematical constructions. The quantum interpretation uses the usual
state-vector and Born-rule model. No hardware experiment, circuit-cost claim, or quantum
speedup is implied.
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Coprimality selects primitive roots

A selected residue is a label for a wave whose phase has exact order twelve.
Set ζ = e2πi/12. The phase ζa first returns to 1 after 12/gcd(a, 12) powers. Thus the coprime labels

1, 5, 7, 11 select exactly the primitive twelfth roots.
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Coprimality selects four primitive twelfth roots

The circle is the complex unit circle. Teal points are the four primitive roots; pale points are the other eight roots.
Labels are residues a, not measured outcomes.

gcd(a, 12) = 1 ⇐⇒ ord(ζa) = 12.

Arithmetic has supplied a precise selector. Nothing probabilistic has happened at this stage.
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The selected phases add and cancel

The same four waves can reinforce, cancel, or reinforce with the opposite sign.
At each sample n, add the four numbers ζan with a ∈ U12. Each has magnitude one. Their sum need

not have magnitude one.
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n = 0   ·   sum = 4

−1 0 1
Real phase

−1

0

1

n = 1   ·   sum = 0

−1 0 1
Real phase

−1

0

1

n = 6   ·   sum = -4

At n = 0 the sum is 4. At n = 1 the four phases cancel. At n = 6 the sum is −4. Tiny parallel drawing offsets
expose coincident arrows at n = 0 and n = 6; each arrow’s displacement is the actual complex phase.

c12(0) = 4, c12(1) = 0, c12(6) = −4.

Negative samples encode relative phase. They are part of the information that subsequent transforms
use.
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Interference yields an integer signal

The samples are exact integers, even though the individual waves have complex amplitudes.
Pairing conjugates gives

c12(n) = 2 cos(πn/6) + 2 cos(5πn/6).
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The four phases produce one exact integer signal

One complete period of the Ramanujan signal. The dots are discrete samples, not samples from a continuous
probability distribution.

(c12(0), . . . , c12(11)) = (4, 0, 2, 0,−2, 0,−4, 0,−2, 0, 2, 0).

The antisymmetry c12(n+6) = −c12(n)will later expose why erasing the signs changes the recovered
arithmetic.
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Why the phase sum is an integer

A divisor identity certifies integrality without rounding trigonometric values.
For q ≥ 1, insert the Möbius coprimality identity into the finite phase sum:

1gcd(a,q)=1 =
∑

d|gcd(a,q)
µ(d).

Write a = db after interchanging the finite sums. Character orthogonality evaluates the inner geometric
series:

cq(n) =
∑
d|q

µ(d)

q/d−1∑
b=0

e2πibn/(q/d)

=
∑
d|q
q/d|n

µ(d)
q

d
=

∑
e|gcd(q,n)

eµ(q/e) ∈ Z.

Sample Relevant divisor contribution Exact result

n = 0 2µ(6) + 4µ(3) + 6µ(2) + 12µ(1) 4

n = 2 µ(12) + 2µ(6) 2

n = 4 µ(12) + 2µ(6) + 4µ(3) −2
n = 6 µ(12) + 2µ(6) + 3µ(4) + 6µ(2) −4

The finite verifier also evaluates the twelve phase sums in the exact ring Z[z]/(z4 − z2 + 1). The
plots use floating coordinates for rendering, while the sample identities use exact arithmetic.
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The spectrum recovers the selector

The Fourier transform returns exactly the four labels selected by coprimality.
Use the negative-sign, unnormalized discrete Fourier transform

x̂(k) =

11∑
n=0

x(n)e−2πikn/12.
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The spectrum returns the original arithmetic selection

The coefficient is exactly 12 at k = 1, 5, 7, 11 and exactly zero elsewhere. This is an algebraic identity, not a
spectral thresholding decision.

ĉ12(k) =
∑
a∈U12

11∑
n=0

ζ(a−k)n = 12 1k∈U12 .

The inner geometric sum is twelve when a = k modulo twelve and zero otherwise. The selector and
the Fourier support are now the same exact data.
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A diagonal selector becomes a rational filter

The filter is diagonal in one basis and a rational convolution in the other.
Let Fna = ζna/

√
12 and Daa = 1a∈U12 . With the positive-sign unitary matrix F , the negative-sign

DFT satisfies F †x = x̂/
√
12.

0 3 6 9 11
Input frequency

0

3

6

9

11

Ou
tp

ut
 fr

eq
ue

nc
y

D: selector in frequency basis
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P: rational sample-basis operator
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Left: the frequency selectorD. Right: its transported sample-basis matrix P . The right colorbar displays its five
possible rational entries. The two panels use different scales.

P = FDF †, Pnm =
c12(n−m)

12
.

BecauseD2 = D and F †F = I , we obtain P 2 = P . BecauseD† = D, we also obtain P † = P . This is an
orthogonal projector of rank four.
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Give the projector something to remove

The input contains an arithmetic component and a deliberately complementary component.
Take x(n) = c12(n) + 3 cos(πn/2) + 2. Its extra cosine uses modes 3, 9 and its constant uses mode 0.

All three are outside U12.
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Residual (I − P)x = 3 cos(πn/2) + 2

The projector retains the primitive-order component exactly. The bottom panel shows everything it removes, so
the loss remains visible.

Px = c12, (I − P )x = 3 cos(πn/2) + 2.

The exact input is (9, 2, 1, 2, 3, 2,−5, 2, 3, 2, 1, 2). Calling the complementary component “noise” is a
modeling choice. Arbitrary noise need not lie in the kernel of P .
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Account for the entire input

Exact filtering removes energy as well as modes.
The selected and complementary components are orthogonal. With the unnormalized squared

norm ‖x‖2 =
∑11

n=0 |x(n)|2,

‖x‖2 = 150, ‖Px‖2 = 48, ‖(I − P )x‖2 = 102.
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Exact energy bookkeeping

0.0 0.2 0.4 0.6 0.8 1.0
Share of total squared norm

Normalized input

Projection retains 32% of this input

Selected: 8/25
Complement: 17/25

The energy identity is 150 = 48 + 102. The normalized input has selected squared-norm share 48/150 = 8/25

and complementary share 17/25.
On the normalized state x/

√
150, the ideal Lüders projective measurement {P, I − P} has selected-

outcome probability 8/25. Conditional on that outcome, the resulting normalized state is c12/
√
48.

This conditional measurement is not deterministic unitary denoising. The transform F is re-
versible; the projection P discards the complementary subspace.
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Projection and unitary change are different operations

A basis change preserves the whole vector. Projection keeps only one orthogonal component.
Let es = c12/

√
48 and er = (I − P )x/

√
102. They are orthonormal, so the normalized input has the

exact two-dimensional representation

x√
150

=

√
8

25
es +

√
17

25
er.
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Projection contracts this vector; the Fourier transform does not

This plane is the actual span of the selected signal and its complementary component. The dashed segment is
the discarded component. Its length is

√
17/25; the retained vector has length

√
8/25.

The Fourier transform preserves the input norm and permits exact inversion. The projector maps
every complementary vector to zero. That distinction controls what may legitimately be called recon-
struction, filtering, or measurement.
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All twelve modes belong to six order classes

The primitive-twelve projector is one packet in a complete orthogonal decomposition.
A frequency label k has root order d = 12/ gcd(k, 12). The possible orders are the divisors

1, 2, 3, 4, 6, 12.

0 1 2 3 4 5 6 7 8 9 10 11
Frequency label k

1 12 6 4 3 12 2 12 3 4 6 12

Every frequency belongs to exactly one root-order class

The number inside each tile is its root order d. The horizontal label is frequency k. Every label belongs to one
class; no labels are dropped.

Pdnm =
cd(n−m)

12
, PdPe = δdePd,

∑
d|12

Pd = I.

These are character-order projectors. They select Fourier modes by root order. They are different from
coefficient-residue selectors, which select formal-series coefficients by their index modulo an integer.
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Six exact filters in one ambient space

Every order class has an integer Ramanujan kernel and a rational projector.
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Each panel displays cd(n) over the common twelve-sample ambient period. The associated matrix is Pdnm =

cd(n−m)/12, so every kernel uses the same denominator twelve.
For d < 12, the kernel repeats with period dividing d. Its projector still acts on all twelve sample

coordinates. The ranks are 1, 1, 2, 2, 2, 4, respectively.
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A packet’s capacity is not its occupied energy

Ranks describe the subspaces. Energies describe a particular input.
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This input occupies only three shells

Left: the six subspace dimensions sum to twelve. Right: the particular input x has energy 48 in order one, 54 in
order four, and 48 in order twelve. The other packets exist but have zero component for this input.

x =
∑
d|12

Pdx, ‖x‖2 =
∑
d|12

‖Pdx‖2.

The constant 2 contributes 12 · 22 = 48 to order one. The cosine contributes 54 to order four. The
Ramanujan component contributes 48 to order twelve. Keeping all six packets gives exact synthesis.
Keeping only one packet performs a lossy selection.
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The arithmetic signal is a coherent amplitude vector

Normalization makes the signal a unit vector without changing its relative phases.
Define uk = 1/2 for k ∈ U12 and zero otherwise. Then ‖u‖ = 1, and

ψ = Fu, ψn =
c12(n)√

48
, F †ψ = u.
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u: four amplitudes of 1/2
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ψ = Fu: coherent arithmetic signal

Separate panels preserve the different basis labels: k for the frequency-basis coordinates and n for the sample-
basis coordinates. Heights are amplitudes, including their signs.

The normalization is exact because
∑

n c12(n)
2 = 48. ThematrixF is unitary, so no probabilitymass

is lost during this coherent change of basis.
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Amplitudes and probabilities tell different stories

Measurement squares magnitudes; interference depends on coherent amplitude before that
step.
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Outcome n
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Measure ψ in the sample basis
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Apply F†, then measure a fresh preparation

Two alternative procedures on fresh preparations. The first measures ψ directly. The second applies F † before
measurement. Neither histogram is the amplitude plot from the previous page.

The first procedure gives probabilities c12(n)2/48. The second gives probability 1/4 at each of
1, 5, 7, 11 and zero elsewhere. One run returns one outcome. Measuring the sample basis first does
not leave the original coherent state available for the second procedure. These distributions are
alternative experimental choices, rather than successive readouts of one unchanged state.
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Identical histograms can hide orthogonal states

Erasing the signs leaves sample probabilities unchanged and changes the state.
Let χn = |c12(n)|/

√
48. Both states are normalized and

|ψn|2 = |χn|2 for every n, 〈ψ, χ〉 = 0.
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Signed ψ and unsigned χ have different coherent amplitudes
ψ: signed
χ: signs erased
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Their sample-basis measurement probabilities are identical

The top panel shows the phase information carried by negative amplitudes. The bottom panel is shared by the
two states because measurement in this basis depends only on squared magnitudes.

The orthogonality follows from equal positive-support and negative-support energies: each con-
tributes 24 before division by 48. A sample-basis probability histogram therefore cannot reconstruct
the coherent state.
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A basis change makes the hidden distinction observable

The signed state recovers all four coprime labels. The unsigned state recovers none.
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F†ψ: all probability on coprime labels
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F†χ: zero probability on coprime labels

The pale vertical strips mark the coprime labels. After F †, the signed state assigns them total probability one;
the unsigned state assigns them total probability zero.

The exact unnormalized DFT of the unsigned integer signal is

(16, 0, 4, 0, 4, 0, 16, 0, 4, 0, 4, 0).

After state normalization and unitary transformation, its probabilities are 4/9 at 0, 6, 1/36 at 2, 4, 8, 10,
and zero elsewhere. Since |c12(n)| has period six, its odd Fourier labels vanish.
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Move continuously between the two states

Changing only relative phase moves the selected probability from zero to one.
Let v+ contain the positive entries of c12/

√
48 and v− contain the absolute values of its negative

entries. Their supports are disjoint and each has squared norm 1/2. Define

χθ = v+ + eiθv−, χ0 = χ, χπ = ψ.

0 π/2 π 3π/2 2π
Relative phase θ on the negative-amplitude support
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Unsigned χ

Signed ψ

A continuous phase change moves selected mass from 0 to 1

The selected probability is the exact formula sin2(θ/2). The continuous curve is its floating rendering. Black
dots mark exactly checked quarter-turn cases 0, 1/2, 1, 1/2, 0.

Indeed, χθ = 1+eiθ

2 χ+ 1−eiθ
2 ψ. Since Pχ = 0 and Pψ = ψ, we get ‖Pχθ‖2 = |1− eiθ|2/4 = sin2(θ/2).

The endpoint statements are covered by the inherited Lean development. This continuous family
is an elementary prose derivation and a checked illustration, not an additional inherited Lean
theorem.
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A real three-dimensional view of one amplitude

The plot follows an actual complex amplitude as the relative phase advances.
At sample n = 6, the phase-family amplitude is

χθ(6) =
eiθ√
3
.

0

π

2π

Relative phase θ −0.5
0.0

0.5

Re χθ
(6)

−0.5

0.0

0.5Im
 χ

θ(
6)

One amplitude traces a circle as phase advances

Coordinates are (θ,Reχθ(6), Imχθ(6)). In the real-imaginary plane the amplitude traces a radius-1/
√
3 circle.

Advancing the phase coordinate produces the three-dimensional trajectory.
Its magnitude is constant, so the sample-six probability stays 1/3 throughout. Nevertheless, interfer-

ence changes the probability of the selected subspace according to the preceding page. The geometry
separates phase change from magnitude change.
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Rearrange twelve samples into three exact lanes

Lane extraction changes addresses while preserving all twelve values.
For r = 0, 1, 2 andm = 0, 1, 2, 3, define (Erx)(m) = x(r + 3m).
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Lane r = 1: original addresses 1, 4, 7, 10
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Lane r = 2: original addresses 2, 5, 8, 11

The lane numbers and original addresses are explicit. Interleaving all three lanes reconstructs the original vector
exactly. Keeping fewer lanes would be a different, lossy observation.

The lanes are (9, 2,−5, 2), (2, 3, 2, 1), and (1, 2, 3, 2). Twelve values remain twelve values. A shorter
address in each lane does not by itself reduce information content or computation cost.
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Phase factors connect the lane spectra

Each local Fourier transform contributes to every appropriate global frequency.
With four-point negative-sign DFTs in the lanes,

x̂(k) =

2∑
r=0

e−2πikr/12Êrx(k mod 4).
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Three lane transforms
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Phase-weighted assembly recovers x̂

Left:magnitudes of the three local transforms. Right: the recovered global spectrum.Assembly uses the complex
coefficients and phase factors; adding the displayed magnitudes would be incorrect.

The identity follows by writing n = r + 3m in the full DFT sum. Its phase factors retain the dis-
tinction between the lanes. The diagnostic replay compares this assembly with an independent direct
twelve-point DFT at a declared tolerance of 10−12.
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The construction extends beyond this picture

The integerwaveform changeswith themodulus,while the same arithmetic identity supplies
it.
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q = 15   ·   φ(q) = 8

Four exact Ramanujan signals constructed by the divisor formula. Their periods and amplitudes differ. These
examples illustrate the general formulas; their finite verification does not prove those formulas universally.

For general q, character orthogonality gives

ĉq(k) = q1gcd(k,q)=1,

q−1∑
n=0

|cq(n)|2 = qφ(q).

The associated primitive-order projector has rank φ(q). The general mathematical conclusions follow
from the finite-sum derivations in the main paper. The source verifier separately checks its declared
finite range 2 ≤ q ≤ 64.
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State exactly what each passage preserves

The value of a bridge is the contract it supplies.

Passage Preserves Additional requirement or loss

Selector D to
P = FDF †

Rank, idempotence,
orthogonality

A specified unitary Fourier
basis

Vector x to F †x Full vector, inner product, norm Retain all complex coefficients

Vector x to Px Selected component Complementary component
removed

Vector to all polyphase
lanes

All sample values Every lane and its address
retained

Amplitudes to
probabilities

Outcome probabilities in one
basis

Relative phase discarded

Projective measurement Born probabilities and
conditional state

One outcome per run,
conditional branch

The two statesψ and χ give a concrete obstruction: themap from coherent amplitudes to a single-basis
probability histogram is not injective. Their common histogram cannot determine which arithmetic
selection will appear after the Fourier transform.

The guide uses an actual twelve-dimensional Hilbert space. A four-qubit realization would re-
quire a specified embedding and implementation. Neither a gate synthesis nor an efficiency
bound is supplied here.
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Exact data, floating rendering, and formal coverage

Three kinds of evidence support different parts of the guide.
Exact Python data. The source verifier uses integers, rational fractions, and cyclotomic quotient-

ring arithmetic. The release visualization script adds an independent rational-matrix implementation
for all six shell products and completeness, component energy bookkeeping, the unsigned Fourier
table, and the phase-family quarter-turn cases. The assertion counts and hashes are recorded in the
accompanying verification results.

Floating diagnostics. Fourier matrix checks, lane assembly, phase curves, and figure coordinates
use NumPy and Matplotlib. Their residuals are reported against an explicit 10−12 tolerance. Passing
that tolerance is numerical evidence, not exact arithmetic or an interval certificate.

Inherited Lean coverage. The later five-module source contains exact rational and cyclotomic calcu-
lations, normalized finite Fourier statements, and semantic transport into ordinary complex matrices
and state vectors. The Lean guide maps the checked declarations and records the inherited certificate.
This visual release does not claim a fresh Lean compilation.

The script is checks/make_visuals.py. Its final bounded-run manifest and scientific result are in
verification/visual_release_run_v2/. Every scientific figure is supplied as PDF, SVG, and PNG.
No image-generation model was used.
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What the construction establishes

Coprimality, signal filtering, and coherent measurement share a specified exact operator.
For the twelve-sample model, the guide has constructed every ingredient: the primitive-root se-

lector, integer phase-sum signal, rational projector, complementary residual, complete order packets,
normalized states, and alternative measurement probabilities. The retained arithmetic is not inferred
from a suggestive resemblance. It follows from explicit finite Fourier identities.

The phase-erasure example is decisive. Two orthogonal normalized states have identical sample-
basis probabilities. One inverse Fourier transform places all mass on the coprime labels for the signed
state and none there for the unsigned state. Relative phase is therefore an operational part of the real-
ization, not optional decoration.

The construction also states its losses. Projection removes a complementary subspace.Measurement
returns one outcome and generally changes the state. Erasing phase destroys information. Keeping all
complex Fourier coefficients or all polyphase lanes permits exact inversion.

Ramanujan sums, Fourier orthogonality, spectral projection, and the quantum state-vector rules
are classical. The paper’s purpose is their exact integration within Realization Calculus. Efficient
preparation, gate synthesis, incomplete-data recovery, hardware robustness, and broad quantum
advantage require separate results.

Read together. The traditional paper supplies the full derivations and scope. The Lean guide sup-
plies formal declaration contracts and certificate provenance. This guide supplies the exact worked
example and its reproducible geometry.
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Symmetry collapse in quantum
computation

Invariant packets, moving frames, and compressed representations organize quantum evolution.
The treatment keeps the cost of coordinates, updates, andmeasurement alongside the dimension
of the retained state space.
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Foundations of packet simulation

3.1 The symmetry-collapse question

3.1.1 The computational mismatch

An n-qubit pure state has 2n complex amplitudes in the computational basis. That description is uni-
versal but frequently redundant. A number-preserving circuit startedwith two excitations never visits
basis strings of weight zero, one, three, or more. A permutation-symmetric circuit started in a sym-
metric state never distinguishes two strings that differ only by a relabeling of qubits. A quantum walk
on a highly symmetric graphmay evolve entirely in the span of a polynomial number of orbit states. In
each case the full Hilbert space is a valid container but not the intrinsic state space of the computation.

The question is therefore not whether a quantum circuit acts on an exponential ambient space. It
is whether the reachable part of that space, together with the gate action and measurement, has a
polynomial classical representation.

Definition 3.1 (Exact symmetry collapse). A uniform quantum circuit family exhibits an exact sym-
metry collapse when its acceptance probability can be computed by an exact classical simulation on
an invariant representation whose description and update costs are polynomial in the input length.

Definition 3.2 (Approximate symmetry collapse). A uniform circuit family exhibits an approximate
symmetry collapse to error ε(n)when a polynomial-size classical representation reproduces its accep-
tance probability to additive error ε(n), with the error below the promise gap required by the decision
problem.

3.1.2 Four conclusions that must not be conflated

The phrase “symmetry reduction” is used for several logically different achievements.

1. Structural reduction.Aprojector, quotient, or representation-theoretic coordinate change removes
redundant coordinates.

2. Practical acceleration. A concrete implementation uses less time or memory on tested instances.
3. Polynomial classical simulation. A uniform family admits a deterministic polynomial-time clas-

sical algorithm.
4. Universal complexity collapse. Every polynomial-size quantum circuit admits such a representa-

tion.

The first three occur in this monograph for declared subclasses. The fourth would implyBQP ⊆ P
and is not established. A benchmark can support the second conclusion without proving the third.
A small invariant label set can support the first conclusion while leaving exponentially large internal
blocks and therefore failing to prove the third.
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3.1.3 The four audit quantities

For a proposed reduction, define the schematic complexity record

Cn =
(
Npackets, Dinternal, Stransfer, Lleakage

)
.

Here:

• Npackets is the number of reachable symmetry labels.
• Dinternal is the packet dimension or the size of a compressed internal representation.
• Stransfer records the sparsity and cost of gate-induced transitions.
• Lleakage measures departure from the proposed representation.

A complete claim must also state the cost of discovering this structure from the input. A decompo-
sition that is small but exponentially hard to find does not yield a polynomial algorithm.

Proposed quantum circuit family

Efficient invariant packet? Compact internal encoding? Global cross-packet phase?

Packet simulation
possibly in P

Hybrid compressed
simulation

No collapse from
symmetry alone

yes otherwise audit

poly dimension closed updates exponential coherence

Decision tree for symmetry-collapse claims

Every branch still requires an explicit input model, gate-update algorithm, and measurement audit.

Figure 3.1. A disciplined decision tree for proposed symmetry-collapse claims.

3.1.4 Why symmetry is only the beginning

Suppose a groupG acts on theHilbert space and the circuit commuteswith this action. Representation
theory decomposes the space into isotypic pieces. This gives a canonical block structure, but three
questions remain.

First, how many pieces are reachable from the input? Second, how large is each piece or how com-
pactly can its states be encoded? Third, can each gate and measurement be applied in those coor-
dinates without reconstructing the full state? The monograph repeatedly returns to this three-stage
distinction:

symmetry label −→ reachable representation −→ efficient classical algorithm.
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Principle 3.3 (No free collapse). Block diagonality is a structural statement. Polynomial-time classical sim-
ulation requires an efficient basis or encoding, efficient updates, and efficient output evaluation in addition to
the block decomposition.

3.2 Projectors and quantum packets

3.2.1 Orthogonal packet decompositions

LetH be a finite-dimensional Hilbert space and let {Pα}α∈A be orthogonal projectors satisfying

PαPβ = δαβPα,
∑
α∈A

Pα = I.

Every state and operator decompose as

|ψ〉 =
∑
α

Pα|ψ〉, X =
∑
α,β

PαXPβ .

The diagonal blocks act within packets. The off-diagonal blocks transfer amplitude or coherence be-
tween packets.

Define the packet-transfer graph of an operator X by placing an edge β → α whenever

PαXPβ 6= 0.

An exactly symmetry-preserving operator has only diagonal edges. A sparse transfer graph may still
permit efficient simulation if the active packets and internal states remain compact.

3.2.2 Conserved observables

Let
Q =

∑
k

qkPk

be a self-adjoint observable with spectral projectors Pk.

Theorem 3.4 (Invariant quantum packets). If a unitary U satisfies [U,Q] = 0, then

PiUPj = 0 (i 6= j),

and
U =

⊕
i

Ui, Ui = PiUPi
∣∣
PiH

.

If Pk|ψ〉 = |ψ〉, then PkU |ψ〉 = U |ψ〉.
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Proof. Since U commutes with Q, it commutes with every spectral projector obtained from the func-
tional calculus of Q. Thus

PiUPj = UPiPj = 0

for i 6= j. Summing the diagonal blocks gives the direct-sum form. The final statement follows from

PkU |ψ〉 = UPk|ψ〉 = U |ψ〉.

3.2.3 Residue and character packets

Suppose Q has integer spectrum. For a modulusM , define

B(M)
r =

∑
k≡r (mod M)

Pk.

Let
VM = exp

(
2πi

M
Q

)
, ωM = e2πi/M .

Then

B(M)
r =

1

M

M−1∑
`=0

ω−r`
M V `

M . (3.1)

On aQ-eigenvector, the right side is the roots-of-unity filter. The same finite-character formula selects
residue classes in signal polyphase analysis and charge sectors in quantum theory.

3.2.4 Finite-group projectors

Let a finite groupG act unitarily byUg. For an irreducible character χ of degree dχ, the central isotypic
projector is

Pχ =
dχ
|G|

∑
g∈G

χ(g)Ug. (3.2)

Character orthogonality gives
PχPψ = δχψPχ,

∑
χ

Pχ = I

on the represented space. If an operator A commutes with every Ug, then

PχAPψ = 0 (χ 6= ψ).

This framework includes momentum, parity, total spin, point-group symmetry, permutation sym-
metry, and stabilizer syndrome labels. The isotypic projector identifies a symmetry type. It does not
necessarily resolve the multiplicity space within that type.

3.2.5 Nested refinements

If one conserved label is too coarse, intersect commuting projector families. For mutually commuting
observables Q1, . . . , Qs, a joint packet has the form

Pα = P (1)
α1
· · ·P (s)

αs
.
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The dimension can decrease dramatically, but each extra label must be efficiently computable and
preserved. A refinement that requires exponential preprocessing merely relocates the complexity.
Remark 3.5. A packet decomposition is basis independent as an orthogonal direct sum, although a
practical simulator must choose a concrete basis or compressed coordinate system within each active
packet.

3.3 Uniform circuits and the classical cost model

3.3.1 Circuit families

A quantum decision procedure is a polynomial-time uniform family of circuits {Cx}, where the input
string x determines a circuit on n = n(|x|) qubits with at most poly(|x|) gates. Let

Cx = Gm · · ·G1.

A classical simulation theorem must describe an algorithm receiving the same succinct description of
x and the circuit. It is not enough to assume that an exponentially large matrix or a complete orbit list
has already been supplied.

3.3.2 The packet access model

For each input length, suppose there is a packet projector Pn and a basis

Bn = {|b1〉, . . . , |bDn〉}

of PnHn. The simulation interface has four routines.

1. Discovery and indexing. Produce or index Bn in polynomial time.
2. Initialization. Express the initial state in this basis.
3. Gate update. Apply each restricted gate PnGjPn to the packet coordinates in polynomial time.
4. Measurement. Compute the final acceptance probability to the needed precision.

The basis need not be listed explicitly if there is a compact data structure supporting these opera-
tions. Stabilizer tableaux and covariance matrices are examples of representations that encode expo-
nentially many computational-basis amplitudes without storing them individually.

3.3.3 Precision and promise gaps

A BQP decision problem has an inverse-constant promise gap after standard amplification. A deter-
ministic classical simulator need only estimate the acceptance probability to an additive error smaller
than this gap. If the gate entries are algebraic or otherwise polynomial-time computable, ordinary nu-
merical analysis gives polynomial bit complexity for polynomially many updates, provided condition
numbers and error amplification are controlled.

3.3.4 State-vector cost inside a packet

If the simulator stores D amplitudes and a local gate can be applied in O(nD) arithmetic operations,
a depth-d packet simulation has schematic cost

Cpacket = O(dnD) + Ccompile.
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The corresponding full state-vector path is

Cfull = O(dn2n).

These formulas are intentionally schematic. Cache behavior, indexing, vectorization, and basis com-
pilation determine actual runtime. The asymptotic distinction is exact when D is polynomial and 2n

is exponential.

3.3.5 Reuse and amortization

Packet compilation can be expensive. Repeated parameter sweeps, time stepping, variational optimiza-
tion, and repeated likelihood evaluation benefit from cached basis maps and gate plans. A one-shot
simulation can be slower even when each subsequent packet update is much cheaper. The benchmark
chapter preserves both one-shot and repeated-application measurements for this reason.

Scope boundary

A polynomial-dimensional invariant sector does not guarantee a practical speedup at small n.
It guarantees that the state-vector representation within that sector has polynomial asymptotic
size under the stated access assumptions.

3.4 Exact packet simulation and polynomial collapse

3.4.1 Gatewise invariance

LetP be an orthogonal projector and suppose the initial state obeysP |ψ0〉 = |ψ0〉. If every gate satisfies

GjP = PGjP, (3.3)

then Gj maps PH into itself. For a general linear map, this equation asserts only invariance of the
selected subspace. For the finite-dimensional unitary gates considered here, invariance also implies
invariance of the orthogonal complement, so it is equivalent to commutation with P .

Theorem 3.6 (Invariant-basis simulation). Let U = Gm · · ·G1 and assume Equation (3.3) for every gate. If
P |ψ0〉 = |ψ0〉, then

U |ψ0〉 = (PGmP ) · · · (PG1P )|ψ0〉.

In any basis of PH, the restricted circuit gives exactly the same amplitudes after embedding.

Proof. Inductively, if P |ψj−1〉 = |ψj−1〉, then

Gj |ψj−1〉 = GjP |ψj−1〉 = PGjP |ψj−1〉,

so the next state remains in PH. Iterating proves the identity.

3.4.2 Polynomial packet-simulation theorem

Theorem 3.7 (Polynomial packet-simulation theorem). Let {Cx} be a polynomial-time uniform family of
quantum circuits. Suppose there is an efficiently computable packet representation such that:

1. the initial state lies in the represented packet and its coordinates are computable in polynomial time;
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2. every gate preserves the representation;
3. the representation size is at most poly(|x|);
4. each gate update is computable to polynomial precision in polynomial time;
5. the final acceptance probability is computable from the representation in polynomial time.

Then the language decided by the circuit family belongs to P .

Proof. The simulator stores a polynomial-size classical description of the evolving state. It performs
polynomially many polynomial-time gate updates and evaluates the final measurement to inverse-
polynomial precision. Choosing an error smaller than the amplifiedpromise gap yields a deterministic
polynomial-time decision algorithm.

Proved statement

The theorem is a genuine quantum-to-classical complexity collapse for the declared subclass. It
does not assume that a full 2n state vector is ever constructed.

3.4.3 Dimension-only corollary

A convenient special case uses an explicit basis of a packet of dimension Dn.

Corollary 3.8 (Polynomial-dimensional invariant packet). If Dn ≤ poly(n), the packet basis is efficiently
indexed, every gate has a polynomial-time sparse or structured action in that basis, and the measurement is
efficiently evaluable, then the circuit family is classically polynomial-time simulable.

3.4.4 A broader compressed representation

The state description need not be a vector of packet amplitudes. LetRn be a polynomial-size classical
representation class with an embedding into the packet Hilbert space. If initialization, gate updates,
and measurement stay withinRn and are efficient, the same proof applies. This observation will later
combine packet labels with stabilizer, Gaussian, or tensor-network coordinates.

detect
symmetry

build packet
or quotient

compile gate
updates

track leakage
and error

evaluate
measurement

certificate
invariant basis + update rules + error budget + complexity bound

A symmetry-collapse compiler must certify more than block structure

Figure 3.2. A complete collapse certificate includes discovery, update, leakage, measurement, and complexity
information.
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3.5 Approximate symmetry and leakage certificates

3.5.1 Hamiltonian leakage

Exact conservation is not the only useful regime. Let P be an orthogonal projector and let

U(t) = e−itH

for a bounded self-adjoint Hamiltonian H . The leakage operator from the packet is

LP (t) = (I − P )e−itHP.

Theorem 3.9 (Commutator leakage bound). For every real t,

‖(I − P )e−itHP‖ ≤ |t| ‖[H,P ]‖.

Proof. Define
F (s) = e−i(t−s)HPe−isHP.

Then F (0) = e−itHP and F (t) = Pe−itHP . Differentiation gives

F ′(s) = ie−i(t−s)H [H,P ]e−isHP.

Therefore
(I − P )e−itHP = −(I − P )

∫ t

0
F ′(s) ds.

The unitary factors and projectors have norm atmost one, so the integral is bounded by |t|‖[H,P ]‖.

3.5.2 Circuit leakage

For a gate Gj , define
δj = ‖(I − P )GjP‖.

Let Vj = PGjP . A telescoping expansion gives

Gm · · ·G1P − Vm · · ·V1P =

m∑
k=1

Gm · · ·Gk+1(Gk − Vk)Vk−1 · · ·V1P.

Taking norms yields the following.

Proposition 3.10 (Sum-of-leakages bound). For an initial state in PH,

‖Gm · · ·G1|ψ0〉 − Vm · · ·V1|ψ0〉‖ ≤
m∑
j=1

δj .

This is conservative because leakage contributions may interfere destructively. Its value is that it is
composable and can be checked gate by gate.
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3.5.3 Decision-problem consequence

If the packet representation is polynomial, the restricted updates are efficient, and∑
j

δj ≤
1

poly(n) ,

then the approximate packet simulator reproduces the final acceptance probability to inverse-
polynomial accuracy. After ordinary promise-gap amplification, this suffices for a deterministic
polynomial-time decision algorithm.

3.5.4 Adaptive packet enlargement

A practical simulator need not fix one packet forever. It can maintain an active set At of packets, es-
timate transfers PαGtPβ , and add a packet when its predicted mass exceeds a tolerance. The proof
obligation becomes a global accounting identity:

total error ≤ discarded transfer+ numerical error+measurement approximation.

The key research problem is to retain polynomial active size while certifying the tail.
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Analytic certificate: ‖(I− P)e−itHP‖ ≤ |t| ‖[H, P]‖

Symmetry-breaking gates invalidate an un-audited packet restriction

Figure 3.3. Recorded leakage examples and the analytic commutator certificate.

3.6 Moving packets, dynamic frames, and sparse transfer graphs

3.6.1 Why one fixed projector is not the end of the theory

The exact packet theorem in Section 3.4 follows a state inside one fixed subspace. That is sufficient
for a conserved charge, but it is not necessary for classical collapse. A circuit may move through a
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sequence of small subspaces, or it may preserve a small packet only after a time-dependent change of
coordinates. The correct object is therefore a packet schedule, not necessarily one static projector.

Definition 3.11 (Packet schedule). For a circuit

U = Gm · · ·G1

on a Hilbert spaceH, a packet schedule is a sequence of orthogonal projectors

P0, P1, . . . , Pm.

It is exact when
GtPt−1 = PtGtPt−1 (1 ≤ t ≤ m). (3.4)

The condition says that gate Gt maps the currently active packet into the next active packet. The
dimensions may vary with time.

3.6.2 Exact dynamic-packet simulation

Choose isometries
Bt : CDt −→ H, BtB

∗
t = Pt, B∗

tBt = IDt ,

where Dt = rankPt. Define the rectangular coordinate update

Mt = B∗
tGtBt−1. (3.5)

Theorem 3.12 (Exact dynamic-packet theorem). SupposeP0|ψ0〉 = |ψ0〉 and Equation (3.4) holds for every
gate. Put

z0 = B∗
0 |ψ0〉, zt =Mtzt−1.

Then
Gt · · ·G1|ψ0〉 = Btzt

for every t.

Proof. The claim is true at t = 0. If the state after t− 1 gates is Bt−1zt−1, then

GtBt−1zt−1 = PtGtPt−1Bt−1zt−1 = BtB
∗
tGtBt−1zt−1 = BtMtzt−1.

This is Btzt.

Theorem 3.13 (Polynomialmoving-packet collapse). Let {Cx} be a polynomial-time uniform circuit family.
Suppose an exact packet schedule can be produced from x in polynomial time such that:

1. maxtDt ≤ poly(|x|);
2. the coordinate description of the initial state is computable in polynomial time;
3. each rectangular update Mt can be applied to polynomial precision in polynomial time;
4. the final acceptance probability is computable from zm in polynomial time.

Then the language decided by the circuit family belongs to P .

Proof. The simulator stores at most polynomially many coordinates at every step and applies poly-
nomially many polynomial-time updates. Theorem 3.12 proves exactness before numerical rounding.
Polynomial precision below the amplified promise gap gives a deterministic polynomial-time decision
procedure.
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Derived theorem or corollary

A circuit does not need one globally conserved sector. It is enough that the state follow an effi-
ciently discoverable path through polynomial-dimensional sectors.

3.6.3 Moving frames and hidden symmetry

The packet schedule has a useful coordinate form. Let P be one fixed projector and letWt be unitaries
with

Pt =WtPW
∗
t .

In the moving frame, the transformed gate is

G̃t =W ∗
t GtWt−1. (3.6)

The schedule condition is equivalent to

G̃tP = PG̃tP.

Corollary 3.14 (Moving-frame collapse). Suppose a polynomial-time uniform circuit admits efficiently de-
scribed frames Wt for which the transformed gates in Equation (3.6) preserve one fixed polynomial-dimensional
packet, the initial state has efficiently computable coordinates in W0PH, and their restricted matrices and the
transformed final measurement are efficiently computable. Then the circuit family is classically simulable in
polynomial time.

This is the appropriate theorem for a symmetry that changes orientationwith time. Examples to test
include Clifford frames, Gaussian mode frames, rotating spin axes, and gauge-fixed local coordinates.

Scope boundary

The frame must be independently discoverable and efficiently usable. ChoosingWt = Gt · · ·G1

makes the transformed state trivial but is circular: computing that frame is the original simula-
tion problem. The theorem is useful only when the frames have a compact classical description
and their restricted actions can be computed without constructing the full state.
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Time-dependent packets can expose a hidden polynomial representation

laboratory coordinates

P0 P1 P2

G1 G2
large ambient
coordinates

moving coordinates

fixed packet
P

fixed packet
P

fixed packet
P

poly-size
coordinates

̃G1
̃G2

W *
t W *

t W *
t

̃Gt =W *
t GtWt− 1 acts on one fixed polynomial-dimensional packet.

The frame schedule must itself be efficiently discoverable; otherwise the representation is circular.

Figure 3.4. A circuit may fail to preserve one laboratory-frame packet while remaining inside a small packet in a
computable moving frame.

3.6.4 Sparse packet-transfer graphs

Let
I =

∑
α∈Λ

Pα

be an orthogonal packet decomposition. Write the gate blocks as

Gt;βα = PβGtPα.

Starting from an active packet set S0, define recursively

St = {β : ∃α ∈ St−1 with Gt;βα 6= 0} . (3.7)

Corollary 3.15 (Reachable packet-graph collapse). Suppose the packet sets St and nonzero transfer blocks
are computable in polynomial time, and

Dt =
∑
α∈St

rankPα ≤ poly(n)

for every t. If all active block updates and the final measurement are efficiently computable, then the circuit family
is classically polynomial-time simulable.

Proof. Take
Pt =

∑
α∈St

Pα.

The definition of St gives GtPt−1 = PtGtPt−1. Apply Theorem 3.13.

This theorem permits exact sector changes. What matters is not that one charge be fixed, but that
the union of reachable sectors remain polynomial.
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Corollary 3.16 (Bounded-excitation collapse). Consider n qubits and suppose the initial state and every
circuit prefix are certified to lie in

H≤K =

K⊕
k=0

Hn,k

for a fixed constantK. If initialization, the gate actions, and the measurement are computable in polynomial time
in the occupation basis, then the circuit family lies in P , even when individual gates change excitation number.

Proof. The active dimension is
K∑
k=0

(
n

k

)
= O(nK).

Let P project onto H≤K . By the hypothesis on the actual circuit prefixes, Pψt = ψt at every step.
Consequently PGtPψt−1 = Gtψt−1 on the evolving state, even if the gate does not preserve all of PH.
The restricted update therefore reproduces that trajectory exactly. The hypothesis supplies efficient
initialization, updates, and measurement in these polynomially many coordinates.

For example, a fixed-weight input followed by only a constant number of pair-creation or pair-
annihilation events remains in a constant collection of low-weight sectors. Exact number conservation
is therefore stronger than necessary.

A sparse packet graph permits exact sector changes

Loops preserve charge; adjacent arrows change charge by Δk= ±1.

weight k = 0
(n0 )

weight k = 1
(n1 )

weight k = 2
(n2 )

weight k = 3
(n3 )

weight k = 4
(n4 )

reachable union
K
⨁
k= 0

n, k

fixed K
K
∑
k= 0

(nk ) =O(nK)
exact deterministic

polynomial-time simulation

Exact charge conservation may fail while the reachable low-charge union remains polynomial.

Figure 3.5. Sector-changing gates remain classically tractable when the reachable packet graph and total active
dimension stay polynomial.

3.6.5 Approximate dynamic packets

Define the one-step leakage from the scheduled packet by

δt = ‖(I − Pt)GtPt−1‖.

Let
Ĝt = PtGtPt−1.
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Theorem 3.17 (Dynamic sum-of-leakages bound). For an initial unit vector in P0H,∥∥∥Gm · · ·G1|ψ0〉 − Ĝm · · · Ĝ1|ψ0〉
∥∥∥ ≤ m∑

t=1

δt.

For any acceptance operator 0 ≤M ≤ I , the corresponding acceptance probabilities differ by at most

2
m∑
t=1

δt.

Proof. A telescoping expansion inserts Gt − Ĝt at one time. On Pt−1H this difference equals (I −
Pt)GtPt−1, while all other unitary or projected factors have norm at most one. Summing the operator
norms proves the state bound. If ψ and ϕ have norm at most one, then

|〈ψ,Mψ〉 − 〈ϕ,Mϕ〉| ≤ (‖ψ‖+ ‖ϕ‖)‖ψ − ϕ‖ ≤ 2‖ψ − ϕ‖.

Corollary 3.18 (Approximate moving-packet collapse). If the scheduled dimensions and updates are poly-
nomial and ∑

t

δt ≤
1

poly(n) ,

then, after ordinary promise-gap amplification, the circuit family remains deterministically classically simulable
in polynomial time.

The result is conservative but fully composable. It extends the fixed-projector estimate of Section 3.5
to moving frames and changing packet sets.

3.6.6 An adaptive certificate from discarded state vectors

The operator-norm leakage certificate is uniform over every input in a packet. An adaptive simulator
can use a less expensive certificate that follows its actual approximate state. The discarded vector must
be accounted for before any normalization.

Theorem 3.19 (Adaptive discarded-state certificate). Let G1, . . . , Gm be unitary operators on a finite-
dimensional Hilbert space, and let ψ0 = ϕ0 be a unit vector. At each step choose an orthogonal projector Pt,
possibly as a function of the previously computed approximate states. Define

ψt = Gtψt−1, ϕt = PtGtϕt−1, ηt = ‖(I − Pt)Gtϕt−1‖.

Then

‖ψm − ϕm‖ ≤
m∑
t=1

ηt.

For an effect 0 ≤M ≤ I ,

|〈ψm,Mψm〉 − 〈ϕm,Mϕm〉| ≤ 2

m∑
t=1

ηt.

No renormalization of ϕt is performed. The second quadratic form is an unnormalized acceptance estimate.
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Proof. Fix the projectors chosen during the particular run. Put dt = (I − Pt)Gtϕt−1. Subtraction gives
the exact recurrence

ψt − ϕt = Gt(ψt−1 − ϕt−1) + dt.

Since ψ0 − ϕ0 = 0, iteration yields

ψm − ϕm =

m∑
t=1

Gm · · ·Gt+1dt.

Every unitary product preserves norm, so the triangle inequality proves the state estimate. Also
‖ψm‖ = 1 and ‖ϕm‖ ≤ 1 because each projector is contractive. Expanding the difference of the two
quadratic forms and using ‖M‖ ≤ 1 gives the factor two. This proof applies to the chosen run even
when the projectors were selected adaptively.

Example 3.20 (A rational two-step certificate). Take

G =

(
3/5 −4/5
4/5 3/5

)
, P =

(
1 0

0 0

)
, ψ0 = ϕ0 =

(
1

0

)
.

Using G1 = G2 = G and P1 = P2 = P gives

ϕ2 =

(
9/25

0

)
, ψ2 =

(
−7/25
24/25

)
, η1 = 4/5, η2 = 12/25.

The squared state error is 832/625, below (η1 + η2)
2 = 1024/625. The rational validation script checks

these values exactly. The deliberately large tail illustrates a valid but loose certificate, not an efficient
approximation.

The theorem closes global error accounting for any adaptive projection runwhose discarded vectors
or certified norm bounds can be computed. It does not prove that the retained representation stays
polynomial, that the discarded norm is cheap to evaluate, or that a small tail can always be found.
Those are separate algorithmic obligations. This is a written theorem with exact finite controls, not an
additional Lean formalization.
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Exact symmetry families

4.1 Fixed charge and exact-number circuits

4.1.1 Excitation-number packets

For n qubits, define

N̂ =

n∑
q=1

I − Zq
2

.

Its eigenvalues are k = 0, 1, . . . , n. The projector onto Hamming weight k is

Pn,k =
∑
|x|=k

|x〉〈x|,

and
dimPn,kH =

(
n

k

)
.

The decomposition

(C2)⊗n =
n⊕
k=0

Hn,k

recovers the full dimension through
n∑
k=0

(
n

k

)
= 2n.

4.1.2 Number-preserving gates

Single-qubit RZ gates commute with N̂ . A two-qubit exchange rotation acts in the ordered basis
|00〉, |01〉, |10〉, |11〉 as

UXY (θ, ϕ) =


1 0 0 0

0 cos θ −ie−iφ sin θ 0

0 −ieiφ sin θ cos θ 0

0 0 0 1

 .

It rotates |01〉 and |10〉 while fixing |00〉 and |11〉, so it preserves exact Hamming weight.

Corollary 4.1 (Fixed-charge polynomial simulation). For every fixed k, a polynomial-time uniform family
of number-preserving circuits initialized in Hn,k and measured by an efficiently computable observable is clas-
sically simulable in polynomial time, provided the initial weight-k coordinates can be computed efficiently and
each restricted local gate is efficiently applied in that basis.
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Proof. For fixed k,

dimHn,k =
(
n

k

)
= O(nk).

Theweight-k basis is efficiently indexed by k-element subsets. A local number-preserving gate changes
only basis states containing the affected occupation pattern. Apply Theorem 3.7.

4.1.3 Sparse update structure

A one-qubit diagonal phase changes one amplitude at a time. An exchange gate on modes p, q couples
a basis state only to the state obtained by moving one excitation between those modes. Thus every
column of the restricted gate has at most two nonzero entries. For fixed k, the total update cost is
polynomial in n.

4.1.4 Uniformity and input encoding

The fixed-charge corollary assumes k is a fixed constant independent of n. It also applies when k =

O(1) is supplied by the circuit family. If k is written in binary and allowed to scale as n/2, the sector
can become exponential. The theorem is about the dimension and update cost of the actual active
sector, not the name of the symmetry.
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Figure 4.1. Fixed weight and permutation symmetry can be polynomial, while half filling remains exponential.

4.1.5 Observables

Adiagonal observable depending on occupations is immediate. Few-body number-preserving observ-
ables are sparse in the subset basis. More global observables may require additional structure. The
measurement hypothesis in Theorem 3.7 cannot be omitted: a compactly evolved state does not help
if the requested output itself hides exponential work.
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4.2 The exact weight-two benchmark

4.2.1 Purpose and status

The benchmark record compares a full state-vector simulator with a simulator restricted to the exact
weight-two packet. Both use the same local gate arithmetic. The benchmark is not a hardware claim
and not a universal performancemodel. It shows that the exact dimension reduction can translate into
large memory and repeated-application gains in an ordinary implementation.

Recorded computation

At n = 20, the full state has 1,048,576 amplitudes and the exact weight-two packet has 190. The
archived repeated-application gain is 958.8, the one-shot gain is 54.8, and the amplitude-memory
ratio is 5518.8. The recorded relative reconstruction error is zero at the displayed precision.

4.2.2 Recorded table

Table 4.1. Recorded exact-weight-two benchmark.

n full dim. packet dim. apply gain one-shot gain memory gain rel. error

8 256 28 1.11 1.64 9.14 0
10 1,024 45 1.51 2.02 22.8 0
12 4,096 66 2.95 3.98 62.1 0
14 16,384 91 8.55 11.0 180.0 0
16 65,536 120 33.0 36.9 546.1 0
18 262,144 153 131.3 39.1 1,713.4 0
20 1,048,576 190 958.8 54.8 5,518.8 0

4.2.3 What is machine independent

The dimension identity
2n(
n
2

)
is independent of implementation. It predicts an exponential memory advantage for fixed k = 2.
The measured runtime ratio need not equal the dimension ratio. Packet indexing, compilation, sparse
update kernels, allocation, and cache behavior determine the constant factors.

4.2.4 Repeated application versus one shot

Let Ccompile be the cost of constructing the packet basis and restricted gate plans, and let Capply be one
packet application. Reusing the compiled plan R times costs

Cpacket(R) = Ccompile +RCapply.

If the full path costs RCfull, the packet method breaks even when

R >
Ccompile

Cfull − Capply
.
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This is why time evolution, parameter sweeps, variational loops, and repeated likelihood evaluations
are natural applications.
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Figure 4.2. Recorded runtime and memory gains for the exact-weight-two packet.

4.2.5 Independent reconstruction check

The release code generates a random packet state, embeds it in the full Hilbert space, applies the same
RZ and exchange gates through both arithmetic paths, and compares the final states. The representa-
tive checks at (n, k) = (6, 1), (8, 2), (10, 2) produce errors near machine precision.

Scope. The recorded benchmark supports exactness and implementation value for a symmetry-
preserving subclass. It does not show that generic quantum circuits admit comparable reductions.

4.3 Coarse packets and the honest limitation

4.3.1 Parity

The even- and odd-parity packets each have dimension

2n−1.

Parity removes half the state vector. This can produce a useful constant factor, but it does not change
exponential scaling.

A pair-creation rotation mixes |00〉 and |11〉 and therefore changes excitation number by two while
preserving parity. The packet is exact for a parity-preserving circuit, but its internal dimension re-
mains exponential.
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4.3.2 Weight modulo four

A four-qubit rotation between |0000〉 and |1111〉 changes excitation number by four. It can mix exact-
weight sectors while preserving weight modulo four. A single residue packet contains asymptotically
one quarter of all basis states. Again, the reduction is a constant factor.

4.3.3 Half filling

At half filling, (
n

bn/2c

)
∼ 2n√

πn/2
.

The packet is smaller by a polynomial factor, but it remains exponential. At n = 20, the half-filled
packet contains 184,756 amplitudes. The archived repeated-application gain is approximately 7.396,
while the one-shot gain is 0.6529, meaning the packet path was slower in that single-run test after
compilation overhead.

Recorded computation

The half-filled benchmark demonstrates a necessary distinction: dimension reduction can be
exact and useful without yielding polynomial complexity or a one-shot speedup.
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Figure 4.3. Parity and mod-four packets retain an exponential number of basis states.
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4.3.4 Entanglement inside a packet

A small number of symmetry labels does not imply low entanglement. The half-filled packet can
support volume-law entanglement. Tensor-network bond dimension and packet dimension are inde-
pendent resources. A robust simulator should therefore track both

(Dpacket, χinternal),

where χinternal measures the cost of representing the state inside the packet.

4.3.5 The no-label shortcut

A stabilizer syndrome is only a label. A momentum quantum number is only a label. A total charge
residue is only a label. The internal multiplicity space may still contain exponentially many degrees
of freedom. The packet-simulation theorem becomes polynomial only when the complete active rep-
resentation, not merely the label set, has polynomial classical cost.

4.4 Permutation-symmetric circuits and Dicke coordinates

4.4.1 The symmetric subspace

Let the symmetric group Sn act by permuting the n tensor factors. The fully symmetric qubit subspace
is spanned by the Dicke states

|Dk
n〉 =

(
n

k

)−1/2 ∑
|x|=k

|x〉, 0 ≤ k ≤ n.

Its dimension is n+ 1.

Derived theorem or corollary

If the initial state is permutation symmetric with efficiently computable Dicke coordinates, every
gate preserves the fully symmetric subspace, the gate matrices in the Dicke basis are computable
in polynomial time, and the final measurement is permutation invariant and efficient, then the
circuit family lies in P .

Theorem 4.2 (Permutation-symmetric collapse). Under the hypotheses above, an n-qubit circuit can be
simulated using an (n+ 1)-component classical state vector and polynomial-time updates.

Proof. The projector onto the trivial Sn representation has rank n + 1. The Dicke basis is explicitly
indexed by k = 0, . . . , n. Apply Theorem 3.7.
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Permutation symmetry collapses bit strings to Dicke coordinates

0000 |D0
4⟩

0001, 0010, 0100, 1000 |D1
4⟩

six strings of weight two |D2
4⟩

1111 |D4
4⟩

collective gates
act on an (n+ 1)-

dimensional vector

For n qubits, the fully symmetric subspace has basis |D0
n⟩, …, |Dn

n⟩.

Figure 4.4. Computational-basis orbits become Dicke coordinates.

4.4.2 Collective spin operators

Define

Ja =
1

2

n∑
q=1

σ(q)a , a ∈ {x, y, z}.

The operators Ja preserve the symmetric subspace. We use the computational convention σz|0〉 = |0〉
and σz|1〉 = −|1〉. Thus Jz|Dk

n〉 = (n/2 − k)|Dk
n〉. For the following occupation formulas define J+ =

Jx − iJy and J− = Jx + iJy, so that the subscript records increasing or decreasing excitation number
rather than magnetic quantum number. Then

J+|Dk
n〉 =

√
(n− k)(k + 1)|Dk+1

n 〉,

J−|Dk
n〉 =

√
k(n− k + 1)|Dk−1

n 〉.

Thus collective rotations and polynomial functions of collective spin admit banded or structured up-
dates on n+ 1 amplitudes.

4.4.3 Symmetric qudits

For local dimension d, the symmetric subspace has occupation-number basis

(n1, . . . , nd), n1 + · · ·+ nd = n,

and dimension
dimSymn(Cd) =

(
n+ d− 1

d− 1

)
. (4.1)

For fixed d, this is polynomial in n.

Corollary 4.3 (Fixed-local-dimension symmetric qudits). A uniform family of fully symmetric d-level cir-
cuits is classically polynomial-time simulable for fixed d, provided its occupation-basis updates and measurement
are polynomial-time computable.
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Figure 4.5. Symmetric qudit sectors remain polynomial for every fixed local dimension.

4.4.4 What full symmetry excludes

A generic two-qubit gate acting on one selected pair does not preserve the fully symmetric subspace.
Symmetry is preserved by collective gates or by circuits arranged so that the total operation commutes
with all permutations. A gatewise packet simulator requires gatewise invariance, or else it must com-
bine several elementary gates into a symmetry-preserving layer and audit intermediate leakage.

4.5 Schur–Weyl coordinates and total-spin packets

4.5.1 Decomposition

For n qudits of local dimension d, Schur–Weyl duality decomposes

(Cd)⊗n ∼=
⊕

λ⊢n, `(λ)≤d

Uλ ⊗ Vλ,

where Uλ carries an irreducible unitary-group representation and Vλ carries a symmetric-group rep-
resentation. A permutation-invariant operator acts as

A =
⊕
λ

Aλ ⊗ IVλ
.

The label λ can be polynomially short even when the multiplicity space Vλ is exponentially large.
This is a canonical example of the difference between a small packet label and a small active represen-
tation.

4.5.2 Qubit total spin

For qubits, the decomposition may be labeled by total spin j and a multiplicity index. A collective
SU(2) operation acts nontrivially only on the (2j + 1)-dimensional spin factor and as the identity
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on multiplicity. If the initial state and observable are insensitive to multiplicity, the effective dimen-
sion can be small. If arbitrary information is stored in multiplicity, total-spin labeling alone does not
compress it.

Principle 4.4 (Multiplicity audit). A representation-theoretic packet must be recorded as

irrep label + irrep carrier + multiplicity space.

Dropping the multiplicity space is valid only when the dynamics, input, and measurement make it redundant.

4.5.3 Efficient Schur simulation regime

A Schur-coordinate simulation is polynomial when the number of active partitions is polynomial, the
retained carrier and multiplicity dimensions are polynomial or compactly represented, and each gate
has an efficient action in these coordinates. Fully symmetric dynamics is the one-row partition and
therefore the simplest case.

4.5.4 Possible compiler use

A symmetry compiler can detect collective layers, transform them into Schur coordinates, apply small
representation matrices, and transform only when required. The transformation itself must be costed.
In a purely classical simulator, one may never materialize the full Schur transform if the initial state is
already specified by occupation or spin coordinates.

Open program or boundary

A broad Schur-based collapse theorem requires explicit uniform algorithms for active-partition
discovery, multiplicity handling, and local-gate updates. The decomposition alone is not the
algorithm.

4.6 Permutation-invariant mixed states and commutant compression

4.6.1 Why multiplicity can disappear without being discarded

The fully symmetric subspace is only one Schur–Weyl packet. A general permutation-invariant mixed
state can occupy every Schur label while still admitting a polynomial classical description for fixed
local dimension. The reason is that the exponentially large symmetric-group multiplicities occur as
identity factors rather than independent dynamical coordinates.

Let Sn act on
Hn,d = (Cd)⊗n

by permuting tensor factors. Schur–Weyl duality gives

Hn,d ∼=
⊕

λ⊢n, `(λ)≤d

Uλ ⊗ Vλ, (4.2)

where Sn acts trivially on the first tensor factor and irreducibly on Vλ.
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4.6.2 The permutation twirl

Define the twirling channel
Tn(X) =

1

n!

∑
π∈Sn

UπXU
∗
π . (4.3)

Its image is the commutant of the permutation action.

Lemma 4.5 (Invariant observables see only the twirl). If A commutes with every Uπ, then

Tr(Aρ) = Tr
(
ATn(ρ)

)
for every density operator ρ.

Proof. Using cyclicity of the trace and U∗
πAUπ = A,

Tr
(
ATn(ρ)

)
=

1

n!

∑
π

Tr(AUπρU∗
π) =

1

n!

∑
π

Tr(U∗
πAUπρ) = Tr(Aρ).

If a unitaryU and acceptance operatorM are permutation invariant, thenU∗MU is invariant. There-
fore the final probability depends on the input only through its twirl. This permits an observable-
specific collapse even when the original pure input is not itself symmetric.

4.6.3 Exact commutant record

Let
uλ = dimUλ, fλ = dimVλ.

Schur’s lemma gives the following normal form.

Lemma 4.6 (Permutation-invariant state normal form). A density operator ρ commutes with every permu-
tation if and only if it can be written as

ρ =
⊕
λ

pλ ρλ ⊗
IVλ

fλ
, (4.4)

where pλ ≥ 0,
∑

λ pλ = 1, and each ρλ is a density operator on Uλ whenever pλ > 0. The weights pλ and
the unnormalized blocks pλρλ are unique. The normalized block ρλ is unique only when pλ > 0 and is omitted
when pλ = 0.

The complete state record is therefore

{(pλ, ρλ)}λ .

The multiplicity dimension fλ affects normalization and degeneracy, but no fλ × fλ matrix needs to
be stored.

A permutation-invariant unitary has the form

U =
⊕
λ

Uλ ⊗ IVλ
, (4.5)
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and a permutation-invariant measurement operator has the analogous form

M =
⊕
λ

Mλ ⊗ IVλ
.

The output probability is
Tr(MUρU∗) =

∑
λ

pλ Tr
(
MλUλρλU

∗
λ

)
. (4.6)

4.6.4 Polynomial parameter bound

The number of partitions of n with at most d parts is bounded by the number of weak compositions:

#{λ : ℓ(λ) ≤ d} ≤
(
n+ d− 1

d− 1

)
= Od(n

d−1).

The Weyl dimension formula gives

uλ =
∏

1≤i<j≤d

λi − λj + j − i
j − i

= Od

(
nd(d−1)/2

)
. (4.7)

Therefore ∑
λ

u2λ = Od

(
nd

2−1
)
. (4.8)

Theorem 4.7 (Schur-commutant collapse). Fix the local dimension d. Consider a polynomial-time uniform
family of permutation-invariant quantum circuits or channels on n qudits. Suppose:

1. the Schur-block record of the twirled input can be constructed in polynomial time;
2. the induced update on the invariant operator record in Equation (4.4) is computable to polynomial precision

in polynomial time;
3. the final measurement is permutation invariant and its Schur blocks are efficiently computable.

Then the associated decision problem belongs to P .

Proof. Permutation covariance keeps the density operator inside the commutant algebra. By Equa-
tion (4.8), that algebra has polynomial dimension for fixed d. The hypotheses supply polynomial-time
initialization, updates, and measurement on this record. Apply Theorem 6.1.

Derived theorem or corollary

For fixed local dimension, permutation-invariant mixed-state dynamics can be classically poly-
nomial evenwhen the state has support across exponentially large symmetric-groupmultiplicity
spaces. Those multiplicities are exact identity factors in the invariant operator record.

4.6.5 Qubit corollary

For qubits, Schur labels are total spins j. The carrier dimension is

uj = 2j + 1 ≤ n+ 1,
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and there are at most bn/2c+ 1 labels. Hence∑
j

(2j + 1)2 = O(n3). (4.9)

Corollary 4.8 (Permutation-invariant qubit channels). A uniform permutation-covariant qubit channel
family with efficiently computable total-spin block updates, efficiently available twirled input blocks, and a
permutation-invariant measurement is classically simulable usingO(n3) density-matrix parameters, up to con-
stant factors and numerical precision.

Collective Hamiltonians that are polynomial expressions in Jx, Jy, Jz are a basic test class because
their total-spin matrices can be generated directly without constructing the full 2n × 2n operator.

Schur commutant compression removes multiplicity coordinates exactly

full Schur-Weyl blocks

λ1
λ1

possibly exponential

λ2
λ2

possibly exponential

λ3
λ3

possibly exponential

twirl +
Schur's lemma

compressed invariant record

pλ1 ρλ1 I/fλ1

pλ2 ρλ2 I/fλ2

pλ3 ρλ3 I/fλ3

multiplicity spaces may be huge
but appear only as exact identity factors

fixed local dimension d
∑
λ
(dim λ)2 =Od(nd2 − 1)

For qubits, the invariant mixed-state record uses only O(n3) parameters.

Figure 4.6. Permutation-invariant density operators retain the polynomial carrier blocks and replace each possibly
exponential multiplicity space by an exact identity factor.

4.6.6 What this theorem does not cover

The theorem does not make an arbitrary local circuit easy. A gate acting on one selected pair generally
fails to commute with all permutations. An arbitrary input may have Schur blocks that are difficult to
compute from its succinct description. A non-invariant measurement can read information stored in
multiplicity coordinates. Finally, allowing local dimension d to grow with n can make the commutant
record superpolynomial.

The result is therefore a complete collapse theorem for a declared symmetry and access model, not
a claim that Schur–Weyl decomposition alone solves generic many-body simulation.

4.7 Orbit-quotient quantum walks
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4.7.1 Orbit states

Let a group G act by automorphisms on a finite graph with vertex set V . The orbits are O1, . . . ,Or.
Define normalized orbit states

|Oa〉 =
1√
|Oa|

∑
x∈Oa

|x〉.

If the adjacency orHamiltonianH commuteswith the group action, the span of these states is invariant
whenever the partition is equitable.

The quotient matrix is
H̃ab = 〈Oa|H|Ob〉.

Theorem 4.9 (Orbit-quotient collapse). Suppose a uniformly described quantum walk has a polynomial num-
ber r(n) of relevant orbits, an orbit-uniform initial state, an orbit-invariant final measurement, and polynomial-
time algorithms for orbit sizes, quotient entries, initial orbit coordinates, and the restricted final measurement.
For continuous-time evolution, also assume a polynomial bound on |t|‖H̃‖ and efficient entry access to the preci-
sion required by the simulation. Then the walk can be simulated classically in polynomial time by the r(n)×r(n)
quotient dynamics.

Proof. The orbit-state span is invariant. The state is represented by r(n) amplitudes. Polynomial-time
computation of quotient entries and ordinary polynomial-precision linear algebra satisfy Theorem 3.7.

4.7.2 Hypercube example

The n-dimensional hypercube is invariant under coordinate permutations. Its vertex orbits are
Hamming-weight layers 0, 1, . . . , n. In the normalized orbit basis, the quotient adjacency has
couplings

〈k + 1|A|k〉 =
√
(k + 1)(n− k). (4.10)

Thus a walk on 2n vertices initialized at 0n evolves in an (n+ 1)-dimensional subspace.
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Figure 4.7. The hypercube walk collapses to a weighted path of Hamming-weight orbits.
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4.7.3 The succinct-input caveat

If the full graph is supplied explicitly, a polynomial-in-|V | algorithm may still be exponential in the
succinct parameter n. The theorem requires quotient data computable directly from the succinct graph
description. Discovering graph automorphisms or orbit partitions can itself be difficult. For regular
families such as hypercubes, Johnson graphs, association schemes, and Cayley graphs with known
character theory, the quotient is explicit.

4.7.4 Fourier packets

On a cycle, translation characters diagonalize the adjacency operator. The continuous-time walk

|ψ(t)〉 = e−itA|0〉

is a sum of Fourier-character packets. This is the same discrete Fourier transform that appears as a
signal-processing coordinate change, a group-character decomposition, and a quantum basis trans-
formation.

4.8 Few bosons and few fermions

4.8.1 Bosonic occupation space

For N indistinguishable bosons inmmodes, a Fock basis state is an occupation vector

(n1, . . . , nm), n1 + · · ·+ nm = N.

The dimension is
Dboson(m,N) =

(
N +m− 1

N

)
. (4.11)

For fixed N , this is O(mN ).

4.8.2 Fermionic occupation space

For N fermions inmmodes, each mode is occupied at most once and

Dfermion(m,N) =

(
m

N

)
. (4.12)

For fixed N , this is also polynomial inm.

Corollary 4.10 (Few-particle collapse). A polynomial-size number-preserving bosonic or fermionic circuit
with a fixed number of particles is classically polynomial-time simulable if its initial occupation coordinates,
mode-gate updates, and final observable are computable in polynomial time in the occupation basis.

Proof. Use Equations (4.11) and (4.12) and Theorem 3.7.
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Figure 4.8. Fixed-particle bosonic and fermionic sectors grow polynomially with the number of modes.

4.8.3 Gate updates

A number-preserving one-body unitary acts on mode creation operators by

a†i 7−→
∑
j

Ujia
†
j .

A generic dense mode transformation can induce many occupation-basis transitions, but for fixed
N the basis dimension remains polynomial. Local hopping and phase gates are sparse. Few-body
interactions remain polynomial to apply for fixed N , although the exponent can grow with N .

4.8.4 Where the theorem stops

If N scales linearly with m, both dimensions become exponential. The fixed-number symmetry still
reduces the full Fock space, but it does not prove polynomial simulation. Boson-sampling-type inter-
ference also shows that a fixed total particle number is not enoughwhen the particle count itself scales
with input size and the output asks for detailed many-body amplitudes.

Scope boundary

The corollary is a fixed-particle theorem. It is not a claim that general many-boson or many-
fermion quantum dynamics are classically easy.

4.9 Scaling phase diagrams for charge, particles, and local dimension
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4.9.1 Exact sector size is a complexity phase variable

The statement “fixed particle number is polynomial” has a sharp extension. Let the particle number
depend on the system size:

k = k(n).

The explicit-amplitude simulation cost of one fermionic or qubit weight packet is governed by

Dn,k =

(
n

k

)
.

For 1 ≤ k ≤ n, the standard bounds (n
k

)k
≤
(
n

k

)
≤
(en
k

)k
(4.13)

show that the growth changes continuously between polynomial and exponential regimes.
Because (

n

k

)
=

(
n

n− k

)
,

write
r(n) = min{k(n), n− k(n)}.

Theorem 4.11 (Explicit fixed-charge phase diagram). For explicit amplitude storage in a weight-k(n)
packet:

1. the packet dimension is polynomial in n if r(n) = O(1);
2. the packet dimension is superpolynomial whenever r(n)→∞;
3. if r(n) = O(logn), then

Dn,k = 2O((logn)2),

so the explicit packet simulation is quasipolynomial;
4. if r(n) = O(nα) for a fixed 0 < α < 1, then

Dn,k = 2O(nα logn),

which is subexponential;
5. if k(n)/n→ p ∈ (0, 1), then

log2Dn,k = nH2(k(n)/n) +O(logn) = nH2(p) + o(n),

where H2 is binary entropy, and the packet remains exponential.
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Proof. The upper bounds follow from Equation (4.13). If r = O(1), then
(
n
r

)
= O(nr). Conversely,

suppose r →∞ and r ≤ n/2. If r ≤
√
n, then

log
(
n

r

)
≥ r log(n/r) ≥ r

2
logn,

whose ratio to logn diverges. If r >
√
n, then

log
(
n

r

)
≥ r log 2 ≥

√
n log 2,

which also dominates every constant multiple of logn. For the final assertion, pn = k(n)/n stays in a
compact subinterval of (0, 1). Stirling’s formula gives

log2
(

n

k(n)

)
= nH2(pn)−

1

2
log2

(
2πnpn(1− pn)

)
+O(1/n).

The logarithmic term is O(logn), uniformly on that subinterval. Continuity of H2 gives nH2(pn) =

nH2(p) + o(n). Replacing pn by its limit inside an O(logn) estimate would require a convergence rate,
which is not assumed here.

Derived theorem or corollary

For the explicit occupation-amplitude representation, “few particles” means a bounded number
of particles or holes. A slowly growing charge can still improve on full state-vector scaling, but
it no longer guarantees membership in P .

4.9.2 A bounded-excitation hierarchy

The union of the firstK weight sectors has dimension

D≤K(n) =
K∑
k=0

(
n

k

)
.

For fixedK,
D≤K(n) = O(nK).

If K = O(logn), the same union is quasipolynomial. This refines Corollary 3.16: bounded symme-
try breaking preserves polynomial simulation, while logarithmically growing excitation gives a con-
trolled quasipolynomial regime.

4.9.3 Bosonic and fermionic analogues

For N fermions inmmodes,
DF(m,N) =

(
m

N

)
.

For N bosons inmmodes,
DB(m,N) =

(
m+N − 1

N

)
.

The same binomial analysis gives:
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Corollary 4.12 (Few-particle scaling). With the number of modes as the input-size parameter:

1. fixed N gives polynomial explicit-amplitude simulation;
2. N = O(logm) gives quasipolynomial sector size;
3. N = O(mα), 0 < α < 1, gives subexponential sector size;
4. finite-density fermionic sectors remain exponential.

For bosons, the statements hold in the dilute regime with the same occupation-basis access assumptions.

The adjective “polynomial” here refers to the sector dimension and efficient gate action. It does
not assert that every interacting Hamiltonian has efficiently computable matrix elements or that every
compact description remains closed.

4.9.4 Symmetric qudits with growing local dimension

The symmetric d-level subspace has dimension

S(n, d) =

(
n+ d− 1

d− 1

)
.

For fixed d, this is polynomial in n. If d = d(n) grows, the same phase transition appears.

Proposition 4.13 (Growing-local-dimension boundary). In the explicit occupation basis:

1. fixed d gives S(n, d) = O(nd−1);
2. d = O(logn) gives S(n, d) = 2O((logn)2);
3. unbounded d is not covered by the fixed-d polynomial-collapse theorem without an additional internal com-

pression.

Thus permutation symmetry removes the exponential tensor-product multiplicity only when the
number of local levels is controlled, or when the occupation record itself admits a second compression.
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Figure 4.9. The active dimension passes through polynomial, quasipolynomial, subexponential, and exponential
regimes as particle number grows.

4.9.5 Complexity class versus practical runtime

A polynomial sector can still have a large exponent. Fixed k = 20 gives O(n20) explicit amplitudes,
which is in P but may be impractical. Conversely, a subexponential sector may be useful at moderate
size without changing the formal complexity class.

A complete performance claim should therefore report both:

asymptotic class and actual representation size and update cost.

This is why the benchmark chapters keep wall-clock evidence separate from the dimension theorems.

4.10 Stabilizer syndromes and Clifford packets

4.10.1 Syndrome projectors

Let S1, . . . , Sm be commuting Pauli stabilizers with eigenvalues ±1. A syndrome s ∈ {0, 1}m defines

Ps =

m∏
j=1

I + (−1)sjSj
2

.

These projectors are orthogonal and sum to the identity. Syndrome measurement selects one packet,
while recovery applies a syndrome-dependent transfer toward the code packet.
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4.10.2 The syndrome label is not the logical state

If the code encodes k logical qubits, a fixed syndrome packet can have dimension 2k. The syndrome
has onlym bits, but arbitrary logical information remains inside the packet. Syndrome packetization
therefore does not by itself prove efficient simulation.

4.10.3 Tableau compression

Clifford circuits provide a different route. A stabilizer state may occupy exponentially many
computational-basis strings, yet it is represented by a polynomial-size stabilizer tableau. Clifford
gates update the tableau in polynomial time, and Pauli measurements are efficiently computable.
This is an example of the compressed-packet theorem rather than a small-dimensional packet
theorem.

Derived theorem or corollary

Packet labels and internal encoding are complementary. A Clifford circuit restricted to selected
syndromes may be simulated by a tableau augmented with the active syndrome graph, even
when the packet dimensions are exponential.

4.10.4 Non-Clifford residues

A few non-Clifford gates can be handled by stabilizer decompositions, quasiprobability expansions,
or magic-state rank methods. The cost grows with a non-Clifford resource such as stabilizer rank or
robustness. Symmetry packets may reduce the number of relevant branches, but they do not eliminate
the intrinsic cost of the non-Clifford residue.

4.10.5 Error-correction interpretation

The packet view separates three objects:

syndrome label, logical state, recovery transfer.

This separation is useful for compressed simulation of fault-tolerant protocols, but a full complexity
statement must include repeated measurements, classical control, and the size of the logical state.

4.11 Gaussian, fermionic, and matchgate compression

4.11.1 Polynomial covariance representations

Gaussian bosonic and fermionic states are specified by first and second moments rather than by all
Fock-basis amplitudes. A bosonic covariance matrix has size polynomial in the number of modes, and
a fermionic Gaussian state is represented by an antisymmetric Majorana covariance matrix. Gaussian
unitaries act by symplectic or orthogonal transformations:

Γ 7−→ SΓST or Γ 7−→ OΓOT .

This is a compact internal encoding even when the corresponding Hilbert-space packet is exponen-
tially large.
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4.11.2 Hybrid symmetry and Gaussianity

Number conservation, parity, translation symmetry, and point-group symmetry can further block the
covariance matrices. A simulator can therefore combine two reductions:

symmetry packetization+Gaussian internal encoding.

The first removes unreachable sectors. The second compresses states within the remaining sectors.

4.11.3 Matchgate circuits

Nearest-neighbor matchgate circuits have polynomial classical representations through fermionic
Gaussian dynamics. Geometry matters: adding SWAP, fermionic SWAP, long-range gates, or
a non-matchgate resource changes the simulation problem. A symmetry-collapse atlas should
therefore record the gate library and connectivity as part of the model, not as implementation details.

4.11.4 Low-rank non-Gaussian corrections

One research direction is to represent a weakly non-Gaussian state as

ρ =
R∑
a=1

caρ
Gauss
a

with small Gaussian rank R, or as a Gaussian reference plus sparse packet corrections. A polynomial
collapse requires R and the update cost to remain polynomial.

Open program or boundary

Gaussianity is an internal representation class, not a symmetry projector. A complete hybrid
theoremmust prove closure of the chosen compressed class under every allowed gate and bound
the growth of any non-Gaussian residue.

4.11.5 Few-particle versus Gaussian routes

Fixed-particle simulation and Gaussian simulation are independent. A fixed two-fermion state may
be non-Gaussian but live in a polynomial-dimensional sector. A half-filled Gaussian state may live in
an exponential number sector but have a polynomial covariance description. The two-axis model in
Section 6.1 is designed to capture this distinction.
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States, measurements, and open dynamics

5.1 Density operators: populations and coherences

5.1.1 Two packet indices

A pure state uses one packet label. A density operator uses two:

ρ =
∑
α,β

PαρPβ .

The diagonal block PαρPα is population inside packet α. The off-diagonal block PαρPβ is coherence
between packets α and β.

Discarding off-diagonal blocks is not merely a change of coordinates. It is a physical operation such
as dephasing. An exact simulator must preserve all coherence blocks relevant to the final observable.

5.1.2 Hilbert–Schmidt decomposition

Orthogonality of the left-right operator packets gives

‖ρ‖22 =
∑
α,β

‖PαρPβ‖22.

This identity supplies an exact coherence-energy ledger. It can be used to decide which blocks are
large, to audit dephasing, or to bound truncation errors in approximate packet simulations.

5.1.3 Symmetry-preserving unitary dynamics

If U commutes with every packet projector, then

PαUρU
†Pβ = U(PαρPβ)U

†.

The left and right packet labels are preserved. Populations and coherences evolve independently by
their declared labels.

5.1.4 Observable sparsity

For an observableM ,
Tr(Mρ) =

∑
α,β

Tr(PβMPα PαρPβ).

Only operator packets coupled by M contribute. A measurement that is diagonal in the symmetry
labels depends only on populations. A phase-sensitive measurement can require off-diagonal coher-
ences.

84



Quantum and Circuits PART II

right packet

le
ft 

pa
ck

et

Density operator
two packet indices

input packet pair

ou
tp

ut
 p

ac
ke

t p
ai

r

Quantum channel
four packet indices

Populations, coherences, and channel transfer blocks

Figure 5.1. State operators carry two packet indices, while channels act between pairs of packet labels.

5.1.5 Polynomial operator-space collapse

If only polynomially many density blocks are reachable and every block has a polynomial represen-
tation, then mixed-state evolution can also be simulated in polynomial time. The representation size
is not the square of the full Hilbert dimension. It is the total cost of the active left-right blocks.

Derived theorem or corollary

For a polynomial active setAn of packet labels, a density-matrix simulator has at most |An|2 label
pairs. Polynomial-time simulation follows when each active coherence block has a polynomial
classical representation and channel updates remain sparse and efficient.

5.2 Channels, Kraus maps, and Lindblad generators

5.2.1 Four-index transfer

A quantum channel with Kraus operatorsKµ acts by

Φ(ρ) =
∑
µ

KµρK
†
µ.

Relative to operator packets
Pαβ(X) = PαXPβ ,

the channel has blocks
Φγδ,αβ = Pγδ ΦPαβ .

Thus a channel carries four packet labels: an input coherence pair and an output coherence pair.

5.2.2 Symmetry-preserving channels

If every Kraus operator commutes with the symmetry action, the channel is diagonal in the isotypic
labels. More generally, Kraus operators may carry definite charges, producing a sparse selection rule.
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Amplitude damping transfers population between number sectors. Dephasing damps selected off-
diagonal blocks. Particle loss moves weight-k population to weight k − 1.

5.2.3 Lindblad dynamics

A Markovian open system obeys

dρ

dt
= L(ρ) = −i[H, ρ] +

∑
a

(
LaρL

†
a −

1

2
{L†

aLa, ρ}
)
.

Packet selection rules ofH and La determine a sparse directed graph on coherence pairs. If the reach-
able graph and each block representation remain polynomial, a classical integrator can evolve the
reduced system.

5.2.4 Error accounting for truncated channels

Let ΠA project operator space onto an active set of coherence blocks. A reduced evolution uses

LA = ΠALΠA.

The discarded transfer is
(I −ΠA)LΠA.

Duhamel’s formula yields an error bound analogous to the Hamiltonian leakage theorem. The result-
ing estimate depends on the induced norm of the discarded superoperator transfer and the integration
time.

5.2.5 Syndrome-conditioned recovery

Error correction naturally fits the four-index model. Syndrome measurement selects a population
packet, classical processing chooses a recovery, and the recovery transfers the state toward the code
packet. A full simulation must still retain the logical state inside each syndrome sector.

Open program or boundary

Auseful open-system collapse theorem should state the norm, time horizon, packet-discovery al-
gorithm, integration precision, and growth of reachable coherence pairs. Sparsity of a displayed
block matrix is not enough by itself.

5.3 Measurement, conditioning, and classical feedback

5.3.1 Projective measurement

For projectors {Pα}, the probability of outcome α is

pα = Tr(Pαρ),

and the conditioned state is
ρα =

PαρPα
pα
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when pα > 0. Measurement is therefore packet selection followed by normalization.

5.3.2 Branching complexity

Ameasurement-assisted circuit produces a tree of outcomes. Classical simulation is efficient when the
branch distribution can be sampled or summed without enumerating exponentially many relevant
histories. Symmetry can merge histories that lead to the same packet state, but only if the feedforward
policy respects the same equivalence.

5.3.3 Dynamic programming on packet states

Suppose each branch is represented by a pair (α, r), where α is a packet label and r is a compact
internal state. If polynomially many distinct pairs occur at every depth, identical pairs can be merged
and their probabilities added. This gives a dynamic program instead of an exponential branch tree.

Proposition 5.1 (Branch-merging simulation). Suppose a measurement-and-feedback circuit has polyno-
mial depth and polynomially many distinct reachable packet representations at each step. Assume that the initial
representation is efficiently constructible, each representation has a polynomial-time canonical key sufficient for
all future transitions, all successor representations and their transition probabilities can be enumerated in polyno-
mial time, and the final predicate is efficient. Then the final acceptance probability is classically computable to the
requested polynomial precision in polynomial time. The same conclusion holds for any polynomially supported
final output distribution.

Proof. Maintain a probability dictionary over distinct packet representations. Each measurement or
controlled gate updates every entry into polynomially many successors. Merge equal successors. The
dictionary remains polynomial by hypothesis.

5.3.4 Reset and dissipation

Reset is nonunitary but often simplifies a classical representation by removing entropy or closing
branches. Conversely, measurement may expose a classical label while leaving a complex logical state.
The resource value of measurement depends on the target, ancilla convention, and cost function.

5.3.5 Connection to catalytic gate models

The larger gate-set monograph studies temporary excursions into measurement, ancilla, or symmetry-
breaking resources. The present monograph asks a different question: when does the resulting model
remain classically simulable? A temporary resource may shorten a quantum circuit without making
the computation classically easy.

5.4 Block encodings and polynomial operator transforms

5.4.1 Projector block form

A block encoding places a generally nonunitary operator A inside a larger unitary U so that

(〈0| ⊗ I)U(|0〉 ⊗ I) = A

α
.
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With
P0 = |0〉〈0| ⊗ I,

this is the selected block
P0UP0 =

A

α

after identifying the encoded subspace.

5.4.2 Structural connection

The encoded operator is literally a projector block of a unitary. Polynomial transformations of singular
values can be implemented by controlled phase sequences once the block encoding and access model
are available. This makes block encodings a natural part of a projector calculus.

5.4.3 Why block encoding does not imply classical simulation

A block encoding can be efficient on a quantum computer because U is supplied by an oracle or a
succinct circuit. A classical algorithm may not have efficient access to the entries of A, to the block
state, or to the polynomial transform. The selected block may still have exponential dimension.

Scope boundary

The statement “A is a block ofU” is structural. A classical collapse requires a polynomial classical
description of the active encoded state, efficient application of the selected block, and efficient
evaluation of the output.

5.4.4 Symmetry-resolved block encodings

If A commutes with a symmetry group, both the encoded system and the ancilla can be decomposed
into packets. A symmetry-resolved block encodingmay reduce normalization, memory, or simulation
cost for selected sectors. The relevant objects are

PχP0UP0Pψ.

Exact symmetry removes off-diagonal χ 6= ψ blocks. Approximate symmetry yields leakage terms
that must be included in the error budget.

5.4.5 Research direction

A useful classical theorem would identify access models in which the active block has polynomial
packet dimension or a compact internal representation. This could cover structured sparse matrices,
low-rank updates, association-scheme operators, and fixed-particle Hamiltonians.
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The complexity boundary

6.1 Compressed packet simulation

6.1.1 Beyond packet dimension

The small-packet theorem stores one amplitude per packet-basis state. This is not the only classical
representation. A state in an exponentially large packet may lie on a polynomially parameterized
manifold. Stabilizer states, Gaussian states, matrix-product states of bounded bond dimension, and
low-rank operator states are standard examples of compact internal encodings.

LetRn be a class of classical descriptions, and let

decode : Rn → PnHn

associate a quantum state with each description.

Theorem 6.1 (Compressed-packet simulation). A polynomial-time uniform quantum circuit family lies in
P if there is a polynomial-size classical representation satisfying:

1. the initial state has an efficiently constructible description r0 ∈ Rn;
2. every gate induces a polynomial-time update r 7→ Tj(r) with

decode(Tj(r)) = Gj decode(r);

3. all intermediate description sizes remain polynomial;
4. the acceptance probability is computable from the final description in polynomial time.

Proof. Iterate the polynomial-time classical updates on the polynomial-size descriptions and evaluate
the final measurement. The algorithm never reconstructs the full state vector.

6.1.2 Two-axis complexity

The records suggest the pair
(Dpacket, χinternal),

whereDpacket measures active packet size or count andχinternal measures the representation cost inside
the packet. Efficient simulation may follow from either coordinate:

• fixed weight has polynomial Dpacket and can use explicit amplitudes;
• stabilizer states may have exponential support but polynomial χinternal;
• Gaussian states may occupy large number sectors but have polynomial covariance descriptions;
• half-filled generic states may have both coordinates exponential.
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Two independent routes to classical tractability

Figure 6.1. Packet dimension and internal representation cost are independent classical resources.

6.1.3 Hybrid transfer graphs

Suppose packets are nodes of a sparse graph and each node carries an internal representation. A gate
may update a node internally or transfer a compact component to neighboring nodes. The simulation
cost depends on ∑

α∈At

size(rα) + #{nonzero transfers at time t}.

This model combines symmetry selection rules with compact state classes.

6.1.4 Closure is the decisive condition

A compact representation may be destroyed by one gate. Clifford tableaux fail under generic non-
Clifford rotations. Gaussian covariance matrices fail under generic non-Gaussian operations. Low-
bond tensor networks may acquire exponential bond dimension. The theorem therefore requires clo-
sure or a proved polynomial growth bound, not merely a compact initial state.

Principle 6.2 (Representation growth audit). The correct complexity variable is the maximum representa-
tion size reached along the computation, not the size of the initial or final state alone.

6.2 Global interference and the failure of local packet collapse

6.2.1 A different quantum mechanism

Invariant-packet reduction succeeds when large parts of Hilbert space are never occupied or can be
compressed locally. A different regime stores the answer in coherent relations amongmany paths. The
individual amplitudes may be simple, while their signed sum is the computational object.
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6.2.2 Forrelation amplitude

Let f, g : {0, 1}n → {−1, 1} and N = 2n. The circuit with alternating Hadamards and phase oracles
has zero-state amplitude

Φ(f, g) =
1

N3/2

∑
x,y

f(x)(−1)x·yg(y). (6.1)

The circuit does not evaluate the N2 terms separately. It preserves phases and lets them interfere.

uniform
superposition

f(x)
phases

Walsh-Fourier
transfer

g(y)
phases

global
interference

Forrelation stores the answer in coherent relations across exponentially many paths

Φ(f, g) = 2−3n/2∑
x, y
f(x)(−1)x ⋅ yg(y)

Figure 6.2. Forrelation is governed by coherent Fourier transfer rather than a small invariant sector.

6.2.3 Why Fourier structure is not automatically easy

The Walsh transform is explicit and highly symmetric. That does not imply that the bilinear expres-
sion in Equation (6.1) is classically polynomial-time computable when f and g are supplied through
restricted query access. The difficulty lies in the access model and the coherent global relation, not in
the absence of algebraic structure.

6.2.4 Truth tables versus succinct access

If the complete truth tables of f and g are part of the classical input, their length is already N , and an
O(N logN) Walsh transform is polynomial in the explicit input length. In a query or succinct-circuit
model, n is the parameter andN = 2n. The same formula then represents exponentially many values.

This distinction illustrates a general rule: complexity statementsmust bemeasured against the input
encoding. A quotient of exponential dimensionmay be efficient relative to an explicit matrix input but
exponential relative to a succinct circuit input.

6.2.5 Cross-packet coherence

Suppose a projector family gives many packets Pα. Even if each diagonal block is simple, the output
can depend on the phases of

Pα|ψ〉 relative to Pβ |ψ〉

for exponentially many pairs. A simulator that retains only populations

‖Pα|ψ〉‖2
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loses this information. The hard-side invariant must measure classical compression of coherent rela-
tions, not merely active dimension.

Open program or boundary

A representation-independent lower bound on interference compression for an explicit, succinct,
uniform circuit family would be a major complexity result. The packet framework states the
missing object but does not provide that lower bound.

6.3 Simulation complexity versus decision complexity

6.3.1 Why simulator lower bounds are insufficient

Showing that a circuit defeats one simulation strategy does not prove that its decision problem is
outside P . A classical algorithm may compute the answer without reconstructing the quantum state.
It is therefore insufficient to rule out only:

• full state-vector simulation,
• one projector family,
• bounded-width tensor-network contraction,
• path sampling,
• low-rank transfer matrices,
• stabilizer decompositions,
• any fixed catalogue of known simulators.

A proof of P 6= BQP would need a lower bound against every deterministic polynomial-time
classical algorithm for an explicit language.

6.3.2 A representation-relative invariant

For a declared classical representation classR, define

TCR
ε (C) = min {cost(R) : R ∈ R, |R(C)− pC | ≤ ε} ,

where pC is the target acceptance probability. This permits a disciplined ladder:

1. exact polynomial-packet simulation for easy sectors;
2. lower bounds for local packet-query methods;
3. lower bounds for broader tensor, sampling, low-degree, and communication representations;
4. a representation-independent lower bound;
5. a separation of P and BQP .

Only the first step is completed here.

6.3.3 Universal packetization and its consequence

Consider the statement:
Conjecture 6.3 (Universal polynomial packetization). Every polynomial-time uniform quantum circuit
family admits an efficiently discoverable exact or approximate packet representation of polynomial
active size and polynomial transfer complexity, sufficient to compute its acceptance probability.
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If true, Theorems 3.7 and 6.1 would imply BQP ⊆ P , and hence P = BQP . The records do not
establish this conjecture and explicitly identify global interference as an obstacle.

6.3.4 The opposite route

An explicit uniform family with a proved representation-independent classical lower bound and
a polynomial quantum algorithm would establish P 6= BQP . The candidate succinct transfer-
interference problem in the records illustrates the form of such a target, but the required lower bound
is the unresolved theorem itself.

Scope boundary

This monograph proves polynomial classical simulation for declared subclasses. It neither
proves nor assumes a universal collapse of quantum computation.

6.3.5 Nonrelativizing issues

Oracle separations show that query complexity can distinguish quantum and classical access. They
also show why a black-box argument alone cannot settle ordinary P versus BQP . A full separation
would have to use explicit features such as uniform circuit generation, arithmetic structure, algebraic
degree, communication constraints, or another nonrelativizing mechanism.

6.4 Existence defects and quantum combinatorial realizations

6.4.1 Metric collapse and existence collapse

The simulation theorems compare costs of two realizations that both exist. A broader restricted-
realization framework also allows the restricted object to be absent. If

R(x) = ∅, A(x) 6= ∅,

then enlarging the realization category changes feasibility rather than merely runtime.

6.4.2 Quantum Latin-square example

The order-six quantum-Latin-square record supplies an existence-level example. Entangled quantum
Latin squares of order six exist, while mutually orthogonal non-entangled quantum Latin squares of
order six do not. This is an ambient-versus-restricted realization gap, not a proof of classical simulation
and not a gate-count shortcut.

The proof architecture uses support patterns, unitary-pattern constraints, graph orthonormal repre-
sentations, projective-line closure, dimension contradictions, and a finite reduction to twelve classical
Latin-square classes. Its conceptual relevance here is limited but useful: enlarging the allowed quan-
tum resource can change whether a structure exists at all.
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6.4.3 Why this does not imply computational advantage

Existence of an entangled combinatorial design does not by itself provide an algorithmic speedup. One
must still specify an input problem, circuit family, output rule, and classical comparison. Likewise,
nonexistence of a product realization does not prove classical hardness of the entangled realization.

Scope boundary

The quantum Latin-square result is included as a contextual example of restricted-realization
failure. It is not used as a premise in any packet-simulation theorem.

6.4.4 Unified terminology

For a target x, let cres(x) and camb(x) be minimum costs, with +∞ assigned when a realization does
not exist. Then

∆(x) = cres(x)− camb(x)

includes both finite metric defects and infinite existence defects. Symmetry collapse concerns the spe-
cial case where the ambient quantum description has a cheaper classical realization because its reach-
able representation is compressed.
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Algorithms and open directions

7.1 Architecture of a symmetry-collapse compiler

7.1.1 The five-stage pipeline

A practical compiler must perform more than symbolic block diagonalization.

1. Detect exact or approximate symmetries.
2. Construct an invariant basis, orbit quotient, or compact internal representation.
3. Compile each gate into that representation.
4. Track leakage, truncation, and numerical error.
5. Evaluate the requested measurement and emit a complexity certificate.

detect
symmetry

build packet
or quotient

compile gate
updates

track leakage
and error

evaluate
measurement

certificate
invariant basis + update rules + error budget + complexity bound

A symmetry-collapse compiler must certify more than block structure

Figure 7.1. A symmetry-collapse compiler and its required certificate.

7.1.2 Symmetry detection

Detection may use declared conserved quantities, commutators, finite-group generators, graph au-
tomorphisms, stabilizer relations, occupation conservation, or numerical approximate symmetries.
Exact symbolic detection is preferable when available. Numerical detection must specify tolerances
and how they propagate.

7.1.3 Basis construction

Examples include:
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• subset indexing for fixed weight,
• occupation vectors for bosons,
• Dicke states for full permutation symmetry,
• Schur coordinates for broader permutation symmetry,
• orbit states for graph walks,
• stabilizer tableaux,
• fermionic or bosonic covariance matrices,
• matrix-product states for bounded entanglement.

The compiler should avoid materializing an exponentially large change-of-basis matrix. It needs
direct indexing and update formulas.

7.1.4 Gate plan caching

For a repeated circuit family, compile a packet plan containing affected index pairs, sparse matrix
blocks, phase tables, and quotient couplings. The plan can be reused across parameter values when
the sparsity pattern is fixed.

7.1.5 Fallback and adaptive enlargement

If a gate leaks from the current representation, the compiler can reject the reduction, merge packets,
add neighboring sectors, or switch internal representations. The choice must preserve a certified error
budget.

7.1.6 Output certificate

A useful machine-readable certificate should include:

• the symmetry or invariant-subspace proof,
• active dimensions or representation sizes,
• gate update complexity,
• leakage or approximation bounds,
• measurement complexity,
• benchmark and hardware metadata,
• the final complexity conclusion and its scope.

7.2 Benchmark and validation protocol

7.2.1 Fair comparison

A packet simulator and a full simulator should use the same precision, gate parameters, initial state,
observable, and arithmetic path wherever possible. Report compilation separately from repeated ap-
plication.

7.2.2 Required metrics

A complete benchmark should report:

1. full and reduced dimensions,

96



Quantum and Circuits PART II

2. packet-discovery and compilation time,
3. one-shot runtime,
4. repeated-application runtime,
5. peak memory,
6. reconstruction or observable error,
7. symmetry leakage,
8. hardware and software versions,
9. number of repetitions over which compilation is amortized.

7.2.3 Algebraic and numerical validation paths

For manageable n, embed a random packet state into the full space, apply identical gates in both
representations, and compare final states. The included numerical validation program performs this
check for structurally invariant fixed-weight circuits using complex floating-point arithmetic, with
reconstruction tolerance 2 · 10−12. The separate rational validation uses exact fractions and rational
orthogonal gates. Exact subspace invariance is a property of the model, while near-machine-precision
agreement is numerical evidence about this implementation.

7.2.4 Scaling studies

A scaling plot should include both fine packets and coarse packets. Fixed weight two demonstrates
polynomial dimension. Parity demonstrates a constant-factor packet. Half filling demonstrates an ex-
ponential packetwith a polynomialmemory reduction factor. These controls prevent overinterpreting
a speedup as a complexity collapse.

7.2.5 Leakage tests

Deliberately append a gate that breaks the proposed symmetry and verify that the simulator detects
nonzero leakage. The archived tests break exact weight, parity, and weight modulo four, producing
retained probabilities below one. A simulator that reports zero error after a symmetry-breaking gate
without enlarging its representation is incorrect.

7.2.6 Reproducibility contract

The release preserves:

• the benchmark JSON data,
• the Python figure generator,
• packet and gate utilities,
• exact rational checks and separately labeled numerical validation tests,
• LaTeX source,
• deterministic build commands,
• checksums of final artifacts.

Recorded computation
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The release validation reproduces fixed-weight basis dimensions, residue partitions, symmet-
ric/bosonic/fermionic dimension formulas, hypercube quotient symmetry, and full-vs-packet
state reconstruction near machine precision.

7.3 Atlas of candidate symmetry collapses

Fixed charge and
few particles

Permutation symmetry
and Schur coordinates

Orbit-quotient
quantum walks

Stabilizer and
Clifford packets

Gaussian and
matchgate hybrids

Approximate symmetry
and adaptive packets

Open systems and
channel packets

Global interference
and lower bounds

Symmetry-collapse compiler
packet discovery + update + certification

Research atlas for quantum-to-classical collapse

The central task is not to find a symmetry label but to build an efficient, certified representation.

Figure 7.2. The main theorem and implementation directions organized around one certified compiler.

7.3.1 High-confidence theorem families

Table 7.1. High-priority collapse families.

Family Compression mechanism Decisive condition

Fixed charge k = O(1) Explicit subset basis of size
(
n
k

)
Number-preserving gates and
efficient measurement

Permutation-symmetric
qubits

Dicke basis of size n+ 1 Collective or
permutation-invariant
dynamics

Symmetric qudits, fixed
d

Occupation basis
(
n+d−1
d−1

)
Efficient occupation-space
updates

Polynomial-orbit walks Quotient Hamiltonian on orbit
states

Succinct quotient entries and
orbit-invariant input/output

Few bosons or fermions Fixed-particle occupation basis Fixed particle number and
efficient few-body updates
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Family Compression mechanism Decisive condition

Stabilizer circuits Tableau representation Clifford closure and efficient
Pauli measurement

Gaussian circuits Covariance representation Gaussian closure and efficient
observable evaluation

7.3.2 Hybrid theorem targets

The strongest new classes may combine several resources:

• charge packets plus Gaussian covariance,
• permutation packets plus bounded-bond tensor networks,
• stabilizer tableaux plus a small syndrome transfer graph,
• orbit quotients plus Fourier diagonalization,
• adaptive approximate packets plus rigorous leakage accounting.

7.3.3 Negative controls

A research atlas should preserve cases that do not collapse:

• parity alone,
• weight modulo a fixed constant,
• half filling with generic internal states,
• a syndrome label with exponentially many logical qubits,
• a block encoding without classical access,
• global phase interference without a compact representation.

7.3.4 Priority order

The recommended sequence is:
1. implement the Dicke and orbit-quotient simulators;
2. combine fixed charge with Gaussian and stabilizer encodings;
3. develop adaptive leakage-certified packet growth;
4. build open-system four-index packet compilers;
5. search for broader representations of global interference;
6. separate simulator-specific lower bounds from decision-problem lower bounds.

7.4 Open problems

7.4.1 Efficient hidden-symmetry discovery

Question 7.1. Which uniform circuit families have polynomial-dimensional invariant subspaces that
can be discovered in polynomial time from the circuit description?

A nonconstructive invariant subspace does not yield an algorithm. The problem includes sym-
bolic commutant computation, graph-orbit discovery, representation decomposition, and approxi-
mate invariant-subspace detection.
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7.4.2 Moving-frame discovery

Question 7.2. Which circuit families admit efficiently computable frames Wt that expose one fixed
polynomial packet even though no fixed laboratory-frame symmetry is preserved?

The theorem is exact, but the discovery problem is the substance. Useful frames must have compact
descriptions and restricted gatematrices that can be generatedwithout solving the original simulation
problem.

7.4.3 Permutation-commutant compilers

Question 7.3. For which succinct permutation-invariant Hamiltonians and channels can all Schur-
commutant block updates be generated in polynomial time without explicitly performing the full
Schur transform?

The parameter count is polynomial for fixed local dimension. The remaining algorithmic issue is
efficient block access.

7.4.4 Dynamic packet graphs

Question 7.4. Can local selection rules guarantee polynomial growth of the reachable packet graph for
polynomially long circuits with weak but repeated symmetry breaking?

Bounded excitation gives one exact theorem. Broader results may require locality, energy penalties,
or cancellation of packet-transfer paths.

7.4.5 Minimal packet complexity

Question 7.5. Given a circuit and error tolerance ε, what is the minimum active representation size
among all efficiently applicable exact or approximate packet decompositions?

This optimization should include internal encoding and transfer sparsity, not only projector rank.

7.4.6 Adaptive leakage

Question 7.6. Can one prove polynomial active packet growth for physically local Hamiltonians with
weak symmetry breaking over polynomial time?

The commutator bound is local in time and often conservative. Stronger bounds may use energy
gaps, locality, Lieb–Robinson estimates, or destructive interference among leakage channels.

7.4.7 Permutation and Schur compilers

Question 7.7. Which noncollective but globally permutation-invariant circuit layers admit sparse
Schur-basis updates without constructing the full Schur transform?

7.4.8 Orbit quotients under succinct access

Question 7.8. For which succinct graph families are orbit counts, orbit sizes, and quotient couplings
computable in polynomial time without enumerating the graph?
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7.4.9 Hybrid Gaussian and packet methods

Question 7.9. Can a polynomial number of non-Gaussian packet corrections be maintained on top of
a Gaussian reference for broad interacting few-particle dynamics?

7.4.10 Open systems

Question 7.10. When does the number of reachable population and coherence blocks remain polyno-
mial under a local Lindblad generator?

7.4.11 Universal packetization

Question 7.11. Is every polynomial-size quantum circuit classically compressible by some efficiently
discoverable representation of polynomial size?

A positive answerwould implyP = BQP . The record does not support this as a universal empirical
principle.

7.4.12 Interference lower bounds

Question 7.12. Can one prove an explicit representation-independent exponential lower bound for the
classical cost of the coherent interference needed by a uniform BQP language?

This is the hard-side frontier. Lower bounds against one simulator family are intermediate results,
not the final theorem.

Open program or boundary

The most achievable next theorem is not a universal complexity result. It is a complete com-
piler theorem for one new symmetry family, with explicit discovery, update, measurement, and
leakage algorithms.

7.5 Conclusion
The quantum state vector is a universal coordinate system, not always the computationally intrinsic
one. Conserved charges, finite-group representations, permutation orbits, few-particle sectors, and op-
erator packets can exposemuch smaller dynamics.When the packet is efficiently discoverable, polyno-
mial in size, closed under the gates, and compatible with themeasurement, the quantum computation
collapses exactly to a deterministic classical polynomial-time simulation.

The strongest current examples are concrete. Fixed charge at constant particle number is polynomial.
Exact charge conservation is not necessary: moving packet schedules, efficiently computable moving
frames, and bounded unions of low-excitation sectors also collapse to polynomial classical simula-
tion. Fully symmetric fixed-local-dimension dynamics is polynomial. A stronger mixed-state theorem
compresses all permutation-invariant Schur sectors into a polynomial commutant record, with O(n3)

density-matrix parameters for qubits under efficient block access. Polynomial-orbit walks are polyno-
mial under quotient-access hypotheses. Few-particle bosonic and fermionic systems are polynomial
under efficient updates, while growing particle number gives a sharp progression through quasipoly-
nomial, subexponential, and exponential sector sizes. Stabilizer and Gaussian representations show
that an exponential packet can also be easy when its internal states admit compact closed coordinates.
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Recorded number-conserving benchmarks show large memory and repeated-application gains with
zero reconstruction error at the recorded precision.

The boundaries are equally sharp. Parity, modulo-four charge, and half filling do not generally
change exponential scaling. Entanglement can remain hard inside one packet. A syndrome label does
not compress logical information. A block encoding does not provide a classical access model. Global
Fourier interferencemay be fully structured yet resist small packetization. Symmetry collapse is there-
fore not a slogan that all quantum computation is classical. It is a theorem architecture for identifying
substantial subclasses that are.

The core research invariant is the complete classical representation record(
discovery cost, Npackets, Dinternal, Stransfer, Lleakage,measurement cost

)
.

A future compiler that computes and certifies this record can decide when the full state vector is
unnecessary, when a hybrid representation is preferable, and when symmetry alone is insufficient.
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Catalytic gate set distortion

A restricted realization can be compared with an ambient implementation that leaves the restric-
tion and returns. The resulting savings depend on the gate alphabet, resource convention, and
cost assigned to each step.
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General theory of temporary escape

8.1 Nested gate models and distortion invariants

8.1.1 Why a separate theory is needed

A target transformation often belongs to a visibly structured class even when the machine used to
realize it is capable of much more. A lower-triangular linear transformation may be synthesized by
an unrestricted CNOT network. A diagonal unitary may be realized by a non-diagonal Clifford+T
circuit. A charge-preserving unitary may be compiled by gates that temporarily visit other charge
sectors. A Gaussian target may be realized by a circuit that briefly uses a non-Gaussian primitive.
These situations share a question that is not answered by ordinary exact synthesis:

How much does it cost to require the entire path of a computation to retain the structure
possessed by its endpoint?

The distinction is path dependent. It is not determined only by membership of the final target in a
subgroup, a subcategory, or a model class.

Ambient model G

Restricted model H

The target U belongs to H.

e U

restricted path

ambient path
may leave H
and return

Nested gate alphabets and fixed costs give ℓamb(U) ≤ ℓres(U).
Path geometry is schematic and does not measure gate count.

Figure 8.1. A restricted model inside an ambient model. The target lies in the restricted class, while an ambient
implementation may leave it temporarily and return. Each gate family requires its own specified inclusion
and costs.
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8.1.2 Exact gate models

Definition 8.1 (Gate model). An exact gate model is a tuple

M = (X ,S, c, ◦),

where X is a set of states or morphisms, S is a specified family of elementary generators, c : S → R≥0

is a cost function, and ◦ is the composition law. A word

w = sL · · · s1

has cost

c(w) =

L∑
j=1

c(sj).

For a target U ∈ X , the exact synthesis cost is

ℓM(U) = inf{c(w) : w = U}.

The value is +∞when the target has no realization.

The composition law may be group multiplication, composition of permutations, composition of
quantum channels, tensor-network contraction, or composition in a dagger symmetric monoidal cat-
egory. The additive cost may count all gates, only entangling gates, only non-Clifford gates, weighted
error, or a vector of several resources. Depth fits this additive model by taking admissible parallel
layers as generators, rather than charging one unit to each individual gate.

Definition 8.2 (Nested realization pair). A nested realization pair consists of restricted and ambient
models

Mres ⊆Mamb

with a common target class T of finite ambient cost and the same cost on common generators. For
U ∈ T , define

ℓres(U) = ℓMres(U), ℓamb(U) = ℓMamb(U).

The additive defect is
∆(U) = ℓres(U)− ℓamb(U).

When both costs are finite, ∆(U) is a metric or optimization defect. If ℓres(U) = +∞ and ℓamb(U) <

+∞, it is an existence defect. This convention unifies finite gate savings with the failure of a restricted
realization category.

Proposition 8.3 (Monotonicity). For every target in the common domain,

ℓamb(U) ≤ ℓres(U).

Consequently ∆(U) ≥ 0 whenever both models use the same nonnegative cost on their common generators.

Proof. Every restricted word is also an ambient word.

8.1.3 Cost models are part of the theorem

A gate-set comparison is incomplete until the cost convention is fixed. The same pair of groups can
display a defect under entangling count and no defect under total primitive count. A SWAP gate may
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be primitive, may cost three CNOTs, or may be implemented by physical motion. A local Clifford may
be free in a fault-tolerant resource estimate and nonfree in a pulse-level model.

Definition 8.4 (Resource vector). Let

c(s) = (c1(s), . . . , cr(s)) ∈ Rr≥0

be the resource vector of a gate. The achievable resource region of a target is

PM(U) =


L∑
j=1

c(sj) : sL · · · s1 = U

 .

Its nondominated points form the Pareto boundary.

For a weight vector λ ∈ Rr≥0, scalarization gives

ℓλM(U) = inf
x∈PM(U)

λ · x.

The scalar defect ∆λ(U) can vary with λ even when the target and gate alphabets are fixed.
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Figure 8.2. Restricted and ambient Pareto regions can differ without one model dominating by the same amount
under every resource weighting.

Principle 8.5 (Model specificity). Every claimed shortcut must state the target class, elementary gate alphabet,
ancilla convention, exact or approximate synthesis criterion, and cost vector. Changing any one of these may
remove, create, or reverse a defect.
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8.1.4 Ancilla and restoration conventions

Temporary workspace is meaningful only after its restoration rule is specified.

Definition 8.6 (Ancilla conventions). An ancilla is

1. clean if it begins in a specified state and must return to that state,
2. borrowed or dirty if its initial state is arbitrary but must be restored,
3. consumable if restoration is not required,
4. catalytic if it is restored while enabling a cheaper realization of the target.

The present theory focuses on restoration. If an auxiliary resourcemay be discarded, the comparison
becomes a different channel or isometry synthesis problem.

8.1.5 Worst-case and threshold functions

For a size parameter n, let Tn denote the target family.

Definition 8.7 (Extremal distortion). Define

Dn = sup
U∈Tn

∆(U)

and, when 0 < ℓamb(U) <∞,

Rn = sup
U∈Tn

ℓres(U)

ℓamb(U)
.

The first defective size is
τ = min{n : Dn > 0}.

We set a threshold to +∞when its defining set is empty.

Several threshold notions should not be conflated:

τmetric = min{n : ∃U, 0 < ∆(U) <∞},
τexist = min{n : ∃U, ℓres(U) =∞, ℓamb(U) <∞},
τq = min{n : ∃U, ℓ≤q(U) < ℓ≤0(U)},

where ℓ≤q permits at most q ambient-only gates. A model may have an early metric threshold and a
later existence threshold, or no threshold at all.

8.1.6 Equivalence, orbits, and classification

A finite census should be quotiented by transformations preserving both gate models and the cost.
Depending on the problem, these may include wire permutations, local Clifford conjugation, isotopy,
simultaneous row and column relabeling, or graph automorphisms.

Definition 8.8 (Cost-preserving equivalence). Targets U and V are equivalent if an automorphism φ

of the ambient realization system satisfies

φ(U) = V, φ(Sres) = Sres, φ(Samb) = Samb,

and preserves the gate costs.
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Under this equivalence, both lengths and the defect are orbit invariants. A useful threshold theorem
should classify minimal defective orbits, not merely list raw matrices.

8.1.7 Approximate synthesis and border defects

For continuous gate models, exact word length can differ from the minimum length achievable as a
limit.

Definition 8.9 (Border cost). Let WL be the topological or Zariski closure of targets realizable with
cost at most L. The border cost is

ℓ(U) = inf{L : U ∈ WL}.

The border defect is
∆(U) = ℓres(U)− ℓamb(U).

This is the circuit analogue of the distinction between tensor rank and border rank. An exact defect
can disappear under degeneration, persist, or become larger after approximation changes the relevant
cost geometry.

8.1.8 Metric and existence defects in one category

Let Cres ⊆ Camb be categories with weighted generatingmorphisms. For a morphism f in the restricted
target class, the same definition

∆(f) = cres(f)− camb(f)

includes group-word metrics, adaptive quantum channels, tensor-network realizations, and orthog-
onality designs. This categorical form is essential when the ambient model permits measurement,
branching, postselection, or entangled objects that do not lie in a common group.

Scope boundary

The abstract definition does not prove that a defect exists. It provides a common language in
which a finite search, a symbolic identity, and a lower-bound certificate can be comparedwithout
changing the meaning of the target or the cost.

8.1.9 A standard theorem package

A mature gate-set distortion result should contain as many of the following components as the model
allows:

1. a precisely defined nested gate pair and cost vector,
2. a smallest defective target or a no-defect theorem below a threshold,
3. an explicit ambient word,
4. a restricted lower-bound certificate,
5. classification modulo cost-preserving equivalence,
6. a reusable catalytic normal form,
7. direct-sum, recursive, or tensor amplification,
8. generic-rigidity or sparsity results,
9. a certificate-producing implementation,

10. a clear account of which statements are symbolic, computed, or conjectural.

108



Quantum and Circuits PART III

The remainder of the monograph follows this package.

8.2 Catalytic holonomy, excursion geometry, and resource reuse

8.2.1 Subgroup metrics and Schreier loops

Assume first that the restricted and ambient models are groups

H = 〈SH〉 ≤ G = 〈SG〉.

For h ∈ H , the intrinsic and ambient word metrics are

ℓH(h) = |h|SH
, ℓG(h) = |h|SG

.

In the group-metric statements, the generating alphabets are symmetric and a generator and its inverse
have equal cost. The quotient geometry is the left Schreier graph G/H , with edges gH 7−→ sgH . For
the base-fiber assertion below, assume also SH = SG ∩ H . This last condition excludes additional
ambient primitives that already lie in H but have no equally cheap restricted realization.

Theorem 8.10 (Holonomy-compression identity). Let every generator have unit cost. For h ∈ H , ℓG(h) is
the minimum length of a based loop in G/H whose lifted word has holonomy h. The intrinsic length ℓH(h) is
the minimum length among loops that remain in the base fiber.

Proof. An ambient word sk · · · s1 = h projects to the loop

H, s1H, s2s1H, . . . , hH = H.

Conversely, a based Schreier loop has product in H . If every prefix lies in H , each edge label is the
product of two elements ofH and belongs to SG∩H = SH . Conversely every restricted word remains
in the base fiber. Minimizing the labeled words with endpoint h gives the two asserted lengths.

Thus
∆H↪→G(h) = intrinsic fiber cost− shortest holonomy loop cost.

This is the geometric content of a dirty-workspace shortcut.

8.2.2 The basic conjugation inequality

Let g ∈ G and k ∈ H satisfy gkg−1 ∈ H . Then

ℓG(gkg
−1) ≤ 2ℓG(g) + ℓH(k).

Define the intrinsic conjugation stretch

Stretchg(k) = ℓH(gkg
−1)− ℓH(k).

Proposition 8.11 (Catalytic stretch criterion). If

Stretchg(k) > 2ℓG(g),

then gkg−1 has positive defect.
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restricted
state

open g reuse carrier
h_1,...,h_m close g^{-1}

target U in H

leave H return

best path constrained to H

Catalytic escape: a short ambient loop realizes expensive restricted holonomy

gain = restricted cost - [2 cost(g) + middle cost]

Figure 8.3. A catalytic excursion leaves a restricted fiber, reuses an ambient state, and returns with nontrivial
holonomy.

The opening and closing cost is paid once. Every useful consumer inside the excursion contributes
to the stretch.

8.2.3 Many consumers and catalytic excess

Suppose the middle word is
k = hm · · ·h1, hi ∈ H.

The ambient word
ghm · · ·h1g−1

has cost at most
2c(g) +

∑
i

c(hi).

If the restricted images ghig−1 require costs ri and a lower-bound invariant proves that their obliga-
tions cannot be shared, then

ℓH(gkg
−1) ≥

∑
i

ri.

A sufficient inequality is ∑
i

(ri − c(hi)) > 2c(g).

The left side is the gross catalytic benefit. The right side is the restoration cost.

Definition 8.12 (Catalytic excess). For a normal form with r matched excursions and C useful cross
interactions, define

E = C − 2r

when each consumer contributes one unit and each opening or closing costs one unit.
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Positive excess is necessary in the simplest transvection model, but it is not sufficient. An all-cross
configuration may admit a mirror word of equal restricted length. Temporal asymmetry or phase
holonomy is also required.

8.2.4 Excursion budgets

Counting ambient-only gates is only one measure of how far a circuit leaves its restricted model.

Definition 8.13 (Excursion profile). For a circuit pathX0, X1, . . . , XL, an excursion profilemay include

1. the number q of ambient-only gates,
2. the maximum Schreier distance d(XtH,H),
3. the rank of a forbidden block,
4. the bandwidth of a forbidden dependency,
5. the number of simultaneously open catalytic intervals,
6. the intersection graph of those intervals,
7. the maximum algebraic degree created temporarily,
8. the maximum ancilla dimension or branch count.

The established linear family shows that a rank-one, bandwidth-one excursion using exactly two
forbidden gates can save linearly many operations. Thus geometric excursion size need not control
computational benefit.

8.2.5 Catalytic interval geometry

Associate to every matched opening and closing operation an interval

Ij = [t
open
j , tclosej ].

The family of intervals can be disjoint, nested, laminar, or crossing.

Principle 8.14 (First higher-order frontier). Independent or disjoint intervals often reduce to additive copies
of a one-catalyst analysis. Crossing intervals are the first place where one dirty resource can alter another and
where a multiplicative distortion larger than the clean one-carrier value may occur.

Define the catalytic width
wcat = max

t
#{j : t ∈ Ij}.

One may then study
D(w)
n = max

U

(
ℓres(U)− ℓ(w)amb(U)

)
,

where the ambient circuit has width at most w. The unitriangular snapshot family gives D(1)
n = Ω(n)

in its corresponding interval model.

8.2.6 Four recurrent catalytic mechanisms

Basis-change catalysis

An ambient gate g changes the frame in which several restricted operations are cheap:

hi 7→ ghig
−1.
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Hadamard and Fourier transforms are the basic quantum examples. The frame is restored at the end.

Commutator catalysis

An ambient commutator creates a new direction:

[g, h] = ghg−1h−1.

For continuous controls,
eεXeεY e−εXe−εY = eε

2[X,Y ]+O(ε3).

The desired effective generator may lie in the restricted algebra even though the path does not.

Degree catalysis

A Toffoli, CCZ, or non-Gaussian gate can create higher algebraic degree or higher moments temporar-
ily. If the nonlinear object is reused and canceled, the final target may remain affine, diagonal, or
Gaussian.

Branch and workspace catalysis

Ancillas,measurements, reset, teleportation, and classical feedforward enlarge the realization category.
The resource is a temporary branch, subsystem, or borrowed state rather than a group element.

8.2.7 When defects are impossible

A useful positive theorem is a criterion guaranteeing geodesic convexity.

Proposition 8.15 (One-Lipschitz retraction criterion). Suppose there is a group homomorphism π : G →
H with π|H = idH such that every ambient generator s ∈ SG satisfies

ℓH(π(s)) ≤ c(s).

Then
ℓH(h) ≤ ℓG(h)

for every h ∈ H , hence the two metrics agree on H .

Proof. For an ambient word h = sL · · · s1, multiplicativity gives h = π(h) = π(sL) · · ·π(s1). Subad-
ditivity and the generator bounds give ℓH(h) ≤

∑
j c(sj). Taking the infimum over ambient words

proves the claim.

The unitriangular counterexample proves that no such generator-wise one-Lipschitz retraction ex-
ists for the lower transvection model inside the all-transvection model.

8.2.8 Weighted restoration and phase transitions

Let every restricted gate cost one and every ambient-only gate costλ. For a catalyst used by v consumers
with unit benefit, the displayed construction has net gain at least

v − 2λ.

The critical weight is therefore target and mechanism dependent.
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Definition 8.16 (Critical catalyst penalty). For a target family Un, define

λc(Un) = sup{λ : ℓλ,amb(Un) < ℓres(Un)}.

Determining λc exactly is a refined synthesis problem. It can be more physically meaningful than
unweighted gate count.

8.2.9 Restoration is the source of nontriviality

If the ambient resource need not be restored, the opening cost can dominate the comparison andmany
examples become trivial. Catalytic escape is strongest when the following all hold:

1. the final target lies entirely in the restricted class,
2. every auxiliary subsystem or violated constraint is restored,
3. the ambient-only resource is used more than once,
4. the restricted lower bound charges the same repeated obligations separately,
5. the gain survives a realistic weighted cost.

Conjectural frontier

In many finite gate hierarchies, minimal defects should admit a bounded-width catalytic normal
form. Proving or refuting this would turn an unrestricted synthesis search into a search over a
finite family of excursion motifs.

8.3 First arrival, spectral packets, algebraic rarity, and tensor regularization

8.3.1 Word distance as first arrival

LetG be finite and let S = S−1 be a symmetric generatingmultiset. In the right regular representation,
define

AS =
∑
s∈S

ρ(s).

Then
〈δg, AkSδe〉

counts length-k words ending at g.

Theorem 8.17 (Endpoint Green valuation). The word distance is

dS(e, g) = ordz=0

〈
δg, (I − zAS)−1δe

〉
.

Proof. Expand the resolvent as a formal power series:

(I − zAS)−1 =
∑
k≥0

zkAkS .

The first nonzero endpoint coefficient occurs at the shortest word length.

For strictly positive integer costs, replace each generator s by the monomial zc(s)ρ(s). Every coef-
ficient then counts finitely many words of a given total cost, and the same formal inverse is defined.
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Zero-cost cycles require separate treatment: they can create infinitely many words of cost zero, so the
ordinary counting series need not exist. The finite atlases with free gates use shortest-path search with
zero-cost edges instead. Multivariate variables can track several resources when the grading gives ev-
ery generator positive total degree.

8.3.2 Why eigenvalues alone are insufficient

If
AS =

∑
λ

λΠλ,

then
GS,g(z) =

∑
λ

〈δg,Πλδe〉
1− λz

.

The eigenvalues and multiplicities do not determine the endpoint coefficients

〈δg,Πλδe〉.

TwoCayley or Schreier systems can therefore be cospectral and still have different first-arrival behavior
at distinguished targets.

Principle 8.18 (Embedded packet principle). For threshold questions, a spectral label is usually weaker than
an embedded spectral projector. The matrix coefficients of the projector relative to the initial and target states retain
positional information that multiplicities erase.

This distinction recurs in the Latin-square example discussed later. The natural commuting row,
column, and symbol operators have universal eigenvalue packets at fixed order, while the embedded
incidence and transition data still vary.

8.3.3 Subgroup-holonomy Fourier packets

Let H ≤ G. Let µk(h) count ambient words of length k with product h ∈ H . For every irreducible
representation τ ∈ Ĥ , define

µ̂k(τ) =
∑
h∈H

µk(h)τ(h).

Fourier inversion gives
µk(h) =

1

|H|
∑
τ∈Ĥ

dim(τ) tr
(
τ(h−1)µ̂k(τ)

)
.

The matrix-valued Green packet
Ĝτ (z) =

∑
k≥0

µ̂k(τ)z
k

recovers every endpoint series after Fourier inversion.
The trivial representation records only the total number of loops returning to the subgroup. Non-

trivial H-types retain their holonomy. This yields a hierarchy:

spherical return data ≺ type-resolved holonomy packets ≺ exact endpoint realization.
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8.3.4 Word maps and product loci

LetK be a field and letX ⊆ G be an algebraic gate family. For a fixed length L, multiplication defines

µL : XL → G, (xL, . . . , x1) 7→ xL · · ·x1.

The exact length-L locus is µL(XL), and the length-at-most-L locus is a finite union of such images
when the gate family has finitely many components.

Theorem 8.19 (Dimension per gate). Suppose every irreducible component of X has dimension at most r.
Then the Zariski closure of the locus reachable in at most L gates has dimension at most rL.

Proof. Every component ofXL has dimension at most rL. A morphism cannot increase dimension. A
finite union has dimension equal to the maximum dimension of its components.

For scaled transvections, r = 1. This immediately yields generic lower bounds in a target variety
whose dimension exceeds L.

8.3.5 Generic rigidity

Work over an algebraically closed field. Suppose the restricted target variety V is irreducible of di-
mension N , every target has a restricted realization using at most N unit-cost gates, and the ambient
alphabet is an algebraic family with finitely many components of dimension at most one. Then ambi-
ent realizations of length below N occupy a proper closed subset of V .

Theorem 8.20 (Abstract generic rigidity). Under the preceding hypotheses, there is a nonempty Zariski-open
subset Ω ⊆ V such that

ℓres(U) = ℓamb(U) = N (U ∈ Ω).

The unitriangular theorem in the core chapter is a concrete instance with

N =

(
n

2

)
.

8.3.6 Defect codimension

If every target has restricted cost at most N , then defect at least d forces ambient cost at most N − d.
The dimension-per-gate theorem gives

codimV {U : ∆(U) ≥ d} ≥ d

when each ambient gate carries one parameter.

Principle 8.21 (Rare but amplifiable). At fixed dimension, large defects require increasingly special algebraic
conditions. Under direct sums, recursive lifts, or tensor products, a point on a thin exceptional stratum can
nevertheless seed a macroscopic family.

This is one of the central tensions of the subject. Catalysis is neither generic nor negligible.
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8.3.7 Finite-field sparsity

A word-counting analogue applies over Fq. If the ambient alphabet has at most M(q − 1) nontrivial
scaled gates, then the number of targets reached in L gates is at most

L∑
j=0

[M(q − 1)]j .

When the target space has qN points and defect d implies ambient length at most N − d, the crude
bound is

P[∆ ≥ d] = ON,M (q−d).

The estimate can be sharpened by orbit counting, stabilizers, and the geometry of word-map fibers.

8.3.8 Direct sums and monoidal amplification

Suppose targets admit a direct sum U ⊕V and a homomorphism from the large restricted group onto
the two factor groups sends U ⊕ V to (U, V ). Require the aggregate generator bound

ℓres(π1(s)) + ℓres(π2(s)) ≤ c(s)

for every large restricted generator s. Assume that both restricted and ambient factor circuits embed
into the corresponding large model without increasing cost. Then

ℓres(U ⊕ V ) = ℓres(U) + ℓres(V ).

Indeed, projecting any word and summing the two factor bounds gives the lower bound, while con-
catenating the embedded factor circuits gives the upper bound. Separate one-Lipschitz projections
alone do not imply this sum inequality. Under the ambient embedding assumption, the constructive
upper bound is

ℓamb(U ⊕ V ) ≤ ℓamb(U) + ℓamb(V ),

so
∆(U ⊕ V ) ≥ ∆(U) + ∆(V ).

One finite defect therefore gives an unbounded additive family.

8.3.9 Tensor products and normalized rates

Let U have dimensionm and V dimension n. In linear transvection models with tree-tight certificates,

ℓres(U ⊗ V ) = nℓres(U) +mℓres(V ).

The ambient model satisfies the corresponding inequality. Normalizing by dimension gives an
entropy-like law:

ℓres(U ⊗ V )

mn
=
ℓres(U)

m
+
ℓres(V )

n
.

The normalized defect is superadditive under tensor products.

Definition 8.22 (Tensor synergy). Define

Syn(U, V ) = nℓamb(U) +mℓamb(V )− ℓamb(U ⊗ V ).
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Positive synergy means that the joint ambient realization improves on independent lifted circuits.

Restricted tree-tight metrics have zero tensor synergy. Ambient synergy is a possible source of col-
lective activation.

Definition 8.23 (Stable tensor cost). For a size-m target U , define

τ⊗(U) = lim
r→∞

ℓamb(U
⊗r)

rmr−1
,

when the subadditivity argument applies. Define

κ⊗(U) = ℓres(U)− τ⊗(U).

Fekete’s lemma gives the limit from the tensor subadditivity inequality.
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Figure 8.4. Schematic stable tensor capacity. The figure illustrates definitions, not measured data.

Definition 8.24 (Tensor activation). A target is tensor activated if

∆(U) = 0 but κ⊗(U) > 0.

This is analogous to regularized capacities and asymptotic ranks. It asks whether collective synthe-
sis can unlock a catalyst invisible in one copy.

8.3.10 Border catalysis

Let Xres and Xamb be algebraic gate varieties. The exact product rank is

rkX(U) = min{L : U ∈ XL},

while border product rank is
rkX(U) = min{L : U ∈ XL}.
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The four possible comparisons are:

1. exact and border defects both positive,
2. exact defect positive but border defect zero,
3. one-copy defect zero but tensor-regularized defect positive,
4. ambient and restricted border ranks both smaller than exact ranks but by different amounts.

Each requires a separate certificate. Numerical approximation alone does not distinguish them.

8.3.11 A packet-resolved threshold principle

Combining the preceding constructions gives the following architecture.

1. A coarse commutative algebra supplies spherical spectral packets.
2. Embedded projectors retain incidence and endpoint position.
3. Noncommutative transition data record holonomy.
4. A realization theorem decides whether the packet has a restricted representative and at what cost.
5. Direct sums and tensor products propagate local defects.

Spherical packet
eigenvalues, multiplicities

Embedded type
projectors, incidence

Holonomy packet
ordered transitions

Restricted realization
geodesic, factorization, descent

Threshold defect
metric or existence

refine retain order

test

fails or costs more

Projector-resolved hierarchy for combinatorial and quantum thresholds

Coarse spectra can coincide while realization fibers differ.

Figure 8.5. The spectral-to-realization hierarchy.

Scope boundary

A packet hierarchy organizes evidence. It does not replace the final lower bound, positivity ar-
gument, orthogonality construction, or descent theorem. Classification and realization remain
distinct layers.
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8.4 Matroidal state geometry, quiver factorizations, and root-system
catalysis

8.4.1 Intermediate states as a representable matroid

A linear circuit visits vectors that satisfy exact dependence relations. If V is the set of all row states
appearing during a computation, then V determines a representable matroid. A transvection

u 7−→ u+ av

creates a three-point projective line
[u], [v], [u+ av].

The ambient circuit chooses a tour through this projective configuration. A flag-preserving circuit
must lift the same dependencies through prescribed pivot positions.

Definition 8.25 (Flaggedmatroid tour). LetM be a representablematroidwith designated initial basis,
target basis, and consumer states. A flagged tour is a sequence of basis exchanges or transvections in
which the ith carrier remains inside a specified filtration layer. An ambient tour drops this constraint.

The six-row atom realizes the graphic regular matroidM(K4). Its ambient state tour is shorter than
every compatible flag lift. Regularity explains why the same dependence pattern survives every field
and, through integer matrices, every nonzero commutative coefficient ring in the stated model.

8.4.2 Matroidal classification problem

The first general classification problem is:

Which regularmatroids admit designated carrier and consumer roles forwhich an ambient
tour is shorter than every flag-compatible tour?

Natural subclasses are graphic, cographic, and network matrices. Potential invariants include branch
width, circuit size, excluded minors, and the number of consumer incidences supported by one pro-
jective line.

Conjectural frontier

Minimal field-universal catalytic atoms should be governed by regular matroids, while
characteristic-dependent atoms should arise from representable matroids with excluded-
characteristic minors.

This conjecture is a programmatic guide. The core paper establishes only theM(K4) instance.

8.4.3 Dynamic rank-one factorization

Consider a height-two block shear

E(C) =

(
Is 0

C It

)
.
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A restricted circuit may change source and output bases while transmitting rank-one terms. Let Pr ∈
Us be the source basis before the rth transmission and letQ>r ∈ Ut be the future output basis. A cross
gate contributes

Q>reire
T
jrP<r

to the final block. Hence

C =

c∑
r=1

Q>reire
T
jrP<r,

with closed basis paths
Pfinal = Is, Qfinal = It.

Definition 8.26 (Dynamic rank-one cost). The dynamic rank-one cost of C is the minimum of

source basis motion+ output basis motion+ number of transmissions

over such timed decompositions.

Ordinary rank retains only the number of transmissions after arbitrary bases are given for free.
Circuit complexity charges the closed paths needed to expose and restore those bases.

8.4.4 Quiver gate models

Let Q = (Q0, Q1) be a quiver. Associate a vector space Vv to every vertex. Internal gates change bases
inside Vv, while edge gates transmit low-rank maps along arrows. A target is a representation of the
path algebra or an automorphism of a filtered quiver module.

This generalization includes:

• block-triangular linear circuits,
• network coding with reversible local state,
• layered dataflow architectures,
• incidence-algebra transformations,
• tensor networks with reusable bond states.

A catalytic excursion can temporarily activate a forbidden arrow or enlarge a vertex space. The
restored target still lies in the original quiver representation class.

Research template

A quiver threshold theorem should specify a forbidden-arrow motif, an exact ambient word, a
projection-based restricted lower bound, and an amplification operation under quiver substitu-
tion. The unitriangular snapshot family is the linearly ordered one-dimensional-vertex case.

8.4.5 Pattern groups and architecture constraints

For a poset P , define the pattern group

UP (K) = {I +A : Aij = 0 unless j <P i}.

When the allowed positions are transitively closed, UP is a group. Compare the intrinsic metric gen-
erated by P -allowed transvections with the metric induced by all transvections.

120



Quantum and Circuits PART III

The first threshold now depends on the forbidden-edge geometry of P . One may ask whether a six-
role catalytic motif embeds as a generator-preserving retract. If it does, the larger architecture inherits
a defect.

Proposition 8.27 (Retraction inheritance). Suppose a smaller nested pair H ≤ G embeds into H ′ ≤ G′

by homomorphisms preserving the inclusion, the ambient embedding does not increase gate cost, and there is a
homomorphic retraction π : H ′ → H onto the embedded copy. Require ℓH(π(s)) ≤ c(s) for every restricted
generator s of H ′. Then every defect in H ≤ G gives a defect at least as large in H ′ ≤ G′.

The proof projects a restricted word in the larger system and embeds the shorter ambient word
from the smaller system.

8.4.6 Root subgroups and Chevalley relations

LetG be a split reductive group [24, 31] with root system Φ. LetΨ ⊆ Φ be a closed set of allowed roots
and let UΨ be generated by the root groups xβ(t) for β ∈ Ψ. Define

ℓΨ(u) = min{L : u = xβL(tL) · · ·xβ1(t1), βi ∈ Ψ},

and let ℓΦ permit all roots.
The Chevalley conjugation formula has the schematic form

xα(a)xβ(b)xα(a)
−1 = xβ(b)

∏
k>0

xβ+kα(cka
kb).

A forbidden root α can therefore create several allowed root effects before being removed.

alpha

beta

a+b

b+2a

conjugation

root sum

longer string

Root-system catalysis skeleton

x_alpha(a) x_beta(b) x_alpha(a)^{-1} = x_beta(b) prod x_{beta+k alpha}(c_k a^k b)

Figure 8.6. A root-string template for catalytic generation. Longer strings may support more gain per opening and
closing pair.

8.4.7 Type A and beyond

Row transvections are root-group elements of typeA. The established unitriangular atom occurs inA5.
In nonsimply laced systems, root strings can have length greater than two. This raises the possibility
that one ambient root can create multiple restricted effects per consumer.
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Conjecture 8.28 (Long-root catalytic gain). There exist gate alphabets in types B, C, or G2 for which a
clean one-catalyst multiplicative distortion exceeds the type-A snapshot limit of 3/2.

No lower-bound certificate is presently supplied. The conjecture identifies a concrete reason to test
nonsimply laced root systems rather than merely repeating type A computations.

8.4.8 Symplectic root systems and Clifford logic

The binary Clifford group modulo phases acts through Sp(2n, 2). A parabolic subgroup stabilizing
a Lagrangian is the symplectic analogue of a Borel or flag-preserving circuit class. Hadamard gates
leave this parabolic, while S, CZ, and CX preserve it. The exact Clifford censuses in Section 10.2 are
therefore a first root-system extension of the linear theory.

8.4.9 Categorical realization defects

The group framework does not cover measurement, feedforward, postselection, or entangled design
objects. Let

Cres ⊆ Camb

be monoidal categories with costed generators. A target morphism can have a finite metric defect or
an infinite existence defect.

The categorical viewpoint supports:

• unitary versus measurement-assisted circuits,
• product-state versus entangled realizations,
• clean versus borrowed ancilla categories,
• symmetry-preserving versus symmetry-breaking channels,
• exact versus approximate completion.

The common invariant is still the cost of a restored target. What changes is the geometry of the path
and the meaning of holonomy.

8.4.10 A general research dichotomy

The broad program separates into two tasks.

1. Construction: exhibit an ambient excursion whose repeated consumers produce a cheaper target.
2. Certification: prove that the restricted category cannot share the same obligations as efficiently.

Conjugation identities often solve the first task. The second is the difficult part and requires
model-specific invariants such as interval-tree rank, symplectic flag length, algebraic degree,
phase-polynomial rank, covariance constraints, or branch complexity.
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The complete linear core

9.1 Introduction
A CNOT circuit on n labeled wires represents an element of GLn(F2) = SLn(F2), and minimizing
its gate count is the word-metric problem for transvection generators. This formulation supports
asymptotically efficient synthesis, architecture-aware elimination, computable lower bounds, and ex-
act small-width optimization [40, 38, 32, 29, 21, 23, 25, 44]. Recent work has also produced stronger
explicit lower-bound families and established NP-completeness of exact all-to-all CNOT distance [33,
27, 18]. The present paper studies a different comparison: the target is lower unitriangular, but the
circuit is either required to respect that ordered structure or allowed to leave it temporarily.

Let R be a nonzero commutative ring with identity. A row transvection is

τt,s(a) = I + aEt,s, t 6= s, a ∈ R \ {0},

acting by
Rt ←− Rt + aRs.

The transvection is lower directed when s < t. The lower-directed gates generate Un(R). We compare

ℓ↓(A) = min{number of lower-directed transvections producing A}

with

ℓ∗(A) = min{number of arbitrary row transvections producing A}, A ∈ Un(R).

For a field F, the first metric is intrinsic to the unipotent radical and the second is induced from the
elementary group En(F) = SLn(F).

The equality ℓ↓(A) = ℓ∗(A) is tempting because the target and the obvious Gaussian-elimination
paths are lower unitriangular. It is false. The failure first occurs at six wires over F2 and F3, and it is
caused by a reusable temporary carrier rather than by a better ordering of the same lower gates.

Main results

The first result is entirely analytic and does not require a field.

Theorem 9.1 (Universal catalytic atom over rings). For every nonzero commutative ring R with identity,
let

C =



1 0 0 0 0 0

1 1 0 0 0 0

0 0 1 0 0 0

0 1 1 1 0 0

1 1 1 0 1 0

1 1 1 0 0 1


∈ U6(R). (9.1)
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Then
ℓ↓(C) = 7, ℓ∗(C) = 6.

The six-gate ambient circuit uses row 1 as a dirty workspace. It first adds row 2 into row 1, exports
the carrier e1+e2, changes the carrier to e0+e1+e2, exports it twice, and finally removes the temporary
e2 component. No extra wire is introduced. The workspace is one of the target rows and is restored to
its prescribed value.

The next result is computer assisted. All state spaces are finite, every transition is exact, and the
complete source is included in the ancillary archive.

Theorem 9.2 (Exact binary threshold and census). Over F2:

(i) ℓ↓(A) = ℓ∗(A) for every A ∈ Un(F2) when n ≤ 5.
(ii) Among the 215 = 32768 matrices in U6(F2), exactly twenty satisfy ℓ↓(A) > ℓ∗(A).
(iii) Every defective target satisfies

ℓ↓(A) = 7, ℓ∗(A) = 6.

No other distance pair is defective.

The twenty targets have a uniform combinatorial explanation.

Theorem 9.3 (Minimal catalytic classification). The twenty defective targets in U6(F2) are exactly the tar-
gets generated by a simple one-catalyst word having three cross interactions, one phase interaction, and a non-
trivial before/after split across the phase. The numbers arising from the three possible left/right auxiliary splits
are

6, 8, 6,

for a total of twenty.

The field-independent atom and exact ternary search also give the same finite threshold over F3.

Theorem 9.4 (Exact ternary threshold). For n ≤ 5 and every A ∈ Un(F3),

ℓ↓(A) = ℓ∗(A).

The matrix C ∈ U6(F3) of Equation (9.1) has distances (7, 6). Hence six is the first defective dimension over
F3.

To pass from the first threshold to arbitrarily large connected examples, we introduce a multiscale
rank certificate and a family that exports successive carrier states.

Theorem 9.5 (Connected snapshot family). Let u ≥ 1, let 1 ≤ v ≤ u+ 1, and choose distinct phases

0 ≤ s1 < · · · < sv ≤ u.

There is a connected target
A(u; s1, . . . , sv) ∈ Uu+v+2(F)

with
ℓ↓
(
A(u; s1, . . . , sv)

)
= u+ 2v

and
ℓ∗
(
A(u; s1, . . . , sv)

)
≤ u+ v + 2.

Hence its certified defect is at least v − 2.
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Corollary 9.6 (Connected defects in every dimension). For every field and every n ≥ 7, there is a connected
target An ∈ Un(F) satisfying

ℓ↓(An)− ℓ∗(An) ≥
⌊
n− 5

2

⌋
.

The same construction remains effective under stringent restrictions on the ambient resource.

Theorem 9.7 (Two forbidden gates and weighted penalties). For every field and every n ≥ 7, there is a
connected target An ∈ Un(F) such that

ℓ≤0(An)− ℓ≤2(An) ≥
⌊
n− 5

2

⌋
,

where ℓ≤q permits at most q upper-directed gates. More generally, if lower gates have cost 1 and upper gates have
cost λ > 0, then

ℓ↓(An)− ℓλ(An) ≥
⌊
n− 1

2

⌋
− 2λ.

Thus no fixed upper-gate budget of two, and no fixed finite upper-gate penalty, suppresses catalytic escape asymp-
totically.

The same paths remain extremely close to the restricted subgroup. For a matrix X over a field, let
X+ be its strict upper part, let r+(X) = rankX+, and let b+(X) be the largest upper displacement
j − i with Xij 6= 0. If ℓ(r,b) denotes the minimum length among circuits satisfying r+(Xt) ≤ r and
b+(Xt) ≤ b at every prefix, then the connected family can be chosen so that

ℓ(0,0)(An)− ℓ(1,1)(An) ≥
⌊
n− 5

2

⌋
.

Thus a rank-one excursion across one adjacent flag layer can create a linear saving.
At fixed dimension, however, defects occupy thin algebraic strata.

Theorem 9.8 (Generic rigidity and defect codimension). LetK be an infinite field and putN =
(
n
2

)
. There

is a nonempty Zariski-open subset Ωn ⊆ Un with Ωn(K) 6= ∅ such that

ℓ↓(A) = ℓ∗(A) = N (A ∈ Ωn(K)).

Moreover, after base change to an algebraic closure K, for

Dn,≥d(K) = {A ∈ Un(K) : ∆(A) ≥ d},

one has
codim(Un)K

Dn,≥d(K) ≥ d.

Corollary 9.9 (Finite-field sparsity). Let N =
(
n
2

)
and M = n(n− 1). For 1 ≤ d ≤ N ,

PA∈Un(Fq)[∆(A) ≥ d] ≤ min{1,MN−dq−d}.

For fixed n, a uniformly random target therefore has defect zero with probability 1−On(q−1) as q →∞.

Tensor products produce a stronger asymptotic separation.

125



Quantum and Circuits PART III

Theorem 9.10 (Tensor-amplified snapshot family). Let A = A(u; s1, . . . , sv) have dimension m = u +

v + 2. For N = mr,
ℓ↓(A

⊗r) = rmr−1(u+ 2v),

while
ℓ∗(A

⊗r) ≤ rmr.

Consequently,
ℓ↓(A

⊗r)− ℓ∗(A⊗r) ≥ v − 2

m log2m
N log2N.

Corollary 9.11 (Explicit n logn distortion). For

Dn(F) = sup
A∈Un(F)

(
ℓ↓(A)− ℓ∗(A)

)
,

one has, for every field and every n,

Dn(F) ≥
8

21 log2 21
n log2 n−

82

105
n.

The coefficient is attained within the snapshot family by the twenty-one-dimensional seed

A(9; 0, 1, . . . , 9).

Conceptual interpretation

The ambient circuit is shorter because one forbidden-direction gate creates a carrier that is read by
several later gates before it is cleaned. The saving is therefore a reuse effect. The relevant object is not
an ancillary wire in the usual sense. It is a temporary excursion from a flag-preserving frame space
into the full frame graph.

Over F2, the carrier states used by the canonical word form six of the seven points of PG(2, 2). The
four projective lines supported on those six points form a Pasch configuration. The same six vec-
tors represent the graphic matroid M(K4) over every field; this regular-matroid structure isolates
the characteristic-independent core of the atom. At the spectral level, the distance to a target is the
first nonzero coefficient of an endpoint Green kernel. For C, the ambient kernel begins in degree six
and the restricted kernel begins in degree seven.

The higher-dimensional families reveal three additional principles. First, an interval-tree certificate
canmake the restrictedmetric exactly additive across scales evenwhen the target is connected. Second,
two forbidden gates can support a linear saving, even if each forbidden gate carries any fixed finite
penalty. Third, tensor products add normalized restricted complexity while ambient complexity re-
mains subadditive. This converts one local carrier advantage into a superlinear global defect. Finally,
the algebraic-geometric bounds show that these amplifiable atoms are exceptional at fixed dimension:
a defect of size d imposes at least d algebraic codimensions. The resulting picture is one of algebraic
rarity coupled with asymptotic amplification.

Scope

The results concern in-place reversible linear circuits on labeled rows. They do not by themselves
imply a faster general CNOT synthesis algorithm, a lower bound for unrestricted XOR directed acyclic
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graphs, or a result about integer multiplication. Their content is a precise comparison between a flag-
preserving gate model and the ambient transvection model.

The paper is organized as follows. Section 9.2 fixes the circuit and metric conventions and gives
the Schreier-holonomy interpretation. Section 9.3 proves the universal ring-valued atom. Section 9.4
develops the catalytic normal form and counts the twenty minimal motifs. Section 9.5 gives the exact
binary and ternary enumerations and proves the search procedure complete. Section 9.6 gives the pro-
jective, regular-matroid, and Green-kernel formulations. Section 9.7 develops interval-tree certificates,
exact cases through dimension nine, and connected families in every larger dimension. Section 9.8
proves bounded, weighted, and microscopic-excursion theorems. Section 9.9 proves generic rigidity,
defect-codimension bounds, and finite-field sparsity. Section 9.10 proves block, recursive, and tensor
amplification, introduces stable tensor capacity, and derives the n logn extremal bound. The appen-
dices provide the exact target list, algorithms, and reproducibility data.

Proof and computation status

The universal atom, catalytic identities, interval-tree certificates, connected families, resource bounds,
algebraic-rarity theorems, amplification results, and stable tensor limit are proved symbolically. Com-
plete search is used only for the first-threshold censuses, the equality between the twenty computed
defects and the twenty analytic motifs, and the exact ambient distances of the selected seven-, eight-,
and nine-dimensional targets. Every computer-assisted statement is paired with a finite-state com-
pleteness argument and a reproducible implementation in the supplement.

9.2 Circuit model and metric comparison

9.2.1 Transvections and row conventions

Fix a nonzero commutative ringRwith identity and an integer n ≥ 2. Rows and columns are indexed
by

0, 1, . . . , n− 1.

For s 6= t and a ∈ R \ {0}, set
τt,s(a) = I + aEt,s.

Left multiplication by τt,s(a) performs

Rt ←− Rt + aRs.

We call s the source and t the target. A circuit word

w = (τtm,sm(am), . . . , τt1,s1(a1))

produces
[w] = τtm,sm(am) · · · τt1,s1(a1).

Let
S↓
n(R) = {τt,s(a) : 0 ≤ s < t < n, a ∈ R \ {0}}

and
S∗
n(R) = {τt,s(a) : 0 ≤ s, t < n, s 6= t, a ∈ R \ {0}}.
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Both sets are symmetric because
τt,s(a)

−1 = τt,s(−a).

Let
En(R) = 〈S∗

n(R)〉.

When R = F is a field and n ≥ 2, elementary elimination gives

En(F) = SLn(F).

The ambient metric below is therefore the transvection word metric in SLn(F), viewed inside GLn(F).
When F = F2, one has SLn(F2) = GLn(F2), every generator is an involution, and it is exactly a CNOT
gate under the usual row-action convention.

Lemma 9.12. The set S↓
n(R) generates Un(R). Every prefix of a lower-directed circuit belongs to Un(R).

Proof. A lower-directed transvection is lower unitriangular, and products of lower-unitriangular
matrices remain lower unitriangular. Conversely, ordinary elimination of the strict lower entries,
processed in a compatible order, expresses every element of Un(R) as a product of lower-directed
transvections.

Definition 9.13 (Intrinsic and ambient lengths). For A ∈ Un(R), define

ℓ↓(A) = |A|S↓
n(R)

, ℓ∗(A) = |A|S∗
n(R).

The catalytic defect is
∆(A) = ℓ↓(A)− ℓ∗(A) ≥ 0.

The inequality follows because S↓
n(R) ⊆ S∗

n(R). The central question is whether the inclusion can
be strict on a lower-unitriangular target.

9.2.2 Frame and flag interpretation

For the geometric interpretation in this subsection, assume R = F is a field. An invertible matrix is an
ordered basis

(R0, . . . , Rn−1)

of Fn. A transvection replaces one basis vector by its sum with a nonzero multiple of another. Let

Vi = span(e0, . . . , ei).

A matrix lies in Un(F) exactly when
Ri ∈ ei + Vi−1

for every i. Thus lower circuits move among frames compatible with the standard complete flag

V0 ⊂ V1 ⊂ · · · ⊂ Vn−1.

An upper-directed gate leaves this fiber of the flag map. A strict defect means that the flag-compatible
frame subgraph is not geodesically convex in the full transvection graph.
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9.2.3 Schreier holonomy

Set
G = En(R), H = Un(R).

Consider the right Schreier graph on the left cosets H\G: a generator s ∈ S∗
n(R) gives an edge

Hg −→ Hgs.

A word representing h ∈ H traces a based loop at the cosetH . Its label product is the holonomy h.

Proposition 9.14 (Holonomy-compression interpretation). For h ∈ H , the ambient length ℓ∗(h) is the
least length of a labeled based loop in H\G with holonomy h. The restricted length ℓ↓(h) is the least length
among such words whose every prefix remains in H . Consequently,

∆(h) = intrinsic flag-preserving cost− shortest ambient holonomy-loop cost.

Proof. A word w = s1 · · · sk ends at the coset Hw. It is a based loop exactly when w ∈ H , and its label
product is then the represented element ofH . Minimizing over all transvection words representing h
gives ℓ∗(h). Requiring every generator to be lower directed keeps every prefix inH and gives ℓ↓(h).

A catalytic shortcut is therefore a nonconstant quotient excursion whose accumulated holonomy is
more expensive to produce inside the base fiber.

9.2.4 Two elementary counting lemmas

The proofs of the universal atom use only target counts and pivot support.

Lemma 9.15 (Target count). Suppose a circuit starts at the identity and finishes at A.

(i) If row i of A differs from ei, then row i is targeted at least once.
(ii) If row i of A equals ei and is targeted, then it is targeted at least twice.

Proof. A row changes only when it is targeted. Every row of an invertible matrix overR is unimodular.
If aRs = 0 for such a row, then multiplying a unimodular relation for Rs by a gives a = 0. Hence a
gate with nonzero coefficient changes its target by a nonzero vector, so one targeting cannot leave that
row equal to its initial value.

Lemma 9.16 (One-target source condition). Let W ≤ Rn. Suppose row t starts at et, is targeted exactly
once, and finishes at

et + w, w ∈W,

where at least one coordinate of w is a unit of R. At the moment of its unique targeting, the gate coefficient is a
unit and the source row is a unit multiple of w.

Proof. If the unique gate isRt ← Rt+aRs, then aRs = w. Choose a coordinate j for which wj is a unit.
Since a(Rs)j = wj , the factor a is a unit in the commutative ring R. Hence Rs = a−1w.

The second lemma is especially restrictive whenW is a low-dimensional source space and output
rows carry unique pivot coordinates outsideW .
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e0 e1 e2 e3 e4 e5
input coordinate

R0

R1

R2

R3

R4

R5

ou
tp

ut
 ro

w

1 0 0 0 0 0

1 1 0 0 0 0

0 0 1 0 0 0

0 1 1 1 0 0

1 1 1 0 1 0

1 1 1 0 0 1

Canonical six-row target C

Figure 9.1. The canonical target C. Black cells are nonzero. Rows 0 and 2 are restored exactly, while rows 3, 4, 5
require two distinct additions v and w from the source space W .

9.3 The universal six-row atom
Let R be a nonzero commutative ring with identity, and let

v = e1 + e2, w = e0 + e1 + e2, W = span(e0, e1, e2).

The target C of Equation (9.1) has rows

R0 = e0, R1 = e1 + e0, R2 = e2,

R3 = e3 + v, R4 = e4 + w, R5 = e5 + w.

9.3.1 A six-gate ambient word

Proposition 9.17. For every nonzero commutative ring R with identity,

ℓ∗(C) ≤ 6.

130



Quantum and Circuits PART III

R1 ←R1 +R2 R3 ←R3 +R1 R1 ←R1 +R0 R4 ←R4 +R1 R5 ←R5 +R1 R1 ←R1 −R2

e1 e1 + e2 e1 + e2 e0 + e1 + e2 e0 + e1 + e2 e0 + e1 + e2 e0 + e1

copy to R3 copy to R4 copy to R5

workspace row R1 upper dependency removed

Figure 9.2. Carrier timeline for the six-gate ambient word. The two upper-directed operations are the opening and
closing gates on row 1. The state e1 + e2 is exported once and e0 + e1 + e2 is exported twice.

Proof. Apply the following six gates:

R1 ← R1 +R2, (9.2)
R3 ← R3 +R1, (9.3)
R1 ← R1 +R0, (9.4)
R4 ← R4 +R1, (9.5)
R5 ← R5 +R1, (9.6)
R1 ← R1 −R2. (9.7)

After Equation (9.2), row 1 contains v. Gate Equation (9.3) copies v to row 3. Gate Equation (9.4) changes
the carrier to w, which is copied to rows 4 and 5 by Equations (9.5) and (9.6). Gate Equation (9.7)
removes the temporary e2 component, leaving e1 + e0. Every row now agrees with C.

9.3.2 A seven-gate lower word

Proposition 9.18. For every nonzero commutative ring R with identity,

ℓ↓(C) ≤ 7.

Proof. The lower-directed word

R1 ← R1 +R0,

R2 ← R2 +R1,

R3 ← R3 −R0,

R3 ← R3 +R2,

R4 ← R4 +R2,

R5 ← R5 +R2,

R2 ← R2 −R1
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produces C. After the first two gates, row 2 contains w. Rows 4 and 5 copy that state. The two gates on
row 3 cancel the unwanted e0 and leave v. The final gate restores row 2.

9.3.3 Restricted lower bound

Proposition 9.19. For every nonzero commutative ring R with identity,

ℓ↓(C) ≥ 7.

Proof. Rows 1, 3, 4, 5 differ from their initial values, so they must each be targeted. Assume for contra-
diction that a lower-directed word of length at most six produces C.

First suppose row 2 is never targeted. Row 0 remains e0, row 2 remains e2, and every state ever
assumed by row 1 lies in span(e0, e1) because the only possible source below row 1 is row 0. Every
output row retains coefficient 1 on its own pivot coordinate in a lower-directed circuit, so no output
row can lie inW . Hence no available source row is a unit multiple of either

v = e1 + e2 or w = e0 + e1 + e2.

ByLemma9.16, each of rows 3, 4, 5must be targeted at least twice. Togetherwith the required targeting
of row 1, this gives at least seven gates.

Now suppose row 2 is targeted. Since its final value is e2, Lemma 9.15 forces at least two targetings of
row 2. A six-gate wordmust therefore target row 2 exactly twice and each of rows 1, 3, 4, 5 exactly once.
Each output row 3, 4, 5must receive its complete addition in its unique targeting. Row 0 cannot supply
v or w, and row 1 never contains an e2 component. Therefore row 2 must supply all three outputs, up
to unit scaling. But two targetings of row 2 expose at most one noninitial intermediate state before row
2 returns to e2, while the outputs require both distinct states v and w. This is impossible.

9.3.4 Ambient lower bound

Proposition 9.20. For every nonzero commutative ring R with identity,

ℓ∗(C) ≥ 6.

Proof. Assume that an ambient word of length at most five produces C. Rows 1, 3, 4, 5 must each be
targeted. Rows 0 and 2 are unchanged. If either were targeted, it would require at least two targetings,
giving at least six gates in total. Thus rows 0 and 2 are never targeted. If all four changed rows are
targeted once, each has only its initial and final state. No such source is a unit multiple of v = e1 + e2
or w = e0 + e1 + e2, so the output rows cannot be completed. In the only remaining case, exactly one
of rows 1, 3, 4, 5 is targeted twice and the other three are targeted once.

Project the rows to the quotient moduleR6/W . Rows 0, 1, 2 have zero image, while rows 3, 4, 5 begin
and end at the three distinct quotient basis vectors of the free quotientmodule. An output row targeted
exactly once must therefore use a source lying inW , by Lemma 9.16.

Suppose first that row 1 is the twice-targeted row. The three output rows are each targeted once.
Rows 0 and 2 supply only scalar multiples of e0 and e2. Row 1 begins at e1, has one intermediate state,
and ends at e1 + e0. Thus at most one of the two required unit-multiple classes of v and w can appear
as an available source. The three outputs require both, a contradiction.

Suppose instead that an output row, say row r ∈ {3, 4, 5}, is targeted twice. The other two outputs
and row 1 are targeted once. We claim that row r cannot lie inW between its two targetings. To cancel
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its unique quotient pivot er at the first targeting, the source would already have to contain an er com-
ponent. Before row r is first targeted, the only way another row can acquire such a component is to
be targeted using row r as source. That other row is targeted only once and would then retain an un-
wanted er component in its final value. Therefore row r never becomes aW -valued carrier. The only
W -valued source states are rows 0 and 2 and the two states of singly targeted row 1, namely its initial
and final states. None supplies both v and w. The two singly targeted outputs cannot be completed,
again a contradiction.

Proof of Theorem 9.1. Combine Propositions 9.17 to 9.20.

Remark 9.21. The proof uses only unimodular rows, unit coordinates, and pivot support. It does not use
division or a characteristic assumption. In characteristic two the closing subtraction equals addition.

Corollary 9.22 (Failure of geodesic convexity). For every field F and every n ≥ 6, the lower-unitriangular
frame subgraph is not geodesically convex in the transvection Cayley graph of En(F) = SLn(F).

Proof. Embed C as C ⊕ In−6. A six-gate ambient word acts on the first six rows. In a lower-directed
circuit, rows with index at least six cannot be used as sources for targets among the first six rows, so
the restricted lower bound of seven persists.

For the remainder of the paper, unless explicitly stated otherwise, the coefficient domain is a field
F.

9.4 Catalytic normal forms and the six-role threshold
The universal atom is one instance of a root-conjugation mechanism. This section isolates that mecha-
nism and explains the count twenty.

9.4.1 Root conjugation identities

Let p < q < y and x < p < q. Direct multiplication gives

τp,q(−a) τy,p(b) τp,q(a) = τy,p(b) τy,q(ab), (9.8)

and
τp,q(−a) τq,x(b) τp,q(a) = τq,x(b) τp,x(−ab). (9.9)

A single forbidden upper transvection can therefore turn one lower interaction into two lower effects.
Interactions of the forms x → p and q → y commute through the excursion without duplication. We
call the duplicated interactions cross interactions and the unduplicated interactions phase interactions.

Definition 9.23 (Simple one-catalyst word). A simple one-catalyst word has the form

τp,q(−a)hm · · ·h1 τp,q(a), p < q,

where every hi is lower directed and is one of

τq,x(b), τp,x(b), τy,p(b), τy,q(b)

with x < p < q < y. Auxiliary rows are distinct unless stated otherwise.
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The circuit is read from right to left in the matrix product and from left to right as a gate list. The
opening and closing operations temporarily place the q component in row p.

Proposition 9.24 (Cross-interaction accounting). Let a simple one-catalyst word havemmiddle interactions,
of which c are cross interactions. Its target admits a lower-directed realization of length at most

m+ c.

Consequently, if the ambient word of length m+ 2 is strictly shorter than every lower word, then

c ≥ 3.

Proof. Conjugate each middle generator using Equations (9.8) and (9.9). A phase interaction remains
one lower transvection, while a cross interaction becomes a product of two lower transvections. This
gives length at most m + c. If c ≤ 2, then m + c ≤ m + 2, so the ambient excursion cannot be strictly
better.

Three consumers are therefore the first possible point at which the cost two of opening and closing
can be amortized.

9.4.2 Why an all-cross word is insufficient

Within the distinct-leaf normal form, cross count alone is not enough.

Lemma 9.25 (All-crossmirror). Suppose a simple one-catalyst word contains only cross interactions, with left
inputs X and right outputs Y . Then its target has a lower-directed realization with the same number of gates.

Proof. Write the opening coefficient as a ∈ F×, the left-update coefficients as bx, and the right-read
coefficients as cy. Since the all-cross middle gates commute past one another, the ambient gate list may
be written

Rp ← Rp + aRq; [Rq ← Rq + bxRx]x∈X ; [Ry ← Ry + cyRp]y∈Y ; Rp ← Rp − aRq.

Put B =
∑

x∈X bxex. Its final nontrivial rows are

Rp = ep − aB, Rq = eq +B, Ry = ey + cyep + acyeq (y ∈ Y ).

The following lower-directed gate list produces the same rows:

Rq ← Rq + a−1Rp; [Ry ← Ry + acyRq]y∈Y ; [Rp ← Rp − abxRx]x∈X ; Rq ← Rq − a−1Rp.

Indeed, after the first gate Rq = eq + a−1ep, so the output gates create exactly cyep + acyeq. The source
updates then leaveRp = ep−aB, and the final gate changesRq to eq+B. Both words have |X|+ |Y |+2

gates.

Thus a minimal strict shortcut needs both positive catalytic excess and a phase switch that makes
temporal order matter.

Proposition 9.26 (Six-role threshold in the simple model). A strict shortcut in the distinct-leaf simple
one-catalyst model requires at least six row roles:

2 catalyst rows + 3 cross interactions + 1 phase interaction.
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cross: before

cross: after

cross: after

Minimal three-cross, one-phase catalytic motif

2 catalyst rows + 3 cross consumers + 1 phase switch = 6 roles

Figure 9.3. The minimal one-catalyst motif. Cross interactions reuse the opened carrier. The phase gate separates
consumers that observe two different carrier states and prevents the all-cross mirror.

The bound is attained by the matrix C.

Proof. By Proposition 9.24, at least three cross interactions are required. By Lemma 9.25, at least one
phase interaction is required. With distinct leaves these use four auxiliary rows in addition to the two
catalyst rows. The word of Proposition 9.17 has exactly this form.

9.4.3 Enumeration of the minimal motifs

Fix six ordered rows. The catalyst pair must be adjacent in a minimal six-role word. Write

p < q = p+ 1,

let L be the set of rows left of p, and let R be the set of rows right of q. Then

|L|+ |R| = 4, |L|, |R| > 0.

There are two orientations.

Left phase. Choose a phase leaf x ∈ L. The remaining |L|−1 left leaves interact by u→ q. Every right
leaf is a cross read p → y. To make the phase effective, the right leaves are divided into a nonempty
set read before x→ p and a nonempty set read after it. The number of targets is

|L|
(
2|R| − 2

)
.

Right phase. Choose a phase leaf y ∈ R. Every other right leaf is a cross read. The left updates into
q are divided nontrivially before and after the phase gate q → y. The number is

|R|
(
2|L| − 2

)
.
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Figure 9.4. The analytic count of the twenty minimal catalytic targets.

Proposition 9.27 (Motif count). For a split (L,R) = (|L|, |R|) with L + R = 4, the number of minimal
phase-separated targets is

NL,R = L(2R − 2) +R(2L − 2).

For the three possible splits,
N1,3 = 6, N2,2 = 8, N3,1 = 6.

Hence there are twenty targets.

Proof. The preceding left-phase and right-phase constructions are disjoint because the phase row lies
on opposite sides of the catalyst. Within each orientation, the final support records the phase leaf and
the before/after subset, so distinct choices give distinct targets. Summing gives the formula and the
stated values.

Every target counted by Proposition 9.27 has an explicit six-gate ambient word and a seven-gate
lower word obtained by eliminating the three cross interactions. The nontrivial statement is that there
are no other defects in dimension six and that none of these targets has a lower word of length six.
That is the exact classification established in Section 9.5.

9.5 Exact finite enumeration
This section describes the computer-assisted part of the paper. The computations use integer encod-
ings only. No floating-point decisions occur.

9.5.1 Restricted breadth-first search

Over F2, an element of Un(F2) is determined by its n(n− 1)/2 strict lower entries. For n = 6 there are
215 = 32768 states. Breadth-first search from the identity using the fifteen lower transvections gives
every restricted distance and the restricted diameter.
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For n = 6, the restricted diameter is eight. Therefore every lower-unitriangular target has ambient
distance at most eight. This makes a radius-four meet-in-the-middle search complete.

9.5.2 Ambient radius-four ball and right-coset pairing

Let
B4 = {g ∈ GL6(F2) : ℓ∗(g) ≤ 4}.

Exact breadth-first search gives
|B4| = 110626.

Group B4 by right cosets of U6(F2). If a, b lie in the same right coset, then

b−1a ∈ U6(F2),

and
ℓ∗(b

−1a) ≤ ℓ∗(b) + ℓ∗(a) ≤ 8.

The implementation uses a canonical right-coset key obtained by reducing matrix columns from right
to left. Right multiplication by a lower-unitriangular matrix changes column j only by a combination
of columns with larger index, so this reduction is constant on right cosets and separates them.

Lemma 9.28 (Meet-in-the-middle completeness). For every u ∈ U6(F2),

ℓ∗(u) = min{ℓ∗(a) + ℓ∗(b) : a, b ∈ B4, b
−1a = u}.

Proof. Every pair on the right gives a word for u, so the right-hand side is at least ℓ∗(u). Conversely,
ℓ∗(u) ≤ 8. Take a shortest path from the identity to u and split it at a midpoint. The prefix endpoint a
has distance at most four. The inverse of the remaining suffix is an element b of distance at most four,
and u = b−1a. Hence the minimum is at most ℓ∗(u).

The radius-four ball splits into 6948 right-coset buckets. The largest bucket has 3775 elements. The
computation checks 45178326 ordered pairs and recovers an ambient distance for every one of the
32768 targets.

9.5.3 The exact binary census

Proof of Theorem 9.2. For n = 2, 3, 4, 5, complete restricted breadth-first search and complete ambient
meet-in-the-middle search return zero defects. The state counts are respectively 2, 8, 64, 1024. For n =

6, Lemma 9.28 proves that the ambient calculation is exhaustive. The resulting distribution is Table 9.1;
its counts sum to 32768, no target is missing, and the only strict pair is (7, 6) with multiplicity twenty.

Proof of Theorem 9.3. The analytic generator of Proposition 9.27 produces twenty distinct targets with-
out reference to the distance census. Exact set comparison shows that these twenty targets are pre-
cisely the twenty off-diagonal targets in Table 9.1. Each therefore has distances (7, 6), and no other
dimension-six target is defective.

9.5.4 Ternary and additional field checks

For F3, every nonzero scaled transvection is included. Complete searches give the data in Table 9.2.

137



Quantum and Circuits PART III

Table 9.1. Complete distance distribution in U6(F2).

ℓ↓ ℓ∗ number of targets

0 0 1
1 1 15
2 2 125
3 3 720
4 4 2914
5 5 7851
6 6 12656
7 6 20
7 7 7926
8 8 540

Table 9.2. Complete no-defect computations below dimension six.

field n |Un(F)| restricted diameter

F2 2 2 1
F2 3 8 2
F2 4 64 4
F2 5 1024 6

F3 2 3 1
F3 3 27 3
F3 4 729 5
F3 5 59049 7

The n = 5 ternary computation uses radius-three and radius-four balls, checks 38415205 right-coset
pairs, and recovers all 59049 targets. It finds no defect. The field-independent Theorem 9.1 supplies
a defect at n = 6, proving Theorem 9.4. Separate exact searches over F3 and F5 verify the distances
of the canonical atom directly. The F5 calculation is an audit of the atom, not a complete threshold
computation below dimension six.

9.5.5 Verification status

The analytic proofs of Theorem 9.1 and Corollary 9.52 do not depend on computation. The claims in
Theorems 9.2 to 9.4 depend on exact finite enumeration. The source archive contains:

• the C++ programs for every breadth-first and meet-in-the-middle search;
• the Python program that independently generates the twenty motifs and compares sets;
• symbolic checks for the bounded-resource formulas and the totally unimodularM(K4) represen-

tation;
• exact stdout files and JSON packet data;
• SHA-256 checksums;
• build and reproduction commands.

The programs were rebuilt from source and rerun independently when this manuscript was assem-
bled; the outputs matched byte for byte.
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Figure 9.5. Complete binary dimension-six census. The only off-diagonal cell contains the twenty targets with
distance pair (7, 6).

9.6 Projective, matroidal, and spectral structure

9.6.1 The flagged Pasch packet

Over F2, write
x = e0, p = e1, q = e2.

The canonical ambient word uses the six nonzero vectors

x, p, q, p+ q, p+ q + x, p+ x

inside span(x, p, q) ∼= F3
2. The only missing nonzero vector is x+ q.

In PG(2, 2), three distinct points form a line exactly when their vector representatives sum to zero.
The six points support the four lines

{x, p, x+ p}, {x, p+ q, x+ p+ q}, {p, q, p+ q}, {x+ p, q, x+ p+ q}.

Every point lies on exactly two of these lines. This is the Pasch configuration, equivalently the Fano
plane with one point and its three incident lines removed from the full incidence structure.

The configuration is flagged because the rows have fixed roles. Points x and q are stationary sources,
p is the carrier, and the remaining points occur as carrier states. Forgetting those roles loses the circuit
ordering information.
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four projective lines in PG(2, 2); the seventh Fano point is absent

The six carrier states form a Pasch configuration

Figure 9.6. A real drawing of the four-line Pasch incidence structure. The labels are the binary point encodings
1, 2, 3, 4, 6, 7; point 5 is the missing Fano point.

9.6.2 The regular matroid M(K4)

The six carrier states admit a field-independent representation. In the ordered basis (x, p, q), place
them as the columns of

B =

1 0 0 1 0 1

0 1 0 1 1 1

0 0 1 0 1 1

 , (9.10)

corresponding respectively to

x, p, q, x+ p, p+ q, x+ p+ q.

Proposition 9.29 (Regular-matroid core). Every square minor of B belongs to {0,±1}, so B is totally uni-
modular. Hence the column-dependence matroid is the same over every field. Under the edge labeling

state p x x+ p p+ q q x+ p+ q

K4 edge 12 13 23 14 24 34,

it is the graphic matroid M(K4).
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p+ q (14)

q (24) x+ p+ q (34)

The carrier dependence matroid is M(K4)

four triangular cycles ⟷  four three-element dependencies

1

2 3

4

Figure 9.7. The six carrier states as the edges of K4. Each triangular cycle is one of the four three-element
dependencies in the Pasch configuration. The resulting regular matroid is representable over every field.

Proof. Adirect calculation of all squareminors ofB gives only 0, 1, and−1. Thus every subdeterminant
has characteristic-independent vanishing, and a column set is independent over one field exactlywhen
it is independent over every field. The four minimal dependent triples are

{x, p, x+ p}, {p, q, p+ q}, {x, p+ q, x+ p+ q}, {q, x+ p, x+ p+ q}.

Under the displayed edge labeling, these are precisely the four triangular cycles ofK4. They determine
the rank-three cycle matroidM(K4), which is regular because it has a totally unimodular representa-
tion; see, for example, [37].

The field-independent circuit theorem is stronger than matroid representability alone, because it
also depends on the ordering and the designated carrier role. Nevertheless, Proposition 9.29 explains
why the local dependence pattern survives unchanged in every characteristic.

9.6.3 Distance as first arrival

Let G be a finite group and S = S−1 a symmetric generating set. On ℓ2(G), let λ be the left regular
representation,

λ(s)δh = δsh,

and define
AS =

∑
s∈S

λ(s).
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Table 9.3. The five endpoint Green-signature packets. Each row occurs for four defective targets.

restricted coefficients ambient coefficients
packet [z7] [z8] [z9] [z10] [z6] [z7] [z8]

1 326 15430 316118 7576819 4 570 23318
2 326 15536 321870 7727183 4 570 23318
3 543 25080 510703 10824940 2 776 39454
4 543 25639 511524 10984988 2 776 39454
5 543 26091 511819 11121486 2 776 39454

For g ∈ G, define the endpoint Green series

GS,g(z) =
〈
δg, (I − zAS)−1δe

〉
.

Proposition 9.30 (First-arrival identity). The coefficient of zk in GS,g(z) is the number of length-k words in
S with product g. Hence

dS(e, g) = ordz=0 GS,g(z).

Proof. Formally,
(I − zAS)−1 =

∑
k≥0

zkAkS .

The matrix coefficient 〈δg, AkSδe〉 counts k-step walks from e to g, which are exactly length-k words
with product g. The first nonzero coefficient occurs at the word distance.

If
AS =

∑
λ

λΠλ

is the spectral resolution, then

GS,g(z) =
∑
λ

〈δg,Πλδe〉
1− λz

.

Thus eigenvalues alone do not determine first arrival. The endpoint matrix coefficients of the spectral
projectors are essential.

For the canonical target C, exact word counts begin

G↓,C(z) = 543z7 + 25080z8 + 510703z9 + 10824940z10 + · · · ,
G∗,C(z) = 2z6 + 776z7 + 39454z8 + · · · .

The metric defect is the valuation drop

ord0 G↓,C − ord0 G∗,C = 1.

Across the twenty defects, the truncated endpoint data split into five Green-signature classes, each
of multiplicity four. The signatures are listed in Table 9.3.
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Figure 9.8. Exact endpoint word counts for the canonical target. The ambient walk first arrives at length six. The
restricted walk first arrives at length seven.

9.7 Interval-tree certificates and connected higher-dimensional families
From this point through the rank and tensor arguments, the coefficient domain is a field F. The six-
row atom is the first defect, but it is not an isolated low-dimensional accident. This section gives a
field-independent family of connected targets in every dimension at least seven. The lower bound is
certified by a multiscale rank potential adapted to the ordered flag.

9.7.1 Interval-tree rank potential

Definition 9.31 (Interval tree). An interval tree on the ordered coordinates 0, 1, . . . , n − 1 is a rooted
binary tree whose leaves occur in that order and whose every node is a contiguous interval. If an
internal node v splits its interval into consecutive left and right children Lv and Rv, define

ΦT (A) =
∑

v∈Int(T )
rankA[Rv, Lv], A ∈ Un(F). (9.11)

Lemma 9.32 (One-cut locality). Let X ∈ Un(F) and let X ′ be obtained from X by one lower-directed
transvection. Then ∣∣ΦT (X ′)− ΦT (X)

∣∣ ≤ 1.

Proof. Suppose the gate is s→ twith s < t. Let v0 be the lowest node of T whose two children separate
s and t. The order of the leaves forces s ∈ Lv0 and t ∈ Rv0 . At this one node, a single row of the cross
block X[Rv0 , Lv0 ] changes, so its rank changes by at most one.

At every ancestor of v0, the two rows lie in the same child. If that child is the right child, the gate is
an internal row operation on the relevant cross block and preserves rank; if it is the left child, the cross
block is unchanged. At a descendant containing t but not s, every column of the descendant interval
lies strictly to the right of s. Since X remains lower triangular, row s vanishes on those columns, so
the descendant block is unchanged. All other descendants are also unchanged. Hence only the term
at v0 can vary.
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Corollary 9.33 (Interval-tree lower bound). For every A ∈ Un(F) and every interval tree T ,

ℓ↓(A) ≥ ΦT (A).

Proof. The identity has potential zero. Apply Lemma 9.32 along any lower-directed word from the
identity to A.

Definition 9.34 (Tree-tight target). A lower-unitriangular target A is tree tight if some interval tree T
satisfies

ΦT (A) = ℓ↓(A).

Tree tightness is stronger than possessing a rank lower bound. It says that one ordered hierarchy
accounts for the entire restricted word length. The family below is tree tight by construction.

9.7.2 The snapshot family

Fix integers
u ≥ 1, 1 ≤ v ≤ u+ 1,

and choose distinct phases
0 ≤ s1 < s2 < · · · < sv ≤ u.

Order the coordinates as
x1, . . . , xu, p, q, t1, . . . , tv.

For 0 ≤ s ≤ u, put

ws = ep +
s∑
i=1

exi . (9.12)

Define
A(u; s1, . . . , sv) ∈ Uu+v+2(F) (9.13)

by
Rxi = exi , Rp = wu, Rq = eq,

and
Rtj = etj + eq + wsj (1 ≤ j ≤ v). (9.14)

The output rows record selected intermediate versions of the carrier p.
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Proof of Theorem 9.5. For the ambient construction, first apply

q → p.

Sweep through the updates
x1 → p, . . . , xu → p.

Whenever phase sj is reached, apply
p→ tj .

Finally apply q → p with coefficient −1. At phase s, the carrier is eq + ws, so every output has the
required value, and the final gate removes eq from row p. The word has length

1 + u+ v + 1 = u+ v + 2.

Thus
ℓ∗
(
A(u; s1, . . . , sv)

)
≤ u+ v + 2.

For a lower word, perform the same u updates without opening the catalyst. At each selected phase,
use the two gates

p→ tj , q → tj .

This gives length u+ 2v.
It remains to prove optimality in the lower model. At the root, split

{x1, . . . , xu, p}
∣∣ {q, t1, . . . , tv}.

The nonzero rows of the root cross block are ws1 , . . . , wsv . Distinct prefix vectors are linearly indepen-
dent: in a linear relation, inspect successively a coordinate occurring in wsj but in none of the earlier
prefixes, starting from the largest phase. Hence the root contributes v.

Inside the left child, use the comb that splits off x1, then x2, and so on while retaining p in the
remaining interval. Every one of the u cuts has rank one because the final row p contains every xi.
Inside the right child, repeatedly split off the last output while retaining q in the left interval. Each of
the v cuts has rank one because every output contains q. Therefore

ΦT
(
A(u; s1, . . . , sv)

)
= v + u+ v = u+ 2v.

The interval-tree lower bound matches the displayed lower circuit.

Remark 9.35 (Support connectivity). For u, v ≥ 1, the undirected support graph ofA(u; s1, . . . , sv)−I is
connected. Row p joins all update coordinates xi, while every output joins both p and q. The separation
below therefore does not arise from a direct sum of independent six-row gadgets.

9.7.3 Exact higher binary examples

The interval tree gives the exact restricted distance in all dimensions. For the first three higher targets,
a separate bidirectional search also proves that the displayed ambient construction is optimal.

Theorem 9.36 (Exact binary cases in dimensions seven through nine). Over F2, let

H7 = A(2; 0, 1, 2), H8 = A(3; 0, 1, 2), H9 = A(3; 0, 1, 2, 3).
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Figure 9.9. The connected snapshot family. One temporary upper dependency lets the ambient circuit export v
selected prefix states. A lower-only circuit must insert the q component separately into every output.

Then
(ℓ↓(H7), ℓ∗(H7)) = (8, 7),

(ℓ↓(H8), ℓ∗(H8)) = (9, 8),

and
(ℓ↓(H9), ℓ∗(H9)) = (11, 9).

Proof. The restricted values follow from Theorem 9.5. The ambient words have lengths 7, 8, and 9. To
exclude shorter words, the supplement computes exact ambient balls and checks that the two relevant
balls do not intersect. The certificate sizes are

n tested split left ball right ball

7 3 + 3 23276 23276

8 3 + 4 52277 1174097

9 4 + 4 2994949 2994949

Every intersection is empty. Since the generating sets are symmetric, an empty radius-r versus radius-s
intersection rules out every word of length at most r + s.

These are exact higher-dimensional examples, not merely padded copies of C.
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Table 9.4. Successive connected cases from the optimized snapshot family. The restricted value is exact; the
ambient column is a certified construction and is exact for n = 7, 8, 9 over F2.

n u v ℓ↓ ambient upper bound / certified gap

7 2 3 8 7 / 1
8 3 3 9 8 / 1
9 3 4 11 9 / 2

10 4 4 12 10 / 2
11 4 5 14 11 / 3
12 5 5 15 12 / 3
13 5 6 17 13 / 4
15 6 7 20 15 / 5
17 7 8 23 17 / 6
19 8 9 26 19 / 7
21 9 10 29 21 / 8

9.7.4 A connected defect in every dimension

Proof of Corollary 9.6. For n ≥ 7, put

vn =

⌊
n− 1

2

⌋
, un = n− vn − 2,

and take the phases
0, 1, . . . , vn − 1.

The inequality vn ≤ un + 1 holds, so the snapshot target is defined. By Theorem 9.5,

ℓ↓(An) = un + 2vn = n+ vn − 2,

while
ℓ∗(An) ≤ un + vn + 2 = n.

Hence
ℓ↓(An)− ℓ∗(An) ≥ vn − 2 =

⌊
n− 5

2

⌋
.

Connectivity follows from the preceding remark.

The ratio also increases beyond the block-sum value 7/6.

Corollary 9.37 (Asymptotic multiplicative distortion). For every field,

lim sup
n→∞

sup
A∈Un(F), A ̸=I

ℓ↓(A)

ℓ∗(A)
≥ 3

2
.

Proof. Along the optimized connected family,

ℓ↓(An)

ℓ∗(An)
≥ n+ b(n− 1)/2c − 2

n
,

which tends to 3/2.
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Figure 9.10. The six-row atom is the first exact defect. From dimension seven onward, the connected snapshot family
gives an exact restricted length and a shorter ambient construction in every dimension.

9.8 Bounded and weighted catalytic resources
The connected snapshot family uses a single matched excursion: one upper-directed gate opens the
dirty carrier and one upper-directed gate closes it. This permits a sharper statement than the unre-
stricted inequality ℓ∗ < ℓ↓.

9.8.1 A bounded number of upper-directed gates

For a circuit word w, let u(w) denote its number of upper-directed gates.

Definition 9.38 (Upper-gate budget). For q ≥ 0 and A ∈ Un(F), define

ℓ≤q(A) = min{|w| : [w] = A, u(w) ≤ q}.

Thus
ℓ≤0(A) = ℓ↓(A), ℓ≤q+1(A) ≤ ℓ≤q(A), ℓ∗(A) ≤ ℓ≤q(A).

Proposition 9.39 (Two upper gates give a linear advantage). For every snapshot target A =

A(u; s1, . . . , sv),
ℓ≤0(A) = u+ 2v, ℓ≤2(A) ≤ u+ v + 2.

Consequently,
ℓ≤0(A)− ℓ≤2(A) ≥ v − 2.

For the optimized connected target An of Corollary 9.6,

ℓ≤0(An)− ℓ≤2(An) ≥
⌊
n− 5

2

⌋
.

Proof. The exact restricted value is Theorem 9.5. Its ambient construction has precisely two upper-
directed gates, namely the opening and closing operations on the carrier row; all u updates and all v
reads are lower directed. The optimized choice has v = b(n− 1)/2c.
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Corollary 9.40 (No budget-only additive simulation bound). There is no finite constant K such that

ℓ↓(A) ≤ ℓ≤2(A) +K

for all dimensions, fields, and lower-unitriangular targets A.

Proof. The left-minus-right difference in Proposition 9.39 tends to infinity with n.

Thus the power of the excursion is not controlled by the number of forbidden gates. It is controlled
by how many useful carrier states are exported between opening and closing.

9.8.2 Rank-one, bandwidth-one flag escape

The number of upper gates does not measure how far a circuit travels from the lower subgroup. We
now control every intermediate state.

ForX ∈ SLn(F), letX+ be thematrix obtained by retaining only the strict upper entries ofX . Define

r+(X) = rankX+

and
b+(X) = max{j − i : Xij 6= 0, i < j},

with b+(X) = 0 whenX+ = 0. Let ℓ(r,b)(A) be the minimum length of a transvection circuit from I to
A such that every prefix matrix X satisfies

r+(X) ≤ r, b+(X) ≤ b.

Lemma 9.41. For A ∈ Un(F),
ℓ(0,0)(A) = ℓ↓(A).

Proof. A lower-directed gate preserves lower triangularity. Conversely, ifX is lower unitriangular and
an upper-directed gate Rt ← Rt + aRs with t < s is applied, then the new (t, s) entry equals

Xt,s + aXs,s = a 6= 0.

The next state is therefore not lower triangular. A circuit whose every prefix has zero strict upper part
uses only lower-directed gates.

Theorem 9.42 (Microscopic escape, macroscopic saving). For every field F and every n ≥ 7, there is a
connected target An ∈ Un(F) such that

ℓ(0,0)(An)− ℓ(1,1)(An) ≥
⌊
n− 5

2

⌋
.

The length-n circuit witnessing the second term uses exactly two upper-directed gates.

Proof. Use the connected family from Corollary 9.6, with the carrier coordinates p < q adjacent. Be-
tween the opening and closing gates, the only strict upper entry is the coefficient at position (p, q).
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Microscopic flag escape with macroscopic reuse

Figure 9.11. The snapshot circuit leaves the lower subgroup through one adjacent upper entry. Throughout the
excursion the strict upper part has rank one and bandwidth one, yet the accumulated saving grows
linearly.

Hence every prefix has upper rank at most one and upper bandwidth at most one. The displayed
ambient circuit has length n, whereas

ℓ(0,0)(An) = ℓ↓(An) = n+

⌊
n− 1

2

⌋
− 2.

Subtracting proves the claim.

9.8.3 A weighted upper-gate metric

A hardware or fault model may penalize an upper-directed interaction more heavily than a lower-
directed one. Fix λ > 0. If w has d(w) lower-directed gates and u(w) upper-directed gates, put

costλ(w) = d(w) + λu(w),

and define
ℓλ(A) = inf{costλ(w) : [w] = A}.

At λ = 1 this is the ordinary ambient length, while large λ increasingly penalizes flag excursions.

Proposition 9.43 (Fixed penalties do not suppress catalysis). For every snapshot target A =

A(u; s1, . . . , sv) and every λ > 0,
ℓλ(A) ≤ u+ v + 2λ.

Consequently,
ℓ↓(A)− ℓλ(A) ≥ v − 2λ.

For the optimized connected family,

ℓ↓(An)− ℓλ(An) ≥
⌊
n− 1

2

⌋
− 2λ.
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Figure 9.12. Certified lower-minus-weighted advantage for the optimized connected family. Every fixed upper-gate
penalty is eventually amortized because the same matched excursion serves a growing number of
output snapshots.

In particular, for every fixed finite λ, the weighted advantage grows linearly with n.

Proof. The displayed catalytic word contains u+ v lower-directed gates and two upper-directed gates,
so its weighted cost is u+ v + 2λ. Subtract this from the exact restricted value u+ 2v. The optimized
family again has v = b(n− 1)/2c.

Remark 9.44 (Penalty threshold). For the displayed realization of a snapshot target, catalysis beats the
optimal lower-only cost whenever

λ <
v

2
.

The critical penalty therefore scales with the number of consumers, not with the dimension of the
dirty workspace.

Proof of Theorem 9.7. Combine Propositions 9.39 and 9.43.

9.9 Algebraic rarity of catalytic defects
The preceding sections construct highly structured targets with large defects. This section proves the
complementary statement that catalytic defects are nongeneric at every fixed dimension. Fix a fieldK.
Algebraic dimensions and closures are taken after base change to an algebraic closure ofK. Put

N = dimUn =

(
n

2

)
, M = n(n− 1).
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9.9.1 Transvection product loci

For a direction skeleton
σ = ((t1, s1), . . . , (tL, sL)), ti 6= si,

define the polynomial word map

Φσ : AL −→ SLn, (a1, . . . , aL) 7−→ (I + aLEtL,sL) · · · (I + a1Et1,s1).

The coefficients are allowed to vanish, so a word of length at most L can be padded to length L. Let

R∗
n,≤L = Un ∩

⋃
σ∈{(t,s):t ̸=s}L

imΦσ

be the ambient reachability locus, and defineR↓
n,≤L analogously using only lower directions.

Equivalently, put

X∗ =
⋃
t ̸=s
{I + aEt,s : a ∈ K}, X↓ =

⋃
s<t

{I + aEt,s : a ∈ K}.

Then ℓ∗(A) and ℓ↓(A) are the corresponding transvection product lengths: the least L for which A ∈
XL

∗ or A ∈ XL
↓ .

Proposition 9.45 (Dimension of bounded-length loci). For every L ≥ 0, the sets R∗
n,≤L and R↓

n,≤L are
constructible and

dimR∗
n,≤L ≤ L, dimR↓

n,≤L ≤ L.

Proof. There are finitelymanydirection skeletons of lengthL. For each skeleton,Φσ is amorphism from
an L-dimensional affine space. Chevalley’s theorem makes its image constructible, and the closure of
the image has dimension at most L [30]. Finite unions preserve constructibility and the maximum
dimension bound. Intersecting with the closed subvariety Un cannot increase dimension.

The argument is an instance of a general parameter-counting principle.

Proposition 9.46 (Dimension per gate). LetG be an algebraic group, let V ⊆ G be an irreducible subvariety
of dimensionD, and letX ⊆ G be a finite union of locally closed subvarieties, each of dimension at most r, with
the identity in X . Write

X(L) = {xL · · ·x1 : x1, . . . , xL ∈ X}.

Then
dimV ∩X(L) ≤ rL.

In particular, if rL < D, a Zariski-generic point of V has X-product length greater than L.

Proof. Every irreducible component of the Cartesian power X×L has dimension at most rL. Multipli-
cation GL → G is a morphism, so the closure of the image of each component has dimension at most
rL. There are finitely many components, and intersecting the resulting finite union with V cannot in-
crease dimension. Since the identity belongs toX , products of length at most L are already contained
in X(L).

For transvections, the discrete choice of direction contributes finitely many components and each
component carries one scalar parameter. Thus r = 1. Every element of Un(K) has lower length at most

152



Quantum and Circuits PART III

N : process the strict lower entries in any root order compatible with elimination. The dimension-per-
gate bound shows that this worst-case value is generic.

Theorem 9.47 (Generic rigidity). Let K be an infinite field. There is a nonempty Zariski-open subvariety
Ωn ⊆ Un, defined over K, such that Ωn(K) is nonempty and

ℓ∗(A) = ℓ↓(A) = N (A ∈ Ωn(K)).

The same statement holds with exact product length replaced by border product length.

Proof. After base change to an algebraic closureK, Proposition 9.45 gives

dimR∗
n,≤N−1 ≤ N − 1 < N = dimUn .

Because the word maps are defined overK, this proper closed set descends to a proper closed subset
of Un overK. Its complement is a nonempty Zariski-open setΩn. SinceK is infinite and Un

∼= AN , the
set Ωn(K) is nonempty and Zariski dense. For any A ∈ Ωn(K), one has ℓ∗(A) ≥ N . The inequalities

ℓ∗(A) ≤ ℓ↓(A) ≤ N

force equality. Replacing each image by its Zariski closure gives the border-length statement by the
same argument.

9.9.2 Defect codimension

For an algebraically closed fieldK and d ≥ 1, define

Dn,≥d = {A ∈ Un(K) : ∆(A) ≥ d}.

Theorem 9.48 (Defect–codimension bound). Let K be algebraically closed. For every 1 ≤ d ≤ N ,

dimDn,≥d ≤ N − d.

Equivalently,
codimUn Dn,≥d ≥ d.

More finely, on the stratum where ℓ↓(A) = L and ∆(A) ≥ d, the closure has dimension at most L− d.

Proof. If ∆(A) ≥ d, then
ℓ∗(A) ≤ ℓ↓(A)− d ≤ N − d.

Thus Dn,≥d ⊆ R∗
n,≤N−d, and Proposition 9.45 gives the first assertion. On the intrinsic-length-L stra-

tum one instead has ℓ∗(A) ≤ L− d, proving the refinement.

9.9.3 Finite-field sparsity

The dimension argument has an elementary counting counterpart. Allowing zero coefficients, a
padded word of length L is specified by L choices amongM directed positions and L coefficients in
Fq. Consequently

|R∗
n,≤L(Fq)| ≤ (Mq)L.
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Un  (dimension N= (n2 ))

 *
n, ≤N− 1

 *
n, ≤N− d

n, ≥ d

codim ≥ d

generic targets lie outside every ambient locus of length below N

Algebraic rarity of catalytic defect

Figure 9.13. Bounded ambient product loci form nested algebraic strata inside Un. A defect of size at least d lies
inside the ambient reachability locus of length N − d, whose closure has codimension at least d.

Corollary 9.49 (Finite-field defect density). For 1 ≤ d ≤ N ,

PA∈Un(Fq)[∆(A) ≥ d] ≤ min{1,MN−dq−d}.

In particular, for fixed n,

P[∆(A) > 0] = On(q
−1), E[∆(A)] = On(q

−1)

as q →∞.

Proof. The defect condition implies ambient length at most N − d, so the number of such targets is at
most (Mq)N−d. Divide by

|Un(Fq)| = qN .

The expectation bound follows from

E[∆] =
N∑
d=1

P[∆ ≥ d].

The same counting argument also gives

PA∈Un(Fq)[ℓ∗(A) = ℓ↓(A) = N ] ≥ 1−MN−1q−1,

whenever the right side is positive. Thus maximal ambient and intrinsic length is not only Zariski
generic over infinite fields but asymptotically typical over growing finite fields at fixed dimension.
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9.9.4 Border catalysis

For an algebraic generating set X , define the border product length

ℓX(A) = min{L : A ∈ XL}.

This is analogous to the passage from tensor rank to border rank [35]. The generic value is still N by
Theorem9.47, but exact and border defects candiffer on exceptional strata. It is presently openwhether
the canonical atom C belongs to the closure of the six-factor lower transvection locus. A negative
answer would show that its one-gate defect is stable under algebraic degeneration; a positive answer
would exhibit a rank-versus-border-rank phenomenon inside reversible linear synthesis.
Remark 9.50 (Rare but amplifiable). The codimension theorem and the tensor construction point in
opposite directions without contradiction. At each fixed n, a defect of size d lies on a codimension-at-
least-d subset. Carefully selected points on these thin strata can nevertheless be tensorized into families
withΩ(n logn) additive defect. Catalytic compression is therefore algebraically rare but asymptotically
amplifiable.

9.10 Recursive, block, and tensor amplification

9.10.1 Restricted block additivity

The lower metric is exactly additive on contiguous block-diagonal targets.

Proposition 9.51 (Block additivity). Let Ai ∈ Uni(F) for 1 ≤ i ≤ k. Then

ℓ↓
(
diag(A1, . . . , Ak)

)
=

k∑
i=1

ℓ↓(Ai).

Proof. The upper bound follows by running optimal lower circuits independently inside the blocks.
For the lower bound, view an element ofUn1+···+nk

(F) as a lower block-triangularmatrix and project
to its diagonal blocks:

π(X) = (X11, . . . , Xkk).

Because diagonal blocks multiply independently in a lower block-triangular product, π is a homo-
morphism. A lower transvection internal to one block projects to one generator in that factor, while
a crossing transvection projects to the identity in every factor. Ifmi gates survive in factor i, then the
total word length is at least ∑

i

mi ≥
∑
i

ℓ↓(Ai).

The ambient metric is subadditive:

ℓ∗
(
diag(A1, . . . , Ak)

)
≤
∑
i

ℓ∗(Ai).

Cross-block ambient workspace can only improve this upper bound.

155



Quantum and Circuits PART III

10 20 30 40 50
dimension n= 6k

10

20

30

40

50

ga
te

 c
ou

nt

Direct-sum amplification of the catalytic defect
restricted = 7k
ambient upper bound = 6k

Figure 9.14. Block-sum amplification. The restricted length is exactly 7k, while the displayed ambient construction
has length 6k.

Corollary 9.52 (Block-sum amplification). For every field and every n ≥ 6, there is an An ∈ Un(F) with

ℓ↓(An)− ℓ∗(An) ≥
⌊n
6

⌋
.

For n = 6k, the target C⊕k satisfies

ℓ↓(C
⊕k) = 7k, ℓ∗(C

⊕k) ≤ 6k.

Proof. For n = 6k+ r, take C⊕k ⊕ Ir and apply block additivity together with k copies of the ambient
six-gate word.

9.10.2 A recursive zeta-shaped lift

For A ∈ Um(F), define

Z(A) =
(
A 0

A A

)
∈ U2m(F). (9.15)

Proposition 9.53 (Exact restricted lift). For every A ∈ Um(F),

ℓ↓(Z(A)) = 2ℓ↓(A) +m,

and
ℓ∗(Z(A)) ≤ 2ℓ∗(A) +m.

Consequently,
∆(Z(A)) ≥ 2∆(A).

Proof. The construction first realizes diag(A,A) and then applies the m root-cross gates that add top
row i into bottom row i.
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For the lower bound, write a circuit state inm×m blocks as

X =

(
P 0

Q R

)
.

Projection to the two diagonal blocks forces at least 2ℓ↓(A) internal gates. A top-internal gate leavesQ
unchanged. A bottom-internal gate performs an invertible row operation onQ and preserves its rank.
A root-cross gate changes Q by one rank-one row contribution, so it can increase rankQ by at most
one. The final cross block is A, of rankm, hence at leastm root-cross gates are necessary.

Let A[0] = A and A[r+1] = Z(A[r]). If A has sizem, restricted length a, and ambient length b, then

ℓ↓(A
[r]) = 2ra+ rm2r−1, (9.16)

and
ℓ∗(A

[r]) ≤ 2rb+ rm2r−1. (9.17)

Thus
∆(A[r]) ≥ 2r∆(A).

For the canonical atom C, the first values are

r dimension restricted exact ambient upper bound certified gap

0 6 7 6 1

1 12 20 18 2

2 24 52 48 4

3 48 128 120 8

4 96 304 288 16

This gives arbitrarily deep exact recursion with identical diagonal children and a full-rank cross block
while preserving a positive defect.

9.10.3 Tensor products of tree-tight targets

The tensor operation gives the stronger asymptotic amplification.

Theorem 9.54 (Exact restricted tensor rule). Let A ∈ Um(F) and B ∈ Un(F) be tree tight. Then A⊗B is
tree tight and

ℓ↓(A⊗B) = nℓ↓(A) +mℓ↓(B). (9.18)

Moreover,
ℓ∗(A⊗B) ≤ nℓ∗(A) +mℓ∗(B), (9.19)

so
∆(A⊗B) ≥ n∆(A) +m∆(B). (9.20)

Proof. Use lexicographic order on the mn coordinates. Substitute a copy of a certificate tree for B at
every leaf of a certificate tree for A. At an outer node, the cross block is

A[R,L]⊗B,

whose rank is n rankA[R,L] becauseB is invertible. The outer nodes therefore contribute nℓ↓(A). The
m diagonal copies of the inner tree contributemℓ↓(B). This proves the lower bound.
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Recursive lift (A) with block pattern A, 0;A,A

Δ(r(A)) ≥ 2rΔ(A); exact lower recurrence ar+ 1 = 2ar +m2r

Figure 9.15. The recursive lift has the same outer shape as a Boolean zeta recursion. A finite defect at the leaf is
doubled at every lift.

For the matching lower construction, first realize Im ⊗ B using m copies of a circuit for B. Then
realize A⊗ In. Each gate of a circuit for A lifts to n coordinatewise gates. Since

(A⊗ In)(Im ⊗B) = A⊗B,

the cost is the right side of Equation (9.18). The same construction with ambient circuits proves Equa-
tion (9.19).

If A is tree tight of dimension m, with restricted length a and an ambient construction of length b,
then

ℓ↓(A
⊗r) = rmr−1a, (9.21)

and
ℓ∗(A

⊗r) ≤ rmr−1b. (9.22)

A positive one-copy defect therefore becomes an order-N logN defect at dimension N = mr.

Proof of Theorem 9.10. Apply Theorem 9.54 repeatedly to the tree-tight snapshot target A =

A(u; s1, . . . , sv), for which
a = u+ 2v, b = u+ v + 2 = m.

Then
ℓ↓(A

⊗r)− ℓ∗(A⊗r) ≥ rmr−1(v − 2).

Since N = mr and r = log2N/ log2m, this is

v − 2

m log2m
N log2N.
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Within the snapshot family, the best coefficient is obtained by the twenty-one-dimensional seed

A21 = A(9; 0, 1, . . . , 9),

for which
ℓ↓(A21) = 29, ℓ∗(A21) ≤ 21, ∆(A21) ≥ 8.

Proposition 9.55 (Optimal snapshot seed for tensor rate). Among all snapshot targets, the coefficient

v − 2

m log2m
, m = u+ v + 2,

is maximized at
(m,u, v) = (21, 9, 10).

Proof. For fixedm, maximize v subject to v ≤ u+ 1 and u+ v + 2 = m. Thus

v =

⌊
m− 1

2

⌋
.

Ifm is even and at least eight, its coefficient is strictly smaller than that ofm−1, because the numerator
is the same while

(m− 1) log(m− 1) < m logm.

It therefore suffices to consider odd m. Apart from the constant change of logarithm base, the odd-
dimensional envelope is

f(x) =
x− 5

2x logx.

Its derivative has the sign of
5(1 + logx)− x.

For x > 5 this expression crosses zero exactly once, between 19 and 21. Direct comparison gives
f(21) > f(19), afterwhich the envelope decreases. Hence the unique integermaximizer ism = 21.

The first tensor powers are

r dimension 21r restricted exact ambient upper bound certified gap

1 21 29 21 8

2 441 1218 882 336

3 9261 38367 27783 10584

4 194481 1074276 777924 296352

9.10.4 Stable tensor capacity and activation

The tensor inequality also defines a regularized ambient invariant. Let A ∈ Um(F) and put

br(A) =
ℓ∗(A

⊗r)

mr−1
.

Applying Equation (9.19) to A⊗r ⊗A⊗s gives

br+s(A) ≤ br(A) + bs(A).

159



Quantum and Circuits PART III

102 103 104 105 106

dimension N= 21r

101

102

103

104

105

106

107

ga
te

 c
ou

nt

Tensor amplification: Θ(NlogN) defect
exact restricted length
ambient construction
certified defect

Figure 9.16. Tensor powers of the twenty-one-dimensional snapshot seed. Both displayed circuit sizes are of order
N logN , and their difference has a positive N logN coefficient.

Proposition 9.56 (Stable tensor length). The limit

τ∗(A) = lim
r→∞

ℓ∗(A
⊗r)

rmr−1
= inf

r≥1

ℓ∗(A
⊗r)

rmr−1

exists. If A is tree tight, then the stable catalytic capacity

κ⊗(A) = ℓ↓(A)− τ∗(A)

satisfies
κ⊗(A) ≥ ∆(A).

Proof. The sequence br(A) is subadditive, so Fekete’s lemma gives the displayed limit. Since the one-
copy lifted construction implies τ∗(A) ≤ ℓ∗(A), one has

κ⊗(A) ≥ ℓ↓(A)− ℓ∗(A) = ∆(A).

For a tree-tight target, Equation (9.21) identifies ℓ↓(A) with its exact normalized restricted tensor cost.

For the twenty-one-dimensional seed A21,

κ⊗(A21) ≥ 8.

This regularization introduces a new possibility: a target may have ∆(A) = 0 but κ⊗(A) > 0. In that
case one copy is rigidwhilemany tensor copies admit a collective shortcut.We call this tensor activation.

9.10.5 Extremal consequences

Define
Dn(F) = sup

A∈Un(F)

(
ℓ↓(A)− ℓ∗(A)

)
.
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For finite fields the supremum is a maximum. The tensor family gives the following explicit
all-dimension bound.

Proof of Corollary 9.11. Letm = 21 and write

n =

r∑
j=0

djm
j , 0 ≤ dj < m.

Take the block sum of dj copies ofA⊗j
21 for every j, with the conventionA⊗0

21 = I1. Block additivity and
the tensor estimate give

Dn(F) ≥
8

21

r∑
j=0

jdj21
j .

Put S =
∑

j jdj21
j . Since r = blog21 nc,

rn− S =
∑
j<r

(r − j)dj21j ≤ 20
∑
h≥1

h21r−h ≤ 21r+1

20
≤ 21

20
n.

Also r ≥ log21 n− 1. Therefore

S ≥ n log21 n−
41

20
n.

Multiplying by 8/21 yields
Dn(F) ≥

8

21 log2 21
n log2 n−

82

105
n.

Numerically,
8

21 log2 21
= 0.0867315 . . . .

The elementary bottom-to-top construction gives

Dn(F) ≤
n(n− 1)

2
.

Thus the current general range is

0.0867315n log2 n−O(n) ≤ Dn(F) ≤
n(n− 1)

2
. (9.23)

9.11 Discussion and open problems

9.11.1 What the threshold and higher families establish

The six-row atom proves that an optimal circuit for a lower-unitriangular target need not remain in
the lower-unitriangular subgroup. The exact binary classification shows that this first failure is rigid:
it occurs for exactly twenty targets, every defect is (7, 6), and every target is generated by the same
three-cross, one-phase mechanism.

The higher-dimensional results change the scale of the phenomenon. The connected snapshot fam-
ily shows that exactly two upper-directed gates can support a defect linear in dimension, and that
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the advantage persists under every fixed finite penalty on those gates. The recursive lift shows that
a defective leaf survives arbitrarily many identical full-rank dyadic levels. Tensor products then turn
any tree-tight positive-defect atom into an order-N logN additive separation. Thus the defect is not
a finite anomaly and not merely linear in the worst case. At the same time, generic rigidity and the
defect–codimension theorem show that large defects require correspondingly special algebraic con-
ditions. The central synthesis is therefore not ubiquity but amplification: thin exceptional strata can
control large structured families.

9.11.2 Relation to ordinary CNOT synthesis

Exact CNOT synthesis usually minimizes ℓ∗ on all of GLn(F2). The present problem fixes a structured
target class and compares the ambient optimum with a structure-preserving optimum. Recent exact
methods explore the full Cayley graph using symmetries, bidirectional search, A* methods, SAT, and
related techniques [25, 44, 43]. The right-coset computation in this paper is tailored to a subgroup com-
parison, while the higher-dimensional exact audits use direct bidirectional balls for selected targets.

The 2026 NP-completeness result for all-to-all CNOT distance shows that cancellation and unre-
stricted parity reuse must be handled in full generality [18]. The present constructions isolate explicit
reusable-carrier mechanisms under an ordered restriction. They do not resolve ambient synthesis
complexity.

9.11.3 Open directions

Question 9.57 (Universal six-dimensional threshold). Is six the first defective dimension over every
field, or even over every nonzero commutative ring? The atom gives a universal defective target in
dimension six. Exact no-defect searches below six are proved here for F2 and F3.
Question 9.58 (Geometry of the defect locus). For fixed n and d, determine the irreducible components
and exact dimension of Dn,≥d. When is the lower bound codim ≥ d sharp?
Question 9.59 (Border catalysis). Does the canonical atom have lower border product length six or
seven? More generally, when can exact catalytic defects disappear under algebraic degeneration?
Question 9.60 (Correct growth of the maximum defect). Is Dn(F) of order n logn, or can interacting
catalysts produce a larger power of n? The current bounds are

Ω(n logn) ≤ Dn(F) ≤ O(n2).

Question 9.61 (Multiplicative distortion). Is

sup
n,A∈Un(F)

ℓ↓(A)

ℓ∗(A)

bounded? The connected snapshot family gives an asymptotic lower bound of 3/2. Exceeding 3/2

appears to require a mechanism beyond one clean carrier exporting independent snapshots.
Question 9.62 (Exact ambient complexity of snapshot targets). For which phase sets is the ambient
construction of length u + v + 2 optimal? It is exact for the displayed binary targets in dimensions
seven, eight, and nine, but the general ambient optimum remains open.
Question 9.63 (Tensor synergy and activation). Can A ⊗ B admit an ambient circuit shorter than the
lifted bound

nℓ∗(A) +mℓ∗(B)?
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Such synergy would only increase the defect, but understanding it is necessary for exact tensor com-
plexity. Does there exist a tree-tight target with ∆(A) = 0 but κ⊗(A) > 0?
Question 9.64 (Higher catalytic normal forms). Can interacting or crossing catalytic excursions pro-
duce asymptotic behavior impossible for a single clean carrier? A useful classification would separate
laminar, crossing, and singular flag excursions.
Question 9.65 (Two-gate multiplicative ceiling). Among targets realizable with at most two upper-
directed gates, is the asymptotic multiplicative distortion at most 3/2? The snapshot family reaches
this value from below, but the present paper proves no matching upper bound.
Question 9.66 (Matroidal classification). Which regular matroids admit a flagged realization whose
shortest ambient state tour is strictly shorter than every flag-compatible lift? The first atom is the
graphic matroidM(K4) with designated source, carrier, and output roles.
Question 9.67 (Weighted phase transition). For a fixed target family, determine the exact critical penalty
λc at which a flag excursion ceases to improve the optimal weighted cost. The snapshot construction
proves only the lower bound λc ≥ v/2 for its displayed carrier word.
Question 9.68 (Other root systems). LetG be a split reductive groupwith unipotent radicalU . Compare
word length in positive root subgroups with ambient word length using all root subgroups. Which
root systems admit a catalytic defect, and what is the first rank?
Question 9.69 (Certificate extraction). Can exact ambient lower bounds for large structured targets
be accompanied by short human-readable certificates rather than exhaustive balls? The interval-tree
method completely handles the restricted side, while the ambient side still lacks an equally general
certificate.

9.12 The twenty binary dimension-six defects
A lower-unitriangular binary matrix is encoded by reading the strict lower entries row by row:

(1, 0), (2, 0), (2, 1), . . . , (5, 0), . . . , (5, 4).

The resulting fifteen-bit integer is denoted by code(A). A row is displayed as the integer whose binary
expansion is its support vector. Table 9.5 lists all defects. Every row has ℓ↓ = 7 and ℓ∗ = 6.

Table 9.5. The twenty defective matrices in U6(F2).

code R0 R1 R2 R3 R4 R5

6585 1 3 4 15 22 38
6641 1 3 4 14 23 38
6649 1 3 4 15 23 38
7601 1 3 4 14 22 39
7609 1 3 4 15 22 39
7665 1 3 4 14 23 39

10014 1 2 7 11 28 41
11038 1 2 7 11 28 42
12894 1 2 7 11 25 44
12958 1 2 7 11 26 44
13142 1 2 7 10 29 44
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code R0 R1 R2 R3 R4 R5

13198 1 2 7 9 30 44
14102 1 2 7 10 28 45
15118 1 2 7 9 28 46
17912 1 2 4 15 23 49
18936 1 2 4 15 23 50
19960 1 2 4 15 23 51
20984 1 2 4 15 23 52
22008 1 2 4 15 23 53
23032 1 2 4 15 23 54

For example, the canonical target has row encoding

(1, 3, 4, 14, 23, 39)

and code 7601.

9.13 Search algorithms and correctness

9.13.1 Restricted search

For F2, each lower-unitriangular matrix is stored as a bit string. Standard breadth-first search gives
exact distance because every edge has unit weight. The algorithm terminates after visiting all states.

Algorithm 9.70 (Restricted breadth-first search). Initialize d[I] = 0 and a queue containing I . Repeat-
edly remove X from the queue. For every lower transvection s → t, form Y = τt,s(1)X . If Y has not
been visited, set d[Y ] = d[X] + 1 and append Y . Continue until the queue is empty.

9.13.2 Right-coset key

For an invertible binary matrix A, let cj be column j. Starting at j = n − 1 and moving left, reduce
cj by the already canonicalized columns cj+1, . . . , cn−1, using their pivot coordinates. The resulting
ordered reduced columns form the key κ(A).

Lemma 9.71. For A,B ∈ GLn(F2),

κ(A) = κ(B) ⇐⇒ AUn = BUn.

Proof. Right multiplication by U ∈ Un replaces column j by itself plus a combination of columns
with index greater than j. Right-to-left reduction is therefore unchanged on a right coset. Conversely,
equal reduced columns imply that the original column frames differ by a unique lower-unitriangular
column transformation, so A = BU for some U ∈ Un.

164



Quantum and Circuits PART III

9.13.3 Ambient search

Algorithm 9.72 (Radius-four right-coset meet in the middle). Compute the exact radius-four ball B4

in GL6(F2). Bucket its elements by κ. For each bucket and every ordered pair (b, a) in that bucket,
compute u = b−1a ∈ U6 and update

d∗(u)← min
(
d∗(u), d(b) + d(a)

)
.

Correctness is Lemma 9.28. The computation also checks that every generated pair lies in U6 and
that every one of the 32768 targets receives a finite distance.

9.13.4 Higher-dimensional bidirectional audits

For the targets H7,H8,H9 of Theorem 9.36, the program small_snapshot_exact.cpp constructs exact
ambient balls from the identity and from the target. If radius-r and radius-s balls are disjoint, symme-
try of the generating set rules out every word of length at most r+ s. The tested splits are 3 + 3, 3 + 4,
and 4 + 4, respectively. The source stores matrices in one 128-bit word and uses exact row-addition
transitions; no probabilistic or floating-point step occurs.

9.13.5 Symbolic higher-family checks

The program higher_family_tests.py generates the snapshot targets over F2, F3, and F5, evaluates
both displayed circuits, computes the interval-tree potentials, audits a tensor certificate for the seven-
dimensional seed, verifies the recursive cross rank, and reproduces the twenty-one-dimensional rate
optimization.

9.13.6 Further generalization audits

The program further_generalization_tests.py verifies the universal circuits over Z/4Z, Z/6Z, and
Z/8Z, audits the rank-one bandwidth-one excursion, checks the finite-field counting bounds symbol-
ically, and verifies the stable tensor subadditivity identities.

9.13.7 Motif comparison

The motif program independently loops over the three adjacent catalyst positions, the phase orienta-
tion, the phase leaf, and every nonempty proper before/after subset. It evaluates each six-gate word
from the identity and stores its target. The resulting set has size twenty. Exact comparison with the
twenty census defects returns equality.

9.14 Reproducibility ledger
The ancillary directory supplement/ contains portable source, frozen expected outputs, and a one-
command driver:

cd supplement
./run_all.sh

The driver compiles every C++ search, executes the Python motif, higher-family, matroid, and
weighted-resource checks, and compares all generated outputs byte for byte with the frozen records.
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The supplement README gives the individual commands and the role of every program. A SHA-256
manifest covers every included source and expected-output file.

Acknowledgement of computational status
All theorem statements are labeled by proof type in the body. The universal ring-valued atom, Schreier-
holonomy interpretation, regular-matroid identification, interval-tree family, bounded, weighted, and
microscopic resource theorems, algebraic-rarity bounds, block additivity, recursive lift, tensor rule,
stable tensor limit, and asymptotic amplification are proved symbolically. The first-threshold classi-
fication, finite censuses, and exact ambient values in dimensions seven through nine are computer
assisted, with complete search-space coverage justified in Section 9.13.

Data and code availability
The source archive accompanying this paper contains the complete LaTeX source, all vector figures,
every C++ and Python verification program, frozen expected outputs, and SHA-256 manifests. The
command

cd supplement
./run_all.sh

rebuilds the finite searches and symbolic audits and compares every output byte for byte with its
frozen record. No randomized or floating-point decision enters a theorem certificate.
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Quantum and reversible gate families

10.1 Qudit SUM gates and ring-valued linear logic

10.1.1 From transvections to quantum gates

Let d ≥ 2. On n qudits with computational basis labeled by Znd , define the scaled SUM gate

SUM(a)
s→t|x0, . . . , xn−1〉 = |x0, . . . , xt + axs, . . . , xn−1〉, a ∈ Zd.

It is a permutation unitary. Its action on basis labels is the row transvection

I + aEt,s.

For d = 2 and a = 1, it is CNOT. For prime d, these gates lie in the standard qudit Clifford group. For
composite d, they remain exact reversible modular-addition gates.

Proved statement

The universal six-row atom in the core chapter is valid over every nonzero commutative ring
with identity. Taking R = Zd gives a six-qudit target with restricted directed-SUM length seven
and ambient all-direction SUM length six for every d ≥ 2.

10.1.2 The universal six-qudit circuit

Use the coordinate names
x, p, q, t0, t1, t2.

The target acts on basis labels by

p 7→ p+ x,

t0 7→ t0 + p+ q,

t1 7→ t1 + x+ p+ q,

t2 7→ t2 + x+ p+ q,

with x and q unchanged. An ambient word is

SUMq→p, SUMp→t0 , SUMx→p, SUMp→t1 , SUMp→t2 , SUM(−1)
q→p .

The first gate adds the dirty q component to p. The middle gates export two different carrier states.
The final inverse gate restores p.

A lower-only word needs seven gates. The exact proof is coefficient-domain independent because
it uses pivot support and the number of distinct carrier states rather than division.
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+1

+1

-1

Universal six-qudit catalytic SUM circuit

The first and last gates open and close one reverse-directed dependency.

Figure 10.1. The universal six-qudit catalytic circuit. Coefficients are interpreted modulo d.

10.1.3 Connected higher-dimensional qudit families

The snapshot targetA(u; s1, . . . , sv) from the core chapter is defined over any coefficient ring forwhich
the displayed additions make sense. Over Zd, it becomes a modular SUM circuit. Its explicit ambient
word uses exactly two reverse-directed SUM gates and has length

u+ v + 2.

The interval-tree proof of exact restricted length is most transparent over fields, but the displayed
upper-bound and resource-amortization mechanism remain valid over every Zd.

For a field Fq, the exact formula is

ℓ↓(A) = u+ 2v, ℓ∗(A) ≤ u+ v + 2,

so
∆(A) ≥ v − 2.

The connected family has asymptotic ratio approaching 3/2.

10.1.4 Weighted physical costs

Suppose forward SUM gates cost one and reverse-directed SUM gates cost λ. The displayed word has
weighted cost

u+ v + 2λ,

while the restricted construction costs u+ 2v. Hence the gain is at least

v − 2λ.

This formula can be combined with hardware calibration. If reverse orientation requires echo pulses
or routing, the catalyst remains useful when the number of exported snapshots exceeds twice the
effective penalty.
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Scope boundary

A gate-count saving does not imply a lower physical error or depth. Device-specific conclusions
require a cost vector containing duration, infidelity, crosstalk, and routing. The algebraic theorem
identifies candidate rewrites and the exact break-even inequality.

10.1.5 Pauli action for prime qudits

For odd prime d, let X and Z denote generalized Pauli operators. The SUM gate acts by

Xs 7→ XsX
a
t , Xt 7→ Xt,

Zs 7→ Zs, Zt 7→ Z−a
s Zt.

Thus the modular linear action embeds into a symplectic transformation. The catalytic row excursion
has a dual Pauli interpretation: a temporary reverse dependency changes bothX propagation and the
contragredient Z propagation, then restores them.

This makes the SUM family a bridge between the transvection paper and the Clifford chapter. It is
the only quantum extension in this monograph that follows directly from the ring-universal theorem
without a new finite search.

10.1.6 Continuous-variable shear analogue

On continuous variables, a linear coordinate map A embeds symplectically as

A 7−→
(
A 0

0 A−T

)
.

A row shear therefore gives a Gaussian SUM transformation. The six-row word identity remains a
matrix identity in the corresponding shear subgroup.

Research template

To claim an advantage in a full Gaussian gate library, onemust compare against rotations, squeez-
ers, beam splitters, and general symplectic decompositions. The current theorem proves a defect
only inside the directed-shear versus all-shear comparison.

10.1.7 Compiler primitive

A compiler can search for a carrier row p, a temporary source q, and output rows requiring several
successive states of p. The symbolic pattern is:

1. add q into p in the disallowed direction,
2. update p through a sequence of allowed additions,
3. copy selected intermediate states of p into outputs,
4. subtract q from p,
5. verify that the outputs contain the intended modular combinations.

The Python function snapshot_target constructs the target and snapshot_ambient_word emits the word.

Listing 10.1. Constructing a modular snapshot family.
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from catalytic_gate_atlas.linear import (
snapshot_target,
snapshot_ambient_word,
apply_row_word,

)

u = 4
phases = [0, 2, 4]
modulus = 5
A = snapshot_target(u, phases, modulus)
word = snapshot_ambient_word(u, phases, modulus)
assert apply_row_word(len(A), word, modulus) == A

10.1.8 Open qudit questions

Question 10.1. Does the first defective dimension remain six for every finite field and every modular
ring Zd under the directed-SUM metric?
Question 10.2. Can qudit Clifford gates outside the SUM subgroup produce a larger defect for a SUM
target under total, entangling, or depth cost?
Question 10.3. Do composite dimensions admit characteristic-dependent catalytic motifs unavailable
over fields?

10.2 Catalytic basis escape in symplectic Clifford synthesis

10.2.1 Binary symplectic representation

Modulo global phase and Pauli translations, an n-qubit Clifford operation acts on Pauli exponent
vectors

v = (x0, . . . , xn−1 | z0, . . . , zn−1)
T ∈ F2n

2

through a symplectic matrix
M ∈ Sp(2n, 2).

The elementary gates used here act as follows:

Hi : (xi, zi) 7→ (zi, xi),

Si : zi 7→ zi + xi,

CXi→j : xj 7→ xj + xi, zi 7→ zi + zj ,

CZij : zi 7→ zi + xj , zj 7→ zj + xi.

Let Pn ≤ Sp(2n, 2) be the parabolic subgroup stabilizing the Z Lagrangian

LZ = {(0 | z) : z ∈ Fn2}.

The gates S, CZ, and CX preserve LZ . Hadamard gates do not.

Definition 10.4 (Parabolic and ambient Clifford metrics). The restricted alphabet is

SP = {Si,CZij ,CXi→j},
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and the ambient alphabet is
SC = SP ∪ {Hi}.

Targets lie in Pn. We study both total primitive count and entangling count, whereHi and Si have cost
zero while CX and CZ have cost one.

This is a precise basis-escape model. It is not the unique meaning of “CSS preserving” or “Clifford
cost.” It is chosen because both groups are finite and the restricted subgroup has a clean Lagrangian
interpretation.

10.2.2 Exact group sizes

The finite state spaces are
|Pn| = 2n(n+1)/2|GL(n, 2)|,

and

| Sp(2n, 2)| = 2n
2

n∏
j=1

(22j − 1).

For n = 1, 2, 3 this gives:

n |Pn| | Sp(2n, 2)|

1 2 6
2 48 720
3 10,752 1,451,520

These sizes permit exhaustive breadth-first or zero-one search through three qubits.

10.2.3 Total primitive count

Exact finite computation

With every gate in SP and SC assigned unit cost and with SWAP excluded as a primitive, ex-
haustive search gives:

n restricted diameter ambient diameter defective targets maximum defect

1 1 3 0 0
2 5 8 0 0
3 8 12 24 1

At n = 3, six targets have distance pair (7, 6) and eighteen have pair (8, 7).

Thus three qubits are the first total-count threshold in this exact swap-free model.
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A three-qubit witness

One defective target has symplectic matrix

M3 =



0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

1 0 1 0 1 0

0 1 0 0 0 1

0 1 0 1 0 0


.

A restricted word of length seven is

CX0→2,CZ12,CX2→0,CX0→2,CX0→1,CX1→0,CX0→1 .

An ambient word of length six is

H1,CX1→2,CX2→1,CX2→0,CX0→2,H0.

q_0

q_1

q_2

Restricted parabolic word: 7 primitive gates

q_0

q_1

q_2

H

H

Ambient symplectic Clifford word: 6 primitive gates

A computer-certified three-qubit total-gate defect

Figure 10.2. A swap-free three-qubit parabolic target with total primitive-count defect one.

The Hadamards do not form amatched pair on the same wire. They open and close the Lagrangian
excursion in different coordinates. This is a useful warning against assuming that every catalyst has
the literal form g · · · g−1.
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10.2.4 SWAP sensitivity

Add SWAPij to both alphabets as a unit-cost primitive. The target groups remain unchanged, but the
metric changes.

Exact finite computation

For n = 3 with unit-cost SWAP gates, the restricted diameter drops from eight to seven, the
ambient diameter drops from twelve to eleven, and every one of the 10, 752 parabolic targets has
zero total-count defect.

The preceding twenty-four defects therefore measure a real gate-alphabet distinction, not an invari-
ant of the subgroup inclusion alone. In many architectures SWAP is not elementary and costs three
CNOTs, while in others qubit movement or relabeling changes the accounting. The theorem must
retain the convention.

10.2.5 Entangling-count defects

Now assign cost zero to Hi and Si and cost one to CX and CZ.

Exact finite computation

The exact censuses are:

n defective targets distance pairs maximum defect

1 0 none 0
2 4 (3, 2) with multiplicity 4 1

3 1,624 (3, 2) : 24, (4, 3) : 432, (5, 4) : 1056,

(6, 4) : 48, (6, 5) : 64
2

The entangling metric has an earlier threshold and a larger exceptional set.

A two-qubit witness

A canonical target is

M2 =


0 1 0 0

1 0 0 0

1 1 0 1

1 1 1 0

 .

A restricted realization is
CX0→1, S1,CX1→0,CX0→1,

with three entangling gates. An ambient realization is

H1,CX1→0,CX0→1,H0, S1, S0,

with two entangling gates.
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q_0

q_1 S

Parabolic realization: 3 entangling gates

q_0

q_1 H

H

S

S

Ambient Clifford realization: 2 entangling gates

Exact two-qubit basis-escape defect when local Clifford gates are free

Figure 10.3. A two-qubit entangling-count defect. Local Clifford gates are free in this cost model.

10.2.6 Census summary

An analytic certificate for the four two-qubit defects

The four exceptionalmatrices admit one common lower-bound proof.Work in the declared symplectic
quotient and entangling metric, with Hi and Si free and SWAP excluded as a primitive. Put

J2 =

(
0 1

1 0

)
, D = diag(d0, d1), d0, d1 ∈ F2,

and define
MD =

(
J2 0

I2 +DJ2 J2

)
.

Theorem 10.5 (Two-qubit orbit and exact costs). Each of the four distinct matrices MD lies in P2 and has
restricted entangling cost three and ambient entangling cost two. They form one orbit under left multiplication
by the free restricted subgroup generated by S0, S1.

Proof. The ambient sequence
H1, CX1→0, CX0→1, H0

has matrixM0 =
(
J2 0
I2 J2

)
. Applying Sd00 S

d1
1 afterwards left multiplies by

(
I2 0
D I2

)
and givesMD. These

matrices are distinct because J2 is invertible. This also proves their orbit statement and the ambient
upper bound two. The displayed restricted sequence forM2 above givesMI2 using three CNOT gates
and one free S1. Free final phase gates then give everyMD, proving the restricted upper bound three.

For the restricted lower bound, the upper-left block of a parabolic product is the product of its upper-
left blocks. Each S or CZ contributes I2, while the two directed CNOTs contribute the elementary
matrices

L =

(
1 0

1 1

)
, U =

(
1 1

0 1

)
.

Products using at most two CNOTs belong to {I2, L, U, LU,UL}, which does not contain J2. Thus any
restricted circuit forMD requires at least three charged gates.

For the ambient lower bound, reorder the coordinates as (x0, z0 | x1, z1). A local Clifford acts by an
invertible block-diagonal matrix in this order. InMD, each of the two diagonal 2×2 blocks is ( 0 0

1 0 ) and
has rank one. In either directed CNOT or CZ, both diagonal blocks are I2 and have rank two. Left and

174



Quantum and Circuits PART III

right multiplication by local Cliffords preserve these diagonal-block ranks. A circuit with one charged
gate has the form K1EK2 with K1,K2 local and E a CNOT or CZ, so it cannot equal MD. A circuit
with no charged gate is local and also has rank-two diagonal blocks. The ambient cost is therefore at
least two.

The complete finite census finds exactly four defective targets. Since the theorem supplies four dis-
tinct defective targets, it identifies the entire exceptional set in that census. The exact costs and or-
bit description above have analytic proofs, while completeness of the finite classification retains the
exhaustive-search evidence.

n = 2
primitive count

n = 2
entangling count

n = 3
primitive count

n = 3
entangling count

0

100

101

102

103

De
fe

ct
iv

e 
pa

ra
bo

lic
 ta

rg
et

s (
sy

m
lo

g 
sc

al
e)

0

4

24

1624
Exact Clifford defects depend on the cost model

Figure 10.4. Exact parabolic-versus-ambient Clifford census. The vertical scale is symlogarithmic. At three qubits,
adding SWAP as a unit-cost primitive removes all total-count defects.

The results establish three distinct lessons.

1. Basis escape produces genuine Clifford defects, not only linear CNOT defects.
2. The first threshold depends on whether local gates are free.
3. Adding a SWAP primitive can eliminate a finite total-count threshold.

10.2.7 Search completeness

The search state is the exact 2n× 2n binary symplectic matrix. Every generator acts by a fixed row up-
date. Ordinary breadth-first search gives exact unit-cost distances. Zero-one breadth-first search gives
exact entangling costs. Since every state of Pn and Sp(2n, 2) is reached, comparing the two distance
maps is a complete census.

The optimized C++ verifier represents a 6×6matrix by a 36-bit integer. It enumerates the full three-
qubit group in a few seconds in the present environment. The Python implementation is slower but
independently expresses the same state model.
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10.2.8 Interpretation as symplectic holonomy

The parabolic subgroup is a fiber over the Lagrangian Grassmannian. AHadamardmoves one coordi-
nate out of the chosen Lagrangian. The ambient path traverses other Lagrangian frames and returns
to a target stabilizing LZ .

This is the symplectic analogue of the unitriangular Schreier loop. The catalyst is a temporary ex-
change of X and Z roles. The consumers are entangling gates that become cheaper in the changed
frame.

10.2.9 CSS-preserving extensions

The parabolic model fixes one Lagrangian, but CSS circuit classes can be defined more narrowly or
more broadly. Possible restricted alphabets include:

1. CNOT and Pauli gates only,
2. CNOT, S, and diagonal controlled phases,
3. block-diagonal symplectic transformations preserving separate X and Z codes,
4. logical Clifford gates preserving a CSS stabilizer decomposition,
5. architecture-constrained versions of the preceding models.

Each produces a different subgroup and metric.

Research template

A full CSS threshold paper should classify cost-preserving orbits of minimal defects, identify a
symplectic-flag lower-bound invariant, and determine which defects survive when SWAP, qubit
permutation, or local Cliffords are assigned alternative costs.

10.2.10 Depth and parallelism

Gate-count defects do not automatically imply depth defects. Given a gate sequence, define its depen-
dency graph and schedule commuting or disjoint gates in parallel. The appropriate quantities are

∆depth(U), ∆2q−depth(U), ∆space−time(U).

A basis change applied transversally to many qubits may have small depth even when its total count
is large. Conversely, a two-gate count saving can increase depth under locality constraints.

10.2.11 Open Clifford problems

Question 10.6. What are the defect orbits of the twenty-four three-qubit total-count targets under qubit
permutations and parabolic conjugation?
Question 10.7. Does the maximum parabolic-versus-Clifford defect grow linearly, as n logn, or faster
under total primitive count?
Question 10.8. Can one prove a symbolic family with entangling-count defect greater than two, rather
than relying on finite census data?
Question 10.9. Which finite symplectic parabolics are geodesically convex after SWAP is included as a
primitive?
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Conjectural frontier

The observed three-qubit defects should admit a small collection of symplectic root motifs anal-
ogous to the three-cross, one-phase classification in the unitriangular case. The present mono-
graph records the exact census and witnesses but does not claim that classification.

10.3 Temporary nonlinearity: affine logic versus Toffoli-assisted synthesis

10.3.1 The question

Let
AGL(n, 2) = {x 7→ Ax+ b : A ∈ GL(n, 2), b ∈ Fn2}

be the affine reversible group. It is generated by NOT and CNOT gates. The ambient gate set adds
Toffoli. On three bits it generates the full reversible group. On n ≥ 4 bits with no ancillas, each NOT,
CNOT, or Toffoli gate is an even permutation, so this alphabet does not generate the full symmetric
group.

The catalytic question is:

Can a circuit temporarily create nonlinear Boolean terms with Toffoli gates, reuse them,
cancel them completely, and implement a final affine permutation with fewer gates than
every affine circuit?

This is the nonlinear analogue of dirty linear memory.

10.3.2 Algebraic normal form

Every Boolean coordinate function has a unique algebraic normal form

fi(x) =
⊕
S⊆[n]

ai,S
∏
j∈S

xj .

Affine maps have degree at most one. A Toffoli gate targeting twith controls a, b performs

xt 7−→ xt + xaxb,

which can raise the degree of later coordinates. The final affine target requires every higher-degree
coefficient to cancel.

A candidate lower-bound invariant must do more than track maximum degree. One Toffoli creates
degree two and a second can remove it. Useful refinements include:

• the dimension of the quadratic monomial span,
• directional derivatives Duf(x) = f(x+ u) + f(x),
• the rank of the bilinear polarization,
• the number of outputs consuming a nonlinear workspace term,
• restoration obligations for every nonlinear carrier.
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10.3.3 Exact three-bit census

On three bits,
|AGL(3, 2)| = 23|GL(3, 2)| = 1344,

while the group generated by NOT, CNOT, and Toffoli is the full permutation group

S8, |S8| = 40320.

Both spaces can be enumerated exactly.

Exact finite computation

For three bits, every affine target has the same minimum cost in the affine gate set and in the
Toffoli-assisted gate set under each of the following metrics:
1. total primitive gate count, where NOT, CNOT, and Toffoli cost one,
2. entangling count, where NOT is free and CNOT and Toffoli cost one.
There are no defective affine targets among all 1344 targets.

The restricted total-count diameter is seven and the ambient diameter on S8 is eight. Under entan-
gling count, both relevant diameters are six. Equality on affine targets is stronger than a diameter
comparison because every target is checked individually.

Affine reversible group
<X, CNOT>

1344 elements on 3 bits

Full 3-bit reversible group
<X, CNOT, Toffoli>
40320 elements

add temporary nonlinearity

Exact three-bit census: no affine target becomes shorter

This is a rigidity result for n=3, not a proof for n >= 4.

Figure 10.5. The complete three-bit affine-versus-Toffoli census is rigid.

10.3.4 Interpretation of the negative result

The census does not show that temporary nonlinearity is useless in general. It shows that three bits do
not provide enough state space for a nonlinear carrier to repay its creation and cancellation cost under
the stated alphabets.

The negative result is valuable for three reasons.

1. It gives a certified lower threshold: any total- or entangling-count defect requires at least four bits.
2. It prevents a forced analogy with the six-wire linear catalyst.
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3. It supplies a complete regression test for future synthesis code.

10.3.5 A formal nonlinear catalyst

A clean one-workspace template is
T hm · · ·h1 T−1,

where T is Toffoli and the middle gates use the quadratic term created in the workspace. Since Toffoli
is self-inverse, the displayed circuit uses two nonlinear gates.

a

b

workspace

y_1

y_2

Temporary-nonlinearity search template

Candidate mechanism only: exact affine shortcuts are absent on three bits and open beyond that census.

Figure 10.6. A temporary-nonlinearity template. It is a search skeleton, not a proved shortcut.

The key difficulty is that a final affine map cannot retain any product term. Every output that con-
sumed the nonlinear carrier must be repaired, or the nonlinear contributions must cancel collectively.

10.3.6 Conjugation formulas

Let Tab→t denote Toffoli. Conjugating an affine gate by T can produce nonlinear permutations. For
example, if Xt flips the target,

Tab→tXtTab→t = Xt,

so no gain occurs. If a CNOT changes a control or exports the target, the conjugated map can contain
several quadratic terms. The exact formula is easiest in algebraic normal form: substitute the Toffoli-
updated coordinate into the affine map, then apply the inverse substitution.

A systematic search should classify pairs (T, h) for which

ThT−1 ∈ AGL(n, 2).

For one Toffoli and an affine middle word, this is a normalizer-intersection problem. A useful next
bounded test is to examine simple two-Toffoli sandwiches with an affine middle word of restricted
length at most five. The present archive contains no reproducible implementation or receipt for this
four-bit test, so no negative result from it is claimed here.

10.3.7 Potential lower-bound invariants
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Quadratic support debt

Let Q(f) be the span of quadratic monomials appearing across the coordinate functions. A Toffoli
changes Q(f) by at most a controlled rank-one contribution before subsequent substitutions. If sev-
eral outputs consume the same quadratic term, a dynamic debt invariant may charge its creation,
distribution, and cancellation.

Derivative rank

For an affine map, every derivativeDuf is constant. During a nonlinear excursion, the derivative map

u 7→ Duf(x)

can depend on x. One can track the dimension of the nonconstant derivative space and require it to
return to zero.

Higher-order Möbius coefficients

The ANF coefficients are the Möbius transform of the truth table. Projectors onto degree layers give
an exact packet decomposition

f = f (0) + f (1) + f (2) + · · · .

A restricted affine circuit remains in degrees zero and one. The ambient circuit can populate higher
packets temporarily. A successful lower boundmust charge the useful flow through those packets, not
merely their instantaneous dimension.

10.3.8 Four-bit search architecture

The full permutation group on four-bit states has size 16!. The declared no-ancilla gate alphabet lies
in its alternating subgroup: NOT, CNOT, and Toffoli are respectively products of eight, four, and two
disjoint transpositions. Even this reduced ambient search is large enough to require a more structured
approach. Several exact approaches remain available.

1. Meet in the middle for a fixed candidate target and length.
2. SAT or SMT encoding of a length-L circuit with affine endpoint constraints.
3. Bidirectional search restricted to stateswithin a bounded nonlinear-degree or Toffoli-count budget.
4. Enumeration of two- or four-Toffoli normal forms modulo affine conjugation.
5. Mixed-integer or algebraic solving of ANF coefficient equations.

Protocol 10.10 (First four-bit threshold search). 1. Compute exact affine distances for all 322,560

affine targets.
2. Enumerate ambient words with two Toffoli gates modulo affine gates on the left and right.
3. Retain words whose endpoint is affine.
4. Compare with the exact affine distance.
5. If no defect appears, increase the Toffoli budget and produce an unsatisfiability certificate for every

shorter length.

This protocol is a research plan. The packaged executable census stops at three bits, and neither the
four-bit normal-form search nor its lower-bound certificates is supplied.
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10.3.9 Resource variants

Temporary nonlinearity may be useful under one metric and useless under another. Natural costs
include:

Toffoli count, CNOT count, T -count after decomposition, T -depth,
ancilla count, total depth.

A Toffoli-assisted affine shortcut in total Boolean gates might disappear after fault-tolerant decompo-
sition. Conversely, a circuit with more Boolean primitives can reduce T -depth.

10.3.10 Related nonlinear gate families

The same program applies to:

• CCZ-assisted diagonal Boolean phase maps,
• relative-phase Toffoli gates,
• multi-controlled X and Z gates,
• Reed–Muller degree hierarchies,
• reversible arithmetic over Zd,
• polynomial automorphisms over finite rings.

Conjectural frontier

There exists an affine target on finitely many bits whose total or fault-tolerant resource cost is
reduced by a restored nonlinear excursion. The exact three-bit census rules out the smallest pos-
sible instance but supplies no evidence for a particular larger threshold.

10.3.11 Reproducible code

The implementation represents every reversible map as an exact permutation of 2n basis states.
Breadth-first search enumerates both the affine group and the full three-bit reversible group.

Listing 10.2. Exact three-bit affine-versus-Toffoli census.
from catalytic_gate_atlas import exact_affine_toffoli_census

print(exact_affine_toffoli_census(3, entangling_cost=False))
print(exact_affine_toffoli_census(3, entangling_cost=True))

The expected defect count is zero in both outputs.

10.4 Phase-polynomial and Clifford+T catalysis

10.4.1 Why the phase setting is different

Fault-tolerant quantum compilation rarely assigns equal cost to every gate. Clifford operations are
often treated as inexpensive relative to non-Clifford gates, while connectivity and parity computation
can dominate the remaining cost. Consequently there is no single Clifford+T defect. One must specify
at least

c(U) =
(
T -count, T -depth, two-qubit count, two-qubit depth, ancillas

)
.
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A catalytic excursion may improve one component and worsen another. The natural comparison is
therefore Pareto-valued rather than scalar unless a hardware-specific weight vector is fixed.

Let ω = eiπ/4. A phase-polynomial circuit on n qubits has the form [19, 41]

U |x〉 = ωP (x)|Ax+ b〉, (10.1)

where A ∈ GL(n, 2), b ∈ Fn2 , and P : Fn2 → Z8 is represented as a sum of binary linear forms with
coefficients in Z8. The diagonal case has A = I and b = 0.

The restricted model may be chosen in several ways:

1. diagonal phase gadgets only;
2. CNOT-dihedral circuits generated by X , CNOT, and T ;
3. parity networks inwhich every intermediate transformation remains affine on computational basis

labels;
4. a prescribed family of commuting Pauli rotations.

The ambient model may add Hadamards, arbitrary Clifford conjugations, measurements, or ancillas.
These choices define different problems.

10.4.2 Pauli-rotation language

For a Pauli operator P and angle θ, write

RP (θ) = e−iθP/2.

Every Clifford C satisfies
CRP (θ)C

† = RCPC†(θ). (10.2)

Thus a short ambient basis change can rotate a large family of phase gadgets into a different commut-
ing or nearly commuting family, apply them there, and rotate back.

Proved statement

Equation (10.2) is an exact catalytic transport identity. It does not by itself prove a gate-count
defect. A defect additionally requires a lower bound showing that the transported family is more
expensive in the restricted representation than the opening and closing Clifford layers plus the
transported implementation.

The simplest symbolic sandwich is

C

 m∏
j=1

RPj (θj)

C† =

m∏
j=1

RCPjC†(θj).

If the Pj commute, their conjugates commute. A catalyst can therefore change the geometry of the
support without changing the algebra of the angles.
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10.4.3 Phase polynomials and parity carriers

A CNOT network computes linear parities

λ(x) = a · x ∈ F2.

Applying T k to a wire carrying λ(x) contributes

ωkλ(x)

to the phase polynomial. A parity network must create each required parity, expose it to a phase gate,
and restore the linear map required at the endpoint.

This makes phase-polynomial synthesis a close relative of the snapshot families in the linear core.
A parity row may evolve through

λ0, λ1, . . . , λm,

with selected states consumed by phase gates. The difference is that consumption need not copy the
parity to another row; it can deposit phase while leaving the carrier unchanged.

Research template

A candidate phase catalyst consists of:
1. a Clifford C that opens a non-diagonal frame;
2. an evolving Pauli or parity carrier in that frame;
3. several phase rotations consuming intermediate carrier states;
4. C† restoring the original diagonal or CNOT-dihedral model;
5. a certificate that no restricted parity network attains the same resource vector.

q_0

q_1

q_2 R_z

Diagonal phase-polynomial realization

q_0

q_1

q_2 H R_z H

Basis-escaped phase-gadget template

Clifford+T and phase-polynomial catalyst templates

Figure 10.7. Symbolic Clifford+T catalyst: a basis excursion transports a family of phase obligations and is removed
at the endpoint.

10.4.4 T -count as a coding problem

For diagonal Clifford+T synthesis without ancillas, equivalent phase-polynomial descriptions can dif-
fer by identities whose coefficients vanishmodulo eight on Boolean inputs. Minimizing the number of
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odd coefficients is naturally expressed as a coset-decoding problem in a punctured Reed–Muller-type
code.

Let a ∈ Z2n−1
8 index nonzero linear forms and let odd(a) denote the binary vector recording which

coefficients are odd. An abstract restricted T -count is

ℓT (P ) = min
a:Pa=P

wt(odd(a)).

An ambient Clifford excursion changes not only the coefficient vector but also the Pauli frame inwhich
the rotations are represented. A lower bound that survives ambient Clifford conjugation must there-
fore be invariant under the relevant symplectic action or must explicitly charge the frame change.

10.4.5 T -depth and commuting layers

Two phase gadgetsmay share a T layer when a suitable Clifford networkmaps their parities to distinct
wires or when ancilla resources permit parallel extraction. Define the conflict graph ΓP whose vertices
are odd phase terms and whose edges encode inability to realize two terms in one layer under the
chosen ancilla and connectivity rules. Then

T -depth(P ) ≥ χ(ΓP )

for any conflict graphwhose edge relation is sound. Catalysis can alter ΓP by changing the Pauli frame.
The right question is not merely whether C preserves the number of terms, but whether it reduces the
chromatic or scheduling obstruction enough to repay its own depth.

10.4.6 A vector-valued defect

For a target U in a restricted phase model, define

Cres(U) = {c(W) :W is a restricted circuit for U}

and similarly Camb(U). Their Pareto frontiers are denoted Paretores(U) and Paretoamb(U).

Definition 10.11 (Pareto catalytic defect). A target has a Pareto catalytic defect when the ambient
Pareto frontier contains a point strictly dominating every restricted cost vector in at least one declared
region of resource space.

Scalarization by positive weights w gives

∆w(U) = min
c∈Cres(U)

w · c− min
c∈Camb(U)

w · c.

Different w can change the magnitude of the defect and whether it is zero or positive. It remains
nonnegative because every restricted realization is also an ambient realization with the same resource
vector.

10.4.7 Exact finite-search model

A finite exact atlas can be built [34, 20] for small n by representing Clifford+T operators in one of three
ways.

1. Exact matrices over the cyclotomic ring Z[1/
√
2, i] modulo global phase.

2. Normal forms combining a binary symplectic Clifford with a phase-polynomial record.
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3. Quotients by left and right Clifford actions when only T -count is charged.

The third model can be dramatically smaller but requires care: quotienting is sound only when the
free Clifford actions in the cost model agree with the quotient relation.

Protocol 10.12 (Small-width Clifford+T threshold atlas). 1. Fix exact versus approximate synthesis,
ancilla rules, and the resource vector.

2. Enumerate the restricted target subgroup or a complete set of normal forms.
3. Compute restricted Pareto frontiers by multiobjective shortest path.
4. Enumerate ambient states or use meet in the middle for candidate targets.
5. Store an optimal witness and a lower-bound certificate for every defect.
6. Classify defects under qubit permutation and free Clifford equivalence.

10.4.8 Lower-bound candidates

Odd-support rank

The span of odd phase terms is invariant under some restricted rewrites but transforms covariantly
under linear changes of variables. Its dimension gives a coarse obstruction.

Pauli support geometry

Represent a commuting Pauli family by an isotropic subspace of F2n
2 . Restricted diagonal circuits re-

main in the Z Lagrangian. Ambient Clifford circuits move through the symplectic Grassmannian. Dis-
tance from the Z Lagrangian, together with the number of deposited rotations, is the phase analogue
of microscopic flag escape.

Moment and derivative packets

For a phase function P , finite differences

DuP (x) = P (x+ u)− P (x) (mod 8)

separate affine, quadratic, and higher interactions. A hierarchy of derivative tensors can record tem-
porary flow into nonlinear phase packets.

Architecture-aware parity rank

On a coupling graph, each parity has a Steiner cost. A catalyst can be profitable by making several re-
quired parities share a Steiner tree. A sound lower boundmay combine cut rank with edge congestion
and restoration debt.

10.4.9 Tensor and repeated-module questions

For targets U and V , independent synthesis gives

ℓT (U ⊗ V ) ≤ ℓT (U) + ℓT (V )

when the systems are disjoint and local Clifford cost is ignored. Joint synthesis may be better because
phase identities can couple terms across modules. This motivates a stable regularization

τT (U) = lim inf
r→∞

ℓT (U
⊗r)

r
.
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A one-copy rigid phase target could still display tensor activation.

Conjectural frontier

There are diagonal or CNOT-dihedral targets whose Pareto frontier is strictly improved by a
restored non-diagonal Clifford excursion. The smallest qubit threshold and the resource compo-
nent in which the first defect appears are open in this monograph.

10.4.10 What would count as a theorem

A publishable first result in this direction should contain all of the following:

1. an exact target family and gate alphabets;
2. explicit ambient circuits;
3. a restricted lower bound for the same declared cost;
4. exact treatment of global phase and ancillas;
5. classification below the first threshold or a proof of minimality;
6. reproducible symbolic code.

Merely rewriting a phase gadget with Hadamards is not sufficient. The decisive content is the opti-
mality comparison.

10.5 Gaussian, matchgate, and fermionic catalytic models

10.5.1 Two Gaussian settings

Quantum Gaussianity occurs [45] in two closely related but algebraically different settings.
For n bosonic modes, a Gaussian unitary acts on quadratures

r = (q1, . . . , qn, p1, . . . , pn)
T

by an affine symplectic transformation

r 7−→ Sr + d, S ∈ Sp(2n,R).

For n fermionic modes, a fermionic Gaussian unitary acts on 2nMajorana operators by

γ 7−→ Oγ, O ∈ SO(2n).

Nearest-neighbor matchgates give a circuit presentation of a fermionic Gaussian subgroup on qubits.
In both cases one can choose a restricted subgroup preserving a flag, mode ordering, particle num-

ber, or bipartition, and compare it with a larger Gaussian or non-Gaussian gate set.

10.5.2 An inherited symplectic shear theorem

Every invertible linear transformation A ∈ GL(n,R) has a canonical symplectic embedding

ι(A) =

(
A 0

0 A−T

)
. (10.3)
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Indeed, with

J =

(
0 I

−I 0

)
,

one checks
ι(A)TJι(A) = J.

Thus every row-transvection identity in the established linear theory induces an exact identity be-
tween symplectic shear circuits.

Proved statement

Under a Gaussian gate alphabet in which each embedded elementary transvection ι(I+aEij) is
one primitive and direction is the only restriction, the universal six-row catalytic atom embeds
into a twelve-quadrature Gaussian atom with restricted length seven and ambient length six.

This is a formal inheritance statement for the declared shear alphabet. It does not assert optimality
after arbitrary beam splitters, squeezers, Fourier transforms, or local Gaussian gates are admitted at
unit cost.

q

p

Fourier / rotation catalyst

Gaussian analogue: shears, rotations, and temporary quadrature mixing

X_A = [[I,A],[0,I]],  Z_B = [[I,0],[B,I]],  F X_A F^{-1} = Z_{-A}

Figure 10.8. The row-transvection atom embedded as a Gaussian symplectic shear circuit.

10.5.3 Bosonic gate hierarchies

Natural nested models include

triangular shears ⊂ all Gaussian unitaries ⊂ Gaussian plus a non-Gaussian primitive ⊂ U(H).

Typical primitive resources are:

• SUM or controlled displacement gates,
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• beam splitters,
• single-mode and two-mode squeezers,
• Fourier transforms,
• cubic phase gates,
• photon counting or non-Gaussian state injection.

Each inclusion supports a different defect. A target Gaussian transformation might be shortened by
leaving a triangular decomposition but remaining Gaussian. A more radical question asks whether
temporary non-Gaussianity can shorten a final Gaussian target.

10.5.4 Bloch–Messiah versus catalytic synthesis

A bosonic Gaussian unitary admits a Bloch–Messiah decomposition

S = K1DK2,

whereK1,K2 are passive symplectic transformations andD is a diagonal squeezing layer. This normal
form optimizes conceptual structure, not necessarily a weighted gate count on a specific architecture.

Catalytic synthesis asks whether a short excursion into a basis where many shear or squeezing
obligations align can reduce total cost. The opening and closing passive layers play the role of the
catalyst.

Research template

A Gaussian catalytic theorem requires:
1. a declared primitive library and cost vector;
2. a target subgroup, such as triangular, number conserving, or local;
3. an explicit sandwichKHK−1 returning to the target subgroup;
4. a lower bound based on symplectic rank, singular values, graph cuts, or mode support;
5. treatment of approximation error when continuous parameters are synthesized numerically.

10.5.5 Fermionic Gaussian and matchgate circuits

Let cj , c†j be fermionic creation and annihilation operators. Quadratic Hamiltonians generate Gaussian
unitaries, and their action is determined by an orthogonal transformation on Majoranas. Number-
conserving Gaussian operations correspond to a unitary action on modes, while general Gaussian
operations allow particle-hole mixing.

This yields the hierarchy

U(n) mode transformations ⊂ SO(2n) fermionic Gaussian transformations
⊂ parity-preserving unitaries.

A temporary Bogoliubov transformation can violate number conservation while preserving parity.
The target may nevertheless return to the number-conserving subgroup.

Definition 10.13 (Bogoliubov catalytic defect). For a number-conserving Gaussian target U , compare
the minimum cost using number-conserving primitives with the minimum cost using general Gaus-
sian primitives, requiring the endpoint to conserve number exactly.
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10.5.6 Matchgates and geometry

Nearest-neighbor matchgate circuits [16, 10] have strong classical simulation properties. Their geom-
etry changes when SWAP, fermionic SWAP, long-range connectivity, or a single non-matchgate re-
source is added. Candidate restricted/ambient pairs include:

1. nearest-neighbor matchgates versus all-to-all matchgates;
2. number-conserving matchgates versus general matchgates;
3. matchgates versus parity-preserving two-qubit gates;
4. Gaussian circuits versus Gaussian circuits with one reusable non-Gaussian ancilla.

A compiler application is immediate: a temporary mode permutation or particle-hole rotation may
allow a batch of otherwise expensive interactions to share one routing or basis-change layer.

10.5.7 Covariance-matrix lower bounds

For a Gaussian state, the covariance matrix Γ transforms as

Γ 7−→ SΓST

in the bosonic case and
Γ 7−→ OΓOT

in the fermionic case. Possible restricted lower bounds include:

• rank change of off-diagonal covariance blocks,
• symplectic singular-value obligations,
• growth of mode support,
• graph bandwidth and cut rank,
• number of nontrivial canonical angles between invariant subspaces.

One elementary gate changes only a controlled portion of these data. A useful invariant must also
charge preparation of a carrier that makes progress on many cuts simultaneously.

10.5.8 Temporary non-Gaussianity

Suppose a non-Gaussian primitive g is introduced and later removed:

U = ghm · · ·h1g−1, U ∈ GGauss.

If ghig−1 generates several useful Gaussian effects, the excursion may be catalytic. However, many
standard non-Gaussianity monotones vanish only on states rather than unitaries, and cancellation at
the endpoint complicates direct lower bounds.

Candidate monotones and certificates include:

• degree in the Weyl characteristic function,
• Wigner negativity generated during the path,
• operator Schmidt rank across mode cuts,
• polynomial degree of Heisenberg-evolved quadratures,
• stabilizer rank for encoded finite-dimensional subspaces.
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10.5.9 Exact and numerical search

Finite exact enumeration is available for binary symplectic or orthogonal quotients, but continuous
Gaussian groups require a different strategy.

1. Fix a symbolic gate skeleton and solve polynomial equations for parameters.
2. Use interval arithmetic to certify nonexistence below a length.
3. Exploit canonical decompositions to quotient local or passive layers.
4. For discrete-angle Gaussian libraries, use exact algebraic-number arithmetic.
5. Store both an upper-bound circuit and a dual or algebraic certificate.

10.5.10 Architecture and routing

On a line or grid, Gaussian and matchgate circuits may be dominated by routing. Let Gconn be the
hardware graph. A mode permutation π can be treated as a catalyst if it is opened, many interactions
are executed in the reordered frame, and π−1 restores the logical labeling. The benefit is

routing saved across consumers− 2 cost(π).

This is the same amortization law as the linear snapshot family, now applied to mode geometry.

Conjectural frontier

There exist number-conserving or nearest-neighbor Gaussian targets whoseminimumweighted
cost is reduced by a restored Bogoliubov, mode-permutation, or non-Gaussian excursion. The
first exact threshold depends on the primitive library and is not determined here.

10.5.11 Research deliverables

A complete Gaussian extension should produce:

1. a finite or semialgebraic model with exact endpoint equality;
2. at least one nontrivial lower-bound invariant;
3. a minimal catalytic atom;
4. a weighted hardware interpretation;
5. a tensor or repeated-mode amplification theorem;
6. code using exact arithmetic or certified intervals.

10.6 Symmetry, ancillas, measurement, and architecture

10.6.1 Beyond subgroup word metrics

Some of the most important quantum resource enlargements are not inclusions of groups. Measure-
ment introduces branches, reset is irreversible, and ancillas enlarge the Hilbert space. The appropriate
abstraction is a nested pair of realization categories

Cres ⊆ Camb,

with a cost assigned to generating morphisms.
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For a target channel Φ in the restricted category, define

cres(Φ) = inf{cost(W ) :W realizes Φ in Cres}

and similarly camb(Φ). The value +∞ is allowed. A finite positive difference is a metric defect; an
infinite difference is an existence defect.

10.6.2 Symmetry-preserving circuits

Let Q be a conserved charge and let

HQ = {U : [U,Q] = 0}.

Restricted circuits use gates commuting withQ. Ambient circuits may temporarily leaveHQ but must
return to a charge-preserving endpoint.

Examples include:

• particle-number conservation,
• parity conservation,
• total spin or magnetization,
• lattice gauge constraints,
• stabilizer or CSS sector preservation,
• block-diagonal representation sectors.

The Hilbert space decomposes as
H =

⊕
q

Hq.

A restricted circuit is block diagonal. An ambient catalyst may couple sectors, use the enlarged route,
and decouple them at the endpoint.

Research template

A symmetry-breaking catalyst has three obligations:
1. quantify how far the path leaves the symmetry algebra;
2. prove exact return, not merely return on a chosen input state;
3. compare the cost with every symmetry-preserving realization of the full target operator.

10.6.3 Sector-flow invariants

Let Pq be the projector onto sector q. For an intermediate unitary Ut, define transfer blocks

Tq,r(t) = PqUtPr.

A restricted path has Tq,r = 0 for q 6= r. Ambient paths may populate off-diagonal blocks. Possible
excursion measures include∑

q ̸=r
rankTq,r, max

q ̸=r
‖Tq,r‖, bandwidth in |q − r|.

These are analogues of strict-upper rank and bandwidth in the unitriangular theory.
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10.6.4 Clean and dirty ancillas

A clean ancilla starts in a specified state, usually |0〉, and must be returned to that state. A dirty ancilla
starts in an unknown state and must be restored for every input.

Let U act on the data register. A clean-ancilla realization is a unitaryW satisfying

W (|ψ〉 ⊗ |0〉) = (U |ψ〉)⊗ |0〉 for every |ψ〉.

A dirty-ancilla realization requires

W (|ψ〉 ⊗ |ϕ〉) = (U |ψ〉)⊗ |ϕ〉 for every |ψ〉, |ϕ〉.

The second condition is strictly stronger.
Ancillas define a family of defects

∆a,clean(U), ∆a,dirty(U),

where a is the number of ancillary qubits or modes. Stable ancilla capacity asks whether a fixed num-
ber of reusable ancillas can yield an unbounded saving as the data size grows.

10.6.5 Measurement and feedforward

A measurement-assisted realization is described by an instrument with classical outcomes m, con-
ditional channels Φm, and feedforward operations. Exact deterministic implementation of a unitary
target requires every branch, after correction, to induce the same channel.

The cost vector may include

(T -count, two-qubit count,measurement rounds, classical latency, ancilla qubits).

A measurement can create an existence defect by realizing a channel unavailable unitarily under the
same locality or depth constraints, or a metric defect by reducing one resource while increasing an-
other.

Definition 10.14 (Branch-catalytic realization). A measurement-assisted circuit is branch catalytic
when the intermediate classical or quantum branch information is absent from the final data chan-
nel and all declared work systems are reset or discarded according to the model.

10.6.6 Teleportation as a canonical ambient excursion

Gate teleportation replaces direct implementation by:

prepare resource state→ entangle and measure→ classical correction.

The ambient category contains resources not present in the target channel: entanglement, measure-
ment outcomes, and feedforward. The endpoint can nevertheless be a deterministic unitary.

This is an archetypal realization defect, but careful accounting is mandatory. A claimed savingmust
include resource-state preparation or explicitly treat the state as an external catalyst.
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10.6.7 Architecture-constrained gates

Let Γ = (V,E) be a hardware graph. A restricted two-qubit gate may act only on edges of E. The
ambient model may permit a small number of nonlocal interactions, temporary logical relabelings,
teleportation edges, or bus-mediated gates.

For a target U , define

ℓΓ(U) = minimum hardware-respecting cost,

and compare it with an enlarged graph Γ′. A matched routing excursion has the form

π W π−1,

where π is a logical permutation. The excursion is profitable when many gates inW become local in
the permuted frame.
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Figure 10.9. Gate-set defects generally live in a multi-resource Pareto geometry.
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10.6.8 Depth, count, and space-time volume

Let gt be the set of gates scheduled in layer t. Common scalar costs are∑
t

|gt|, #{t : gt 6= ∅},
∑
t

#{active qubits in layer t}.

A catalyst may reduce count but increase depth, or vice versa. Space-time volume is often the more
stable hardware quantity.

For stochastic error rates pg, a first-order weighted cost is

Cerr(W ) =
∑
g∈W
− log(1− pg).

This additive approximation can be inserted directly into Dijkstra search. It does not capture coherent
or correlated errors, but it produces a declared and reproducible metric.

10.6.9 Approximate synthesis

For continuous gate sets, define

ℓres,ε(U) = min{cost(W ) : ‖W − U‖ ≤ ε}.

There are two distinct border phenomena:

1. algebraic border length, where a target lies in the closure of a bounded exact word locus;
2. analytic approximation length, where an error tolerance is explicitly permitted.

They should not be conflated.
A catalyst can improve the asymptotic Solovay–Kitaev or number-theoretic approximation constant

even when exact synthesis is impossible in both models.

10.6.10 Resource theories and monotones

A quantum resource theory provides free states, free operations, and monotones. Gate-set distortion
adds a path-sensitive question: the endpoint may be free even though the path temporarily creates
resource.

A state monotoneM(ρ) alone may fail because the catalyst acts at the channel level. Useful channel-
level quantities include:

• robustness or magic capacity,
• entangling power,
• operator Schmidt rank,
• Choi-state resource measures,
• symmetry asymmetry of the channel,
• amortized resource generation.

A lower bound must relate the cumulative or peak resource to the declared gate cost and account for
cancellation.
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10.6.11 A categorical amplification principle

Suppose a monoidal category admits a tensor product and a cost satisfying

camb(f ⊗ g) ≤ camb(f) + camb(g).

If restricted cost is additive on a target family, then any one-copy defect amplifies linearly under in-
dependent tensor powers. Superlinear amplification requires a normalization in which dimensions
multiply, as in the matrix tensor rule of the core theory, or a joint-synthesis synergy across copies.

10.6.12 Experimental standards

Every architecture, measurement, or ancilla claim should state:

1. gate alphabet and native connectivity;
2. clean, dirty, catalytic, or consumable ancilla convention;
3. deterministic or postselected implementation;
4. exact or approximate endpoint condition;
5. total, weighted, depth, or Pareto cost;
6. whether resource-state preparation is included;
7. whether qubit relabeling is free;
8. certificate of restoration on all inputs.

Without these declarations, two reported “gate counts” may refer to incomparable problems.

Conjectural frontier

For several common symmetry and architecture restrictions, a constant-size restored excursion
should yield an unbounded saving on structured target families. The unitriangular construction
proves this phenomenon for directed linear information flow; analogous theorems for charge
sectors, measurement branches, and nonlocal routing remain open.
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Packets, types, holonomy, and restricted
realization

11.1 Packets, types, holonomy, and restricted realization

11.1.1 Why coarse spectra are not enough

Afinite symmetry problem often comeswith a natural commuting operator algebra. Its joint spectrum
is attractive because it is canonical, compact, and computationally cheap. Yet the joint eigenvalues and
their multiplicities can be identical across objects whose realization behavior is different.

This chapter develops the hierarchy

spherical packet ≺ embedded type packet ≺ holonomy packet ≺ realization fiber. (11.1)

The relation ≺ means “retains strictly more potentially relevant information,” not that every refine-
ment is complete.

Spherical packet
eigenvalues, multiplicities

Embedded type
projectors, incidence

Holonomy packet
ordered transitions

Restricted realization
geodesic, factorization, descent

Threshold defect
metric or existence

refine retain order

test

fails or costs more

Projector-resolved hierarchy for combinatorial and quantum thresholds

Coarse spectra can coincide while realization fibers differ.

Figure 11.1. The packet hierarchy used to organize finite threshold systems.
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11.1.2 Spherical packets

Let T1, . . . , Tm be commuting normal operators on a finite-dimensional Hilbert space. Their unique
coarsest joint spectral resolution is

Tj =
∑
λ

tj(λ)Bλ,
∑
λ

Bλ = I.

The tuple
λ = (t1(λ), . . . , tm(λ))

is the spherical label. The abstract spectral packet records these labels and the ranks of Bλ.
Two different embedded systems can have the same abstract packet. The actual matrices Bλ, end-

point coefficients, and transition operators may still differ.

Principle 11.1 (Spherical collapse). Passing from embedded operators to eigenvalues and multiplicities can
erase exactly the incidence or transition data that controls restricted realization.

11.1.3 The Latin-square association algebra

A Latin square L of order n has n2 cells. Let R,C, S be adjacency matrices for equality of row, column,
and symbol. The algebra generated by I, J,R,C, S is commutative and its abstract multiplication table
depends only on n, not on the paratopy class of L.

Define
QR =

I +R

n
, QC =

I + C

n
, QS =

I + S

n
, B0 =

J

n2
.

Then the five joint projectors are

B0, QR −B0, QC −B0, QS −B0, I −QR −QC −QS + 2B0.

Their multiplicities are
1, n− 1, n− 1, n− 1, (n− 1)(n− 2).

The Latin-square graph R+ C + S has universal spectrum

3(n− 1)1, (n− 3)3(n−1), (−3)(n−1)(n−2).

At n = 6 this becomes
151, 315, (−3)20.

Thus the graph spectrum cannot distinguish the twelve main classes of order six.

Proved statement

The displayed projector formulas depend only on the Latin-square axioms and the order. They
therefore prove that the abstract R,C, S joint eigenvalue packets cannot distinguish squares of
the same order. This conclusion does not require an enumeration of the order-six main classes.
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11.1.4 Transition fusion also collapses

Let ρi be the row permutations of a Latin square. The symmetrized aggregate of all pair transitions
satisfies ∑

i<j

(
Pρiρ−1

j
+ Pρjρ−1

i

)
= n(J − I). (11.2)

Hence first-order fusion destroys the class information as well.
The lesson is general: summing typed transitions can be as destructive as discarding the embedded

projectors. Order and labels matter.

11.1.5 Embedded type data

A type packet retains the actual projectors, support partitions, distinguished incidence sets, or local
representation types. Examples include:

• the row, column, and symbol partitions of a Latin square;
• a projective-line closure system;
• the flag stabilized by a circuit subgroup;
• support patterns of unitary or quantum-Latin entries;
• ramification or block data in a finite group action.

A projective-line closure procedure can supply additional type operators, such as adjacency opera-
tors of a line spread. Whether a particular added operator separates two classes is a further question.
The present archive does not include the separate order-six projective computation, so it supplies no
new finite certification of that comparison.

11.1.6 Holonomy packets

Let a family of local charts or rows be represented by permutations ρi. Define normalized transitions

hij = ρiρ
−1
j

and the transition group
Hr(L) = 〈hij : i, j〉.

A holonomy packet may include:

• the isomorphism type or order of Hr(L),
• the cycle-type inventory of the distinguished hij ,
• block systems and orbit partitions,
• characters or matrix coefficients of words in the hij ,
• noncommutative moments

tr(hi1j1 · · ·hikjk),

• the corresponding packets for row, column, and symbol roles.

Isotopy conjugates these transition groups; paratopy permutes the three roles. Therefore the un-
ordered multiset of role signatures is a paratopy invariant.
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Research template

For a specified collection of Latin squares, one can compute transition-group orders, pair-
transition cycle inventories, and nontrivial block sizes, then test whether the resulting role signa-
tures separate the collection. The separate order-six input tables and verifier are not included in
this archive, so pairwise separation of all twelve main classes is an open verification obligation
here.

Even a complete discrete classification would not prove orthonormal representability. Noncommu-
tative transition data are candidate refinements of the information lost under spherical fusion.

11.1.7 Imprimitivity as hidden decomposition

A transitive permutation group is imprimitive when it preserves a nontrivial block system. In combi-
natorial designs, imprimitivity often signals a subsquare, product, congruence, or module decompo-
sition.

For a Latin square of order 2m, normalize one row to the identity permutation on the symbols. An
m×m Latin subsquare determines a partition of the symbols into itsm symbols and their complement.
Rows meeting the subsquare preserve the two corresponding column blocks, and the remaining rows
exchange them. Thus normalized row transitions preserve this two-block system. Conversely, if all
normalized row transitions preserve a partition into two blocks of sizem, exactlym rows send a fixed
column block into a fixed symbol block, producing an m × m Latin subsquare. This is a structural
criterion. Counting the order-six classes with this property requires separate input representatives.

Principle 11.2 (Clifford-type decomposition). Combinatorial substructure can be detected as imprimitivity
of a transition packet. The spherical packet sees aggregate multiplicities; the holonomy packet sees how those
multiplicities are assembled into blocks.

11.1.8 Realization fibers

Let P denote packet data and let
Realres(P )

be the space of restricted realizations compatible with P . The packet may completely classify the dis-
crete object while the realization fiber remains empty, positive dimensional, disconnected, or singular.

Examples of realization conditions include:

• a flag-preserving geodesic with a declared length;
• a product-state orthonormal representation;
• a positive semidefinite Gram matrix with a zero pattern;
• a tensor factorization;
• a global descent object compatible with local packets;
• a circuit satisfying ancilla restoration on every input.

Thus classification and realization are distinct layers.

11.1.9 Quantum Latin squares as an existence defect

A quantum Latin square is an array [11] of vectors whose rows and columns are orthonormal bases.
Ball and Simoens prove that a pair of non-entangled mutually orthogonal quantum Latin squares of

199



Quantum and Circuits PART III

order six does not exist,while earlierworkprovides entangled order-six solutions andhenceAME(4, 6)
states [8, 12, 39].

This is naturally expressed as

Realproduct(P6) = ∅, Realentangled(P6) 6= ∅.

It is an existence defect, not a gate-count defect.

Non-entangled MOQLS(6)
restricted realization

EMPTY

Entangled quantum Latin
realization / AME(4,6)

NONEMPTY
allow entanglement

Existence defect: enlarging the realization category changes feasibility

Contextual example; it is not the same local packet as the CNOT obstruction.

Figure 11.2. The order-six quantum-Latin distinction is a restricted-versus-ambient realization gap.

The source proof uses support patterns, a reduction to one classical square, orthonormal represen-
tations of complements of Latin-square graphs, projective-line closure, finite case analysis over twelve
main classes, and a continuous argument for the two remaining subsquare cases. No theorem in the
unitriangular or Clifford chapters is inferred from this result.

11.1.10 First-arrival packets

For a finite generator set S, the endpoint Green kernel

GS,g(z) = 〈δg, (I − zAS)−1δe〉

contains more information than the spectrum of AS . Its first nonzero degree is the distance to g.
If

AS =
∑
λ

λBλ,

then
GS,g(z) =

∑
λ

〈δg, Bλδe〉
1− λz

.

The endpoint matrix coefficients of the embedded projectors determine cancellation between spectral
components. This is the metric analogue of retaining a type rather than only an unramified eigenchar-
acter.
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11.1.11 Typed Green kernels

Let H ≤ G and let µk(h) count ambient words of length k with holonomy h ∈ H . For an irreducible
representation τ of H , define

µ̂k(τ) =
∑
h∈H

µk(h)τ(h)

and
Ĝτ (z) =

∑
k≥0

µ̂k(τ)z
k.

Fourier inversion recovers every µk(h). The trivial representation records only total return to the sub-
group; nontrivial types resolve the holonomy.

Proved statement

For finite H , the full family of typed Green kernels over Ĥ determines every endpoint Green
series and therefore every ambient word distance from the identity to an element of H .

11.1.12 Operational Langlands analogy

The hierarchy resembles the local organization of representation theory:

spherical character→ type→ ramification or monodromy→ realization and descent.

The analogy is useful because it prevents coarse spectral data from being mistaken for a complete cor-
respondence. It does not imply that global Langlands reciprocity predicts either the circuit threshold
or the quantum-Latin result.

Scope boundary

The word “Langlands” in this monograph refers to an operational packet architecture: commut-
ing local spectra, type refinement, noncommutative holonomy, tensor assembly, and descent
obligations. No general automorphic or Galois correspondence is claimed or used.

11.1.13 A general finite threshold system

A packet-resolved threshold system consists of:

1. a finite group, groupoid, or association scheme;
2. a commutative spherical algebra with exact projectors;
3. embedded incidence or type data;
4. a transition group or monodromy representation;
5. restricted and ambient realization categories;
6. a metric, multiplicity, or descent obstruction.

The first threshold may then be defined as

τ = min{n : ∃P with cres(P ) > camb(P )}.

The cost can be finite or infinite.
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11.1.14 Open problems

Question 11.3. For which finite association schemes does the full embedded Bose–Mesner algebra de-
termine the restricted realization fiber?
Question 11.4. What bounded degree of noncommutative transition moments separates all Latin
squares of a fixed order?
Question 11.5. Can typedGreen kernels yield new lower boundswithout enumerating the full ambient
group?
Question 11.6. When does imprimitivity of a transition packet characterize a tensor or subsquare de-
composition in quantum combinatorial designs?
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The computational atlas and open
directions

12.1 The exact computational atlas

12.1.1 Purpose and design

The accompanying code is an audit-oriented finite mathematics package rather than a production
compiler. Its goals are:

1. exact state representations with no floating-point ambiguity;
2. complete finite search where the state space is tractable;
3. explicit witnesses and reconstructible paths;
4. small, dependency-free core algorithms;
5. frozen JSON results and regression tests;
6. separation between proved, computed, and proposed claims.

The package is named catalytic_gate_atlas. Binary matrices are tuples of integer row bitmasks,
and reversible Boolean maps are exact permutations of basis-state indices.

Define
gate models

Normalize
targets

Exact search
or symbolic word

Extract
catalytic motif

Prove restricted
lower bound

Amplify and
regularize

certificate: word, distance, orbit, status

Reproducible threshold-discovery pipeline

Figure 12.1. The finite certificate pipeline used throughout the computational atlas.

12.1.2 State models
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Binary matrices

Anm×mmatrix over F2 is stored as
(r0, . . . , rm−1),

where bit j of ri is the (i, j) entry. Matrix multiplication is exact XOR accumulation.

Symplectic Clifford states

An n-qubit Clifford modulo global phase and Pauli translation is represented by its action on Pauli
exponent vectors

(x | z) ∈ F2n
2 .

The state space is Sp(2n, 2). The restricted parabolic group is generated by S, CZ, and CNOT; the
ambient group additionally permits H .

Classical reversible states

A reversible map on n bits is stored as a permutation of {0, . . . , 2n − 1}. Composition is exact. The
affine subgroup is generated by X and CNOT, and the ambient three-bit group adds Toffoli.

12.1.3 Shortest-path engines

The package implements:

• breadth-first search for unit costs;
• 0–1 breadth-first search when gates are free or unit cost;
• Dijkstra search for general nonnegative integer weights;
• parent maps for witness reconstruction;
• defect distributions on a restricted target set.

Algorithm 12.1 (Breadth-first defect census). Given restricted generators SR, ambient generators SA,
and identity e:

1. compute dR on 〈SR〉;
2. compute dA on 〈SA〉;
3. for every restricted state x, compare dR(x) and dA(x);
4. record the pair (dR(x), dA(x)) and reconstruct witnesses for strict inequalities.

For a finite group this is complete because every vertex reachable from the identity is visited exactly
once at its minimum distance.

12.1.4 Zero-cost gates

When local Clifford gates are free and entangling gates cost one, ordinary BFS is invalid. The package
uses a deque-based 0–1 BFS. A zero-cost edge is pushed to the front and a unit-cost edge to the back.
The resulting labels are exact shortest entangling costs.

A common error is to quotient by free gates without proving that the quotient preserves the target
subset and all left/right actions. The atlas avoids this issue by running 0–1 BFS directly on the finite
group for the reported small cases.
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12.1.5 The optimized Clifford verifier

The three-qubit symplectic group has

| Sp(6, 2)| = 1,451,520

states. A compact C++ implementation enumerates the full group and the parabolic subgroup exactly.
It supports:

• total primitive count;
• total count with unit-cost SWAP;
• entangling count with H and S free;
• exact distance distributions and JSON output.

The C++ program and the independent Python implementation use the same gate matrices but differ-
ent traversal code. Witness reconstruction is supplied by the Python implementation, not by the C++
census executable.

12.1.6 Computed Clifford census

n Metric SWAP |Pn| | Sp(2n, 2)| Defects Max defect

1 total no 2 6 0 0
1 entangling no 2 6 0 0
2 total no 48 720 0 0
2 entangling no 48 720 4 1
3 total no 10,752 1,451,520 24 1
3 total yes 10,752 1,451,520 0 0
3 entangling no 10,752 1,451,520 1,624 2

The detailed defect distributions are:

model restricted→ ambient pairs
n = 2 entangling 3→ 2 : 4

n = 3 total 7→ 6 : 6, 8→ 7 : 18

n = 3 entangling 3→ 2 : 24, 4→ 3 : 432, 5→ 4 : 1056, 6→ 4 : 48, 6→ 5 : 64.

Exact finite computation

Every entry in the table is a complete finite enumeration in the declared binary symplecticmodel.
Phases and Pauli translations are not part of the state space. These are exact results for that
quotient model, not full hardware Clifford optimizations.

12.1.7 Computed affine-versus-Toffoli census

For three bits:
|AGL(3, 2)| = 1344, |S8| = 40320.

The complete census finds no affine target with a strict defect under total primitive count or under
entangling count with NOT free.
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Metric Restricted size Ambient size Restricted diameter Defects

Total 1,344 40,320 7 0
Entangling 1,344 40,320 6 0

12.1.8 Linear symbolic checks

The Pythonmodule verifies that the displayed six-row ambient and restrictedwords produce the same
canonical target modulo

2, 3, 5, 8.

The lower bounds and ring universality are proved in the core chapter; these modular checks are
regression tests rather than the logical basis of the theorem.

12.1.9 Witness format

A witness record contains:

• the target matrix or permutation;
• restricted and ambient costs;
• a named restricted gate path;
• a named ambient gate path;
• the metric and gate alphabet;
• the state-model convention.

For example, the two-qubit entangling Clifford witness has restricted path

CX0→1, S1, CX1→0, CX0→1

and ambient path
H1, CX1→0, CX0→1, H0, S1, S0.

Only two gates in the ambient path are charged by the entangling metric.

12.1.10 Certificates beyond full enumeration

For larger systems, the following certificate styles are supported in principle.

1. Meet in the middle. Store forward and backward balls whose radii sum to the candidate length.
2. SAT/SMT. Encode gate choices and endpoint equations; use an UNSAT certificate below the

claimed optimum.
3. Integer programming. Useful when a fixed gate skeleton leaves discrete routing choices.
4. Algebraic elimination. Eliminate continuous gate parameters from bounded-length word equa-

tions.
5. Dual potentials. Exhibit a one-Lipschitz potential attaining the claimed lower bound.
6. Quotient search. Search cosets only after proving that the quotient is compatible with the cost and

target class.
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12.1.11 Multiobjective search

Let each gate have a vector cost in Nr. At each state, retain only nondominated labels. The algorithm
terminates for finite state spaceswith a bounded search region, but the frontier can grow exponentially.

A practical exact strategy is to scalarize with several positive weight vectors, use the resulting op-
tima to identify candidate Pareto points, and then certify each candidate by constrained search.

12.1.12 Reproducibility commands

From the code directory:

Listing 12.1. Python atlas commands.
python -m pip install -e . --no-build-isolation
python scripts/run_atlas.py --output ../results/atlas_small.json
python -m pytest tests

The optimized three-qubit verifier can be compiled by

Listing 12.2. C++ Clifford verifier.
g++ -O3 -std=c++20 scripts/clifford_census.cpp -o scripts/clifford_census
./scripts/clifford_census --n 3 --metric total --output ../results/clifford_n3_total.json
./scripts/clifford_census --n 3 --metric entangling --output ../results/clifford_n3_entangling.json

12.1.13 Validation policy

The release uses four layers of validation.

1. Unit tests for matrix, permutation, and path primitives.
2. Cross-checks of group sizes against known finite formulas.
3. Independent Python and C++ computations for selected Clifford cases.
4. Frozen JSON outputs and SHA-256 manifests in the release archive.

12.1.14 Scaling limits

Full group enumeration grows rapidly:

| Sp(2n, 2)| = 2n
2

n∏
j=1

(4j − 1).

The four-qubit symplectic group is far beyond direct Python BFS. Future work should exploit:

• double-coset normal forms,
• Bruhat or parabolic decompositions,
• admissible heuristics for A* search,
• SAT encodings,
• orbit reduction,
• tensor-network representations,
• distributed meet in the middle.
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12.1.15 What the atlas does not prove

A finite census establishes only the declared finite model. It does not prove:

• an asymptotic theorem without a separate proof,
• a hardware advantage under a different cost,
• robustness to approximation,
• equivalence after adding ancillas,
• a result for global phases or Pauli translations if they were quotiented out.

The status metadata in every result file is intended to make these boundaries machine readable.

12.2 Reusable theorem templates

12.2.1 Purpose

This chapter collects proof architectures that recur across gate logics. Each template separates the easy
upper-bound identity from the difficult lower-bound obligation. The templates are not claims that
every gate hierarchy satisfies the hypotheses.

12.2.2 Template I: catalytic conjugation

LetH ≤ G have restricted and ambient costswith ℓamb(g
−1) = ℓamb(g). Choose g ∈ G and h1, . . . , hm ∈

H such that
U = ghm · · ·h1g−1 ∈ H.

Then
ℓamb(U) ≤ 2ℓamb(g) +

∑
i

ℓamb(hi).

Theorem 12.2 (Catalytic comparison template). Assume a restricted lower bound of the form

ℓres(U) ≥
∑
i

ri − β,

where ri is the restricted cost of the ith transported obligation and β is the maximum certified sharing. Then

∆(U) ≥
∑
i

ri − β − 2ℓamb(g)−
∑
i

ℓamb(hi).

The proof is immediate. The research content lies in bounding β.

12.2.3 Template II: amortized consumers

Suppose a catalyst costs copen + cclose and each ofm consumers saves at least si restricted cost. Then

∆(U) ≥
m∑
i=1

si − copen − cclose − r,

where r is repair or interference cost. A threshold occurs when the right side first becomes positive.
This template explains the three-cross rule in the linear atomandguides searches in phase,Gaussian,

and routing models.
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12.2.4 Template III: first-arrival Green valuation

Let S be a finite symmetric generating set and

AS =
∑
s∈S

ρ(s).

Then
GS,g(z) =

∑
k≥0

〈δg, AkSδe〉zk.

Theorem 12.3 (First-arrival template). If word multiplicities are nonnegative, then

dS(e, g) = ordz=0 GS,g(z).

For restricted and ambient sets,
∆(g) = ord0 GSR,g − ord0 GSA,g.

This template provides an exact spectral restatement. To turn it into a lower bound without enu-
meration, one needs control of the endpoint projector coefficients.

12.2.5 Template IV: one-Lipschitz potentials

Let F be a function on circuit states satisfying

F (I) = 0, |F (gs)− F (g)| ≤ c(s)

for every allowed restricted gate s. Then

ℓres(U) ≥ F (U).

Potential design steps:

1. choose a decomposition into cuts, packets, or degree layers;
2. prove a gate changes the total charge by at most its cost;
3. ensure cancellations cannot create free progress on many layers;
4. evaluate the target exactly.

Static sums of ranks are often too coarse in ambient models; time-expanded or target-relative poten-
tials may be required.

12.2.6 Template V: dimension per gate

Let X be an algebraic family of elementary gates whose irreducible components have dimension at
most r. Let V be an irreducible target variety of dimension N .

Theorem 12.4 (Dimension-per-gate template). The closure of the locus reachable in L gates has dimension
at most rL. If rL < N , a generic point of V is not reachable in L gates.

If every target in V has a restricted construction of length at most N/r, then generic restricted and
ambient lengths coincide at that value, provided the same parameter bound applies to the ambient
alphabet.
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12.2.7 Template VI: defect codimension

Assume every target has restricted cost at most M . A defect of size at least d implies ambient cost at
mostM − d. If the (M − d)-gate ambient locus has dimension at most N − d, then

codimD≥d ≥ d.

This is the general mechanism behind algebraic rarity.

12.2.8 Template VII: finite-field sparsity

Suppose there are at most B gate directions and at most qr parameter choices per gate over Fq. Then
the number of words of length at most L is at most

L∑
j=0

(Bqr)j .

If the target family has qN points and defect d forces L ≤ (N − d)/r, this yields a density bound of
order q−d up to a fixed combinatorial factor.

The estimate counts words, not distinct endpoints, and is therefore an upper bound without injec-
tivity assumptions.

12.2.9 Template VIII: block retraction

Let a large restricted group contain a smaller one through a homomorphic embedding ι, and suppose
a homomorphic retraction π satisfies πι = id. Require that every large restricted generator maps to a
small restricted word of no greater cost. Then

ℓlarge,res(ιU) ≥ ℓsmall,res(U).

If the ambient embedding preserves gate cost,

∆large(ιU) ≥ ∆small(U).

This transfers a catalytic atom to architectures containing it as a retract.

12.2.10 Template IX: exact block coupling

For block-lower matrices
M =

(
A 0

XA D

)
,

projection to diagonal blocks forces the costs of A and D, while rank of the cross block forces at least
rankX cross transmissions. If X is a partial monomial matrix, the lower bound is attained by direct
construction.

The same logic extends to trees of blockswhenever every coupling layer has an exact rank certificate
and the projections are homomorphisms.

210



Quantum and Circuits PART III

12.2.11 Template X: tensor Leibniz rule

Suppose a restricted complexity is tree tight and satisfies

ℓres(A⊗B) = nℓres(A) +mℓres(B)

for A of sizem and B of size n. If ambient complexity satisfies the corresponding upper bound, then

∆(A⊗B) ≥ n∆(A) +m∆(B).

For tensor powers,
∆(A⊗r) ≥ rmr−1∆(A).

This is the standard route from a finite atom to an N logN defect.

12.2.12 Template XI: stable capacity

If
ar+s ≤ msar +mras,

then
br =

ar
mr−1

is subadditive and
lim
r→∞

ar
rmr−1

exists by Fekete’s lemma. This defines a regularized ambient cost and exposes possible tensor activa-
tion.

12.2.13 Template XII: vector costs

Let gates carry costs in Rk+. A lower bound may be a vector inequality

F (U) �
∑
g∈W

c(g)

or a family of scalar inequalities indexed by dual weights w ∈ Rk+:

w · F (U) ≤ w · c(W ).

A complete Pareto proof may require enough supporting weights to separate the restricted and ambi-
ent convex lower hulls.

12.2.14 Template XIII: ancilla restoration

LetW act on data D and ancilla A. To certify a dirty catalyst, prove the operator identity

W = UD ⊗ IA

on the full joint space, not only on one ancilla input. For a clean catalyst, prove

W (|ψ〉 ⊗ |0〉) = (U |ψ〉)⊗ |0〉

for all |ψ〉. The distinction changes both the target equations and lower bounds.
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12.2.15 Template XIV: symmetry-sector escape

Given projectors Pq, define off-sector transfer blocks

Tqr = PqUPr.

A restricted gate preserves all diagonal sectors. An ambient gate changes a controlled collection of
blocks. A candidate potential is a weighted sum of ranks or norms of obligations relative to the final
target. The proof must charge both creation and useful consumption of off-sector coherence.

12.2.16 Template XV: exhaustive threshold classification

A finite first-threshold theorem should contain:

1. no defects below size n0;
2. at least one defect at n0;
3. exact classification of every defect at n0 modulo declared equivalence;
4. analytic generation of the exceptional motifs;
5. equality between the analytic set and computational census;
6. witness and completeness certificates.

This is the standard achieved by the six-wire linear core and is the target standard for future gate
logics.

12.2.17 A proof-obligation ledger

Before promoting a catalytic identity to a theorem, record:

Obligation Required evidence

Endpoint membership Symbolic proof that the target lies in the restricted class.
Ambient upper bound Explicit circuit evaluated exactly.
Restricted lower bound Potential, rank, algebraic, search, or certificate argument.
Restoration Identity on all data and work inputs under the chosen conven-

tion.
Cost compatibility Same gate alphabet, weights, and free operations in both met-

rics.
Minimal threshold Exhaustive or symbolic exclusion of smaller instances.
Equivalence classification Orbit or normal-form analysis of all minimal defects.
Amplification Proof that the lower bound and upper construction compose.
Reproducibility Source, frozen outputs, and deterministic commands.

12.3 Research program and paper architecture

12.3.1 The central research problem

For a nested pair of gate models, determine the distortion function

Dn = sup
U∈Tn

(
cres(U)− camb(U)

)
,
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where Tn is the target class. The basic questions are:

1. Does any defect exist?
2. What is the first size threshold?
3. What is the minimal catalytic motif?
4. Is the effect generic, sparse, or confined to special strata?
5. How does it scale under direct sum, recursion, and tensor products?
6. Which resource vector reveals the first defect?
7. Can the effect survive realistic architecture and fault-tolerant costs?

12.3.2 Established base camp

The unitriangular theory provides a complete first example:

• a universal six-row atom over nonzero commutative rings;
• exact binary and ternary first-threshold evidence;
• exact classification of twenty binary minimal defects;
• connected families with two reverse gates and linear saving;
• microscopic rank-one, bandwidth-one escape;
• generic rigidity and defect codimension;
• recursive and tensor amplification to Ω(n logn).

The small Clifford atlas adds a second gate logic with genuine exact defects and shows that changing
the primitive library by adding SWAP can remove them.

12.3.3 Program A: complete the Clifford threshold theory

The highest-priority quantum project is a paper on parabolic-versus-ambient Clifford synthesis.

Immediate tasks

1. Extend the analytic four-target free-phase orbit certificate to other cost-preserving Clifford equiv-
alences and larger widths.

2. Classify the twenty-four three-qubit total-count defects under parabolic conjugation and qubit
permutations.

3. Derive analytic normal forms for the witness circuits.
4. Prove lower bounds independent of full group enumeration.
5. Test depth, weighted, and architecture-aware metrics.
6. Determine whether a finite defective atom tensor-amplifies.

Longer-term questions

Conjecture 12.5. The parabolic subgroup of Sp(2n, 2) has unbounded additive distortion in the full
symplectic group for at least one natural Clifford cost model.
Question 12.6. Does the maximum total-count defect grow as n, n logn, or faster?
Question 12.7. Is the disappearance of three-qubit defects after adding unit-cost SWAP a small-width
accident or a structural geodesic-convexity phenomenon?
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12.3.4 Program B: temporary nonlinearity

The three-bit affine-versus-Toffoli census is rigid. The next target is a complete four-bit normal-form
search without enumerating 16! permutations.

Algorithmic plan

1. Compute exact affine distances for all |AGL(4, 2)| = 322,560 targets.
2. Enumerate Toffoli sandwiches modulo affine left and right actions.
3. Use ANF equations to retain only affine endpoints.
4. Compare total, Toffoli, CNOT, and fault-tolerant costs.
5. Produce SAT certificates below every claimed optimum.

Question 12.8. What is the first bit width at which a restored nonlinear excursion shortens an affine
target?
Question 12.9. Can temporary degree two yield a family with unbounded saving while the endpoint
degree remains one?

12.3.5 Program C: phase-polynomial catalysts

The phase setting is likely to produce a defect first in a resource other than total primitive count.
Priority metrics:

T -depth, CNOT count at fixed T -count, two-qubit depth, architecture-weighted cost.

A first paper should choose one metric and avoid a diffuse comparison across all resources.
Question 12.10. Can a restored Hadamard or Clifford frame reduce T -depth of a diagonal target with-
out additional ancillas?
Question 12.11. Does tensor activation occur for phase-polynomial T -count?

12.3.6 Program D: Gaussian and matchgate systems

Two concrete first searches are recommended.

1. Number-conserving versus general fermionic Gaussian synthesis on a small number of modes.
2. Nearest-neighbor versus all-to-all matchgate circuits with weighted fermionic SWAP cost.

Both admit exact orthogonal-matrix representations and have clear architecture relevance.

12.3.7 Program E: symmetry and measurement

This program should begin with a narrowly declared resource theory, such as:

• excitation-preserving two-qubit gates versus arbitrary two-qubit gates;
• unitary Clifford+T versus measurement-assisted Clifford+T ;
• clean versus dirty ancillas for a fixed arithmetic family;
• local architecture versus one reusable nonlocal bus gate.

The first objective is not maximal generality but one theorem with exact restoration and cost account-
ing.
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12.3.8 Program F: root-system catalysis

For a split reductive group with allowed roots Ψ ⊂ Φ, classify configurations in which a forbidden
root acts as a reusable catalyst through Chevalley commutator relations.

Suggested sequence:
A2 → B2 = C2 → G2 → Ar.

Low-rank nonsimply laced systems are attractive because longer root strings may create more than
one useful effect per consumer.
Question 12.12. Is there a root-system analogue of the three-cross, one-phase threshold?
Question 12.13. Can a G2 root string produce a multiplicative distortion exceeding the clean type-A
value 3/2?

12.3.9 Program G: algebraic defect loci

For each finite-dimensional gate hierarchy, define bounded word loci and defect strata. Determine:

• irreducible components,
• exact dimension and codimension,
• singularities and degenerations,
• border length,
• finite-field point counts,
• behavior under tensor products.

Conjecture 12.14. In a broad class of one-parameter elementary gate varieties, defect at least d is gener-
ically a codimension-at-least-d condition, with equality on explicit families of components.

12.3.10 Program H: packet-resolved realization

The packet hierarchy should be developed as a separate mathematical framework rather than ap-
pended to every circuit paper.

Core objectives:

1. define spherical, type, and holonomy functors for finite transition groupoids;
2. prove information-loss theorems for commutativization;
3. classify when typed Green kernels are sufficient for distance;
4. relate imprimitivity to combinatorial decomposition;
5. formalize realization fibers and descent obstructions.

12.3.11 Recommended paper sequence

Paper Working title Core result

I Catalytic escape from
unitriangularity

Completed linear threshold, rarity, and
asymptotic distortion.

II Catalytic basis escape in Clifford
synthesis

Exact parabolic-versus-Clifford thresholds
and analytic motifs.

III Temporary nonlinearity in reversible
circuits

Affine targets with or without
Toffoli-assisted defects.
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IV Gate-set distortion and catalytic
holonomy

Abstract subgroup, groupoid, and
vector-cost theory.

V Spherical collapse and transition
holonomy

Packet refinement, Latin-square holonomy,
and realization fibers.

VI Algebraic defect loci Word varieties, codimension, border
catalysis, and point counts.

VII Root-system catalytic complexity Chevalley commutators and thresholds
beyond type A.

12.3.12 Software roadmap

Version 0.1 of the atlas supports exact small finite groups. A mature package should add:

1. generic multiobjective Dijkstra search;
2. disk-backed and parallel BFS;
3. SAT and SMT export;
4. group action and orbit classification;
5. symbolic word-map elimination;
6. circuit diagrams in Quantikz and SVG;
7. architecture graphs and routing costs;
8. certificate verification independent of the search engine;
9. a machine-readable theorem-status ledger.

12.3.13 Standards for claims

A result should be labeled proved only when every lower bound and restoration claim has a proof. A
complete finite census should identify the state quotient, enumerate its full size, and make the traver-
sal reproducible. A symbolic skeleton should be valued as a research object but not described as an
established shortcut.

12.3.14 Potential applications

If developed, the theory may contribute to:

• exact and heuristic quantum circuit compilers,
• architecture-aware routing,
• parity and phase-network synthesis,
• stabilizer and Clifford optimization,
• reversible arithmetic,
• Gaussian and fermionic simulation,
• lower-bound methodology,
• geometric group theory of gate sets,
• algebraic geometry of circuit word maps.

The near-term value is methodological and algorithmic. Hardware benefit requires a device-specific
cost and noise model.
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12.3.15 Twenty central open problems

1. Prove or refute a universal six-dimensional linear threshold over all coefficient rings.
2. Determine the true asymptotic order of the maximum unitriangular defect.
3. Decide whether multiplicative distortion is bounded.
4. Determine the lower border length of the canonical six-row atom.
5. Classify tree-tight catalytic matroids.
6. Find a one-copy rigid target with tensor activation.
7. Extend the two-qubit analytic orbit certificate to larger Clifford systems.
8. Analytically classify the three-qubit total-count Clifford defects.
9. Determine whether SWAP restores rigidity for all n in the chosen primitive model.

10. Find the first affine target shortened by temporary nonlinearity, or prove none exists.
11. Find the first diagonal target improved by non-diagonal Clifford catalysis.
12. Determine a phase-polynomial Pareto defect.
13. Find a number-conserving Gaussian target shortened by Bogoliubov escape.
14. Find a matchgate routing catalyst with a certified architecture advantage.
15. Establish a symmetry-sector microscopic-escape theorem.
16. Classify when a fixed number of dirty ancillas gives unbounded saving.
17. Develop typed Green-kernel lower bounds that avoid full enumeration.
18. Determine finite moment bounds sufficient for transition-holonomy classification.
19. Classify catalytic motifs in B2, C2, and G2.
20. Prove a general theorem connecting algebraic codimension and catalytic defect.

12.3.16 Closing perspective

The common phenomenon is not that every restriction can be beaten. It is that the path space matters.
A target may obey a symmetry, flag, degree bound, locality rule, or factorization constraint while the
cheapest route to that target does not.

The disciplined research question is therefore:

Which temporary resources can be opened, reused, and exactly removed at a net
computational gain?

The established linear theory answers this question completely for one important model. The mono-
graph supplies the symbolic and computationalmachinery to ask it across quantumgate logicwithout
conflating identities, experiments, and theorems.
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Circuit obstructions

Restored reversible circuits lead to cut comparisons, safe discrepancy covers, and projection costs.
The later chapters examine faithful linear summaries and the obstruction to composing multi-
plicative descriptions.

IN THI S PA RT

Scope, notation, and computational model 219

Exact cut comparison and safe discrepancies 222

Complete safe-packet degree 223

Calibration families and exact small oracles 227

Homogeneous projection: cost and safety 230

Faithful linear gluing algebras 233

Weighted witness fingerprints 235

The overlap obstruction to composition 237

Circuit examples in view 238

218



CHA PTE R 1 3

Scope, notation, and computational model

13.1 Boolean and algebraic conventions
A Boolean function is a map f : {0, 1}n → {0, 1}. Unless a different field is explicitly stated, polyno-
mials are the unique multilinear representatives in

Rn = F2[x1, . . . , xn]/(x
2
i − xi : 1 ≤ i ≤ n).

Addition in this ring is XOR. Multiplication is AND. Boolean OR is written ∨ and satisfies a ∨ b =

a+ b+ ab. A statement h ≤ f is pointwise and means that h has no positive value at a negative input
of f .

The degree of a nonzero function is its multilinear algebraic degree. A nonzero constant has degree
zero. For mathematical statements involving a constant-zero function we use deg 0 = −∞; stored
profile tables and Python helpers use their documented sentinels instead. Those implementation con-
ventions do not change the inequalities.

For S ⊆ [n], write xS =
∏
i∈S xi and let 1S be the input with support S. A minterm of a monotone

function means an inclusion-minimal positive support, not an arbitrary positive input.

Symbol Meaning

C(f) Minimum fan-in-two AND/OR/NOT gate count, allowing fan-out.
L(f) Minimum total NOT/CNOT/Toffoli count of a restored implementation.
T Number of Toffoli gates in a specified implementation.
Trest(f) Minimum such Toffoli count, allowing any finite zero workspace.
M(f) Minimum AND count in an XOR–AND computation, with affine opera-

tions uncharged.
If Boolean functions supported only on positive inputs of f .
α1(f) Minimum degree of one nonzero member of If .
βv(f) Minimum degree of a member of If that is one at v.
β(f), β∗(f) Complete-cover degree and its affine-output optimization.
[P ]2 Homogeneous degree-two component of the multilinear polynomial P in

the specified coordinates.

13.2 The restored classical oracle
A legal NOT changes one target bit. A CNOT adds a control bit to a distinct target. A Toffoli adds
the product of two distinct controls to a third distinct wire. Gates have positive controls and are self-
inverse. Their composition is a permutation of all register states.
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A restored oracle is a circuit satisfying

(x, 0a, y) 7−→ (x, 0a, y + f(x)) (13.1)

for every logical input x and both initial target values y ∈ {0, 1}. The zero-workspace condition is
imposed at the boundary, not at intermediate times. The circuit may disturb logical inputs, use output
feedback, reuse intermediate values, and make arbitrary reversible excursions before restoring the
required registers.

NOT and CNOT are free only when counting T . They are charged in L. This distinction is essential
in the projection example. There are no measurements, quantum phases, discarded work registers, or
unverified ancilla initializations in this model.

13.3 Comparison with ordinary circuits
Theorem 13.1 (Classical/restored simulation comparison). For every Boolean function f ,

C(f)

5
≤ L(f) ≤ 6C(f) + 1.

Proof. Compute every Boolean gate onto a fresh zero wire. An AND costs one Toffoli. A NOT of an
existing signal is obtained with one NOT and one CNOT. An OR is computed as a + b + ab, using
two CNOTs and one Toffoli. Repeated operands are simplified to a copy, not encoded as an illegal
repeated-control gate. Compute the output, copy it to y, and reverse the first computation. This uses
at most 6C(f) + 1 gates and restores every work register.

Conversely, express each reversible gate as an ordinary Boolean update. XOR has a four-gate
AND/OR/NOT realization. A Toffoli needs that XOR plus one AND, hence at most five gates.
Substitute zero for initial ancillas and y = 0, then read the final target. The resulting Boolean circuit
has at most 5L(f) gates.

13.4 The degree bound used throughout
Lemma 13.2 (Degree permultiplication). An XOR–AND computation with tAND gates has output degree
at most t+1, allowing constants and arbitrary sharing. The same bound holds for each coordinate of a reversible
computation containing t Toffoli gates.

Proof. Introduce a formal Boolean variable for each AND output. Its defining expression is a product
of two affine forms in the logical inputs and earlier gate variables. The final output is affine in the
inputs and all gate variables.

Substitute the gate variables in reverse topological order. Amultilinear monomial contains the vari-
able being replaced at most once. Replacing it by a quadratic expression raises degree by at most one;
multilinear reduction cannot raise it. After t substitutions the degree is at most t+ 1.

A Toffoli contributes one multiplication to such a straight-line computation, while NOT and CNOT
are affine. The argument also applies to a suffix executed backwards because the gates are self-inverse.

The source identifies this standard degree bound with the XOR–AND background in [52].
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13.5 A degree invariant that retains sharing
The preceding Boolean substitution proof applies to general XOR–AND straight-line computations.
The later formal development proves the classical reversible specialization directly on the evolving
register state. This route makes the resource accounting visible without unfolding reused registers
into duplicated formulas.

Theorem 13.3 (Register-product degree invariant). Let si(x) be the contents of a finite register after t Toffoli
gates, with arbitrary intervening NOT and CNOT gates. Initial register contents are affine functions of x. For
every finite list L of r register indices, including repeated indices,

deg
(∏
i∈L

si(x)

)
≤ t+ r.

The zero-function convention is as above. In the formal source the conclusion is the concrete representation
certificate DegreeLE.

Proof. Initially a product of r affine functions has degree at most r. Suppose a gate toggles register u
by a product of q controls, with q = 0, 1, 2 for NOT, CNOT, and Toffoli respectively. If u does not occur
in L, the product is unchanged. If it occurs, Boolean idempotence removes all its repetitions. Let R be
the remaining list, so |R|+ 1 ≤ r. The updated product is

su
∏
i∈R

si +

 ∏
j∈controls

sj

∏
i∈R

si.

By the old invariant, these two summands have degrees at most t+1+ |R| and t+ q+ |R|. The latter is
at most t+r+max{q−1, 0}. NOT and CNOT therefore consume no degree budget; a Toffoli consumes
at most one. Induction along the actual gate list proves the claim. The empty list is the constant-one
product and is also covered.

For r = 1 this recovers the coordinate bound. The initial target can be fixed to either boundary bit
while the inputs vary. Temporary input disturbance, dirty intermediate workspace, output controls,
and repeated use of earlier products are all allowed. The formal locators are workspaceDegree_run and
canonical_run_coordinate_degree.

The representation is part of the theorem

DegreeLE(d,f) is tied by proved equivalences to an explicit finite XOR of monomials with length
at most d. It is not an assumed degree oracle. Canonical algebraic-normal-form extraction and a
separate generic XOR–AND simulation compiler are outside this formal block.
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Exact cut comparison and safe
discrepancies
CLAIM C01

Theorem 14.1 (Cut-comparison identity and complete coverage). Let a restored oracle be written C =

Q ◦ P , and put R = Q−1. Suppress zero ancillas in boundary arguments and define

A(x) = P (x, 0), B(x) = R(x, 0), D(x) = P (x, 1) + P (x, 0).

These are vectors indexed by all registers. Then

A(x) +B(x) = f(x)D(x), D(x) 6= 0. (14.1)

Consequently, the coordinate discrepancies Hi = Ai +Bi satisfy

Hi ≤ f for every i,
∨
i

Hi = f. (14.2)

Proof. For a boundary state with target z, correctness of the full circuit gives

R(x, z) = P (x, z + f(x)).

When f(x) = 0, this says B(x) = A(x). When f(x) = 1, it says B(x) = P (x, 1), and the discrepancy is
D(x). Both cases are summarized by (14.1).

The prefix P is a permutation. Its images of the two distinct boundary states (x, 0) and (x, 1) are
different, so D(x) is a nonzero vector.

If f(x) = 0, every discrepancy is zero. If f(x) = 1, at least one discrepancy is one. These are precisely
the safety and complete-coverage assertions in (14.2).

14.1 What the comparison does and does not require
The suffix need not reverse the prefix. Output feedback and a target direction distributed amongmany
registers are permitted. Only boundary correctness and reversibility are used. Equivalently,

f(x) = 1 ⇐⇒ P (x, 0) 6= Q−1(x, 0).

This is a necessary representation, not a circuit lower bound from packet count. Expanded monomial
counts, individual degrees, and algebra dimensions remain distinct from the shared cost of construct-
ing the complete family. The declared finite cut checks are reported in Section E.4.
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Complete safe-packet degree
CLAIM C02

15.1 Pointwise coverage rather than one easy packet
Let

If = {h ∈ Rn : h(1 + f) = 0}.

This is the ideal of functions supported only on the accepting set of f . For nonzero f , the one-packet
parameter is

α1(f) = min{degh : 0 6= h ∈ If}.

It asks for one safe nonzero polynomial, which may detect only an easy portion of the accepting set.
One-sided polynomial immunity is established terminology in this setting; see the background refer-
ence [54].

For a positive input v, define instead

βv(f) = min{degh : h ∈ If , h(v) = 1}, β(f) = max
v:f(v)=1

βv(f).

Set β(0) = 0. Thus β(f) is the degree needed before safe polynomials collectively detect every positive
input. Finally, put

β∗(f) = max
`∈Affn

β(f + ℓ),

where Affn is the set of affine Boolean functions on the logical inputs.

Proposition 15.1 (Basic size bounds). For nonzero f on n inputs,

α1(f) ≤ β(f) ≤ n.

If f has at least two positive inputs, then β(f) ≤ n− 1. In particular β∗(f) ≤ n.

Proof. Any polynomial detecting a specified positive input is nonzero, giving the first inequality. For
v ∈ {0, 1}n, its point indicator is

δv(x) =
∏
i:vi=1

xi
∏
i:vi=0

(1 + xi).

If f(v) = 1, then δv ∈ If and has degree n, proving the upper bound.
If v and w are distinct positive inputs, δv + δw is safe and equals one at v. The degree-n coefficients

of its two summands are both one, so they cancel. Its degree is at most n − 1. Do this for each pos-
itive v. The last assertion applies the general bound to every affine adjustment, with the stated zero
convention.
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Proposition 15.2 (Affine input invariance). Invertible affine changes of logical input coordinates preserve
α1, β, and β∗, with the pointwise parameters transported by the corresponding bijection of inputs.

Proof. Compositionwith an affinemap cannot increasemultilinear degree. Compositionwith its affine
inverse proves equality of degrees. Such composition bijects the accepting and rejecting inputs, hence
maps safe polynomials bijectively to safe polynomials and preserves their pointwise detecting prop-
erty. It also permutes the affine output masks used in the definition of β∗.

15.2 The restored lower bound
Theorem 15.3 (Affine-optimized complete-cover bound). Every restored implementation of f with T Tof-
foli gates satisfies

T ≥ max{0, deg f − 1, 2β∗(f)− 3}. (15.1)

In particular,
T ≥ max{0, deg f − 1, 2β(f)− 3, 2β(1 + f)− 3}.

Proof. Cut the implementation after bT/2c Toffolis. The forward prefix and the inverse suffix use at
most dT/2e Toffolis each. By Lemma 13.2, each of their coordinates, and therefore each discrepancy
Hi, has degree at most ⌈

T

2

⌉
+ 1.

Theorem 14.1 gives Hi ≤ f and a complete cover of the positive inputs. Every positive v is therefore
detected by a safe polynomial within this degree bound, so

β(f) ≤
⌈
T

2

⌉
+ 1.

Integer rounding gives T ≥ 2β(f)− 3.
At the end of a restored oracle the logical inputs are available unchanged. CNOTs from those inputs

and, when needed, a target NOT append any affine ℓ to the target at no Toffoli cost. Apply the same
inequality to each f + ℓ and maximize. Finally, reading the target with initial value zero computes f
using T multiplications, so Lemma 13.2 gives T ≥ deg f − 1.

Scope of the lower bound

The circuit may use output feedback and arbitrary dirty intermediate states, but it must satisfy
the restored classical oracle convention. The inequality does not apply automatically to a model
with discarded garbage or measurement. Because β∗(f) ≤ n, this parameter alone cannot prove
a superpolynomial lower bound in the actual input length.

15.3 Exact evaluation-span certificates
For an integer d ≥ 0, form the evaluation vector

vd(x) =
(
xS
)
S⊆[n], |S|≤d,

and write U = f−1(0).
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Theorem 15.4 (Dual certificate for failure of safe detection). For every positive input v,

βv(f) > d ⇐⇒ vd(v) ∈ spanF2
{vd(u) : u ∈ U}. (15.2)

Proof. Adegree-at-most-d polynomial is a coefficient covector on the evaluation space. It is safe exactly
when it annihilates every negative evaluation vector, equivalently their span. Such a covector can equal
one on vd(v) exactly when vd(v) lies outside that span. This is finite-dimensional linear duality over
F2.

Corollary 15.5 (Finite support of a dual witness). When the right side of (15.2) holds, there isW ⊆ U with

vd(v) =
∑
u∈W

vd(u), |W | ≤
min(d,n)∑
j=0

(
n

j

)
.

The cardinality |W | is odd.

Proof. Choose a basis of the span fromnegative evaluation vectors and express vd(v) in that basis. Over
F2, the nonzero coefficients select a subset W of size at most the ambient dimension. The constant-
monomial coordinate of every evaluation vector is one; comparing it on both sides shows that |W | is
odd.

Such a relation is replayable by exact linear arithmetic. It does not provide an efficient way to enu-
merate all negatives of an arbitrary SAT verifier. The theorem assumes that the negative vectors or
their proved structure are available.

15.4 Monotone specialization
Theorem 15.6 (Safe monomial ideal for a monotone function). If f is monotone, If has a monomial basis
indexed by the positive supports of f . For each positive v,

βv(f) = min{|S| : S ⊆ supp(v), f(1S) = 1}.

Consequently, for nonzero f ,

α1(f) = minimum minterm size, β(f) = maximum minterm size.

Proof. For any Boolean polynomial h, its coefficient on xS is

[xS ]h =
∑
T⊆S

h(1T )

over F2. If S is negative for monotone f , every subset T is negative. A safe h vanishes at each 1T , so
its xS coefficient is zero. Conversely, a monomial on a positive support is safe by monotonicity. This
proves the basis assertion.

If a safe h satisfies h(v) = 1, at least one of its nonzero monomials is supported inside supp(v). That
support is positive and has size at most degh. Conversely, a smallest such positive-support monomial
detects v. This proves the pointwise formula. Taking the appropriate minima and maxima gives the
minterm statements: a minimal positive support cannot contain a smaller positive one, and every
positive input contains a minterm.
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Corollary 15.7 (Exact monomial oracle cost). For k ≥ 2,

Trest(x1x2 · · ·xk) = 2k − 3.

Proof. The unique positive input of the k-variable monomial needs a safe polynomial of degree k. The
complete-cover lower bound gives 2k − 3. For the matching construction, successively compute x1x2,
then x1x2x3, and so on up to a (k− 1)-fold product on clean work wires. Toggle the output using that
product and xk, then uncompute the k− 2 work products. The count is (k− 2) + 1+ (k− 2) = 2k− 3.
For k = 2, a single Toffoli suffices.
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Calibration families and exact small
oracles
CLAIM C03 and C04

16.1 An unbalanced disjunction
For k ≥ 2 and n = k + 2, define

B = z1 · · · zk, Fk(a, b, z) = (ab) ∨B = ab+B + abB, Gk = Fk + a.

This is a deliberately easy family with two differently sized accepting regions. It separates the cost of
finding one safe packet from the degree needed for complete coverage.

Proposition 16.1 (Raw calibration parameters). For this family,

α1(Fk) = 2, β(Fk) = k, degFk = k + 2.

Proof. The minterms have supports {a, b} and {z1, . . . , zk}. The first two assertions follow from Theo-
rem 15.6. The monomial abB has degree k + 2 and does not cancel with either lower-degree term in
the displayed polynomial.

Theorem 16.2 (Affine optimization of the one-packet parameter). For every k ≥ 2,

max
`∈Affn

α1(Fk + ℓ) = 3.

Proof. First restrict to the face z1 = 0. There Fk + ℓ becomes ab + ℓ|z1=0, a nonzero quadratic. If the
restricted affine term contains a remaining z variable, set a = 0 and set the remaining affine form to
one. This gives an accepting affine subspace of codimension atmost two inside the face. If it contains no
remaining z variable, fix a, b to an accepting pair instead. The indicator of the resulting affine subspace
in the full input space has degree at most three and is safe. Thus every affine adjustment has a nonzero
safe polynomial of degree at most three.

For equality, take ℓ = a. The degree-three polynomial

a(1 + b)(1 + z1)

is safe forGk. Suppose a safe h of degree at most two existed. On a = 0, acceptance requiresB = 1. For
k ≥ 3, the monotone-ideal argument forces h|a=0 = 0, hence h = aL with L affine in the remaining
variables. The negative face a = b = 1 forces L(1, z) = 0, so L = c(1+ b). The negative point a = 1, b =

0, z = (1, . . . , 1) then forces c = 0.
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When k = 2, the restriction can initially be h|a=0 = cB. Write h = cB + aL. On the same negative
face a = b = 1, the quadratic term cB cannot be cancelled by affine L, so c = 0. The previous argument
then applies. There is no nonzero safe polynomial of degree at most two, proving equality.

Theorem 16.3 (Affine optimization of complete coverage). For every k ≥ 2,

β∗(Fk) = k + 1.

Proof. Restrict Gk = Fk + a to b = 1. Then

Gk|b=1 = (1 + a)B.

This is the indicator of one point on k + 1 variables. At the positive input a = 0, b = 1, z = (1, . . . , 1),
a safe detecting polynomial must restrict to that singleton indicator and therefore have degree at least
k + 1. Thus β(Gk) ≥ k + 1.

For the upper bound, Theorem 16.2 shows that no Fk + ℓ is a singleton indicator: a singleton would
have one-packet degree n = k+2 > 3. These functions are also nonzero because Fk is not affine. Each
has at least two positive inputs, so Proposition 15.1 gives β(Fk + ℓ) ≤ n− 1 = k + 1.

Corollary 16.4 (Restored cost interval for the calibration family). For n = k + 2,

2n− 5 ≤ Trest(Fk) ≤ 2n− 3.

Proof. The lower bound follows from Theorems 15.3 and 16.3. For the upper bound, compute A = ab

with onemultiplication andB using k−1multiplications. Toggle the output byA+B+AB, requiring
one output Toffoli and affine additions. Uncompute A and B. The total Toffoli count is k + 1 + k =

2k + 1 = 2n− 3.

The preceding combined boundmax{0,degFk−1, 2max` α1(Fk+ℓ)−3} gives n−1 for this family;
its immunity-only term is the constant 3. The complete-cover bound gives 2n−5. The stronger estimate
can also be recognized by restriction to b = 1 followed by a free affine output adjustment. No exact
optimum is claimed when the displayed endpoints differ.

Inputs n max` α1 β∗ One-packet bound Complete-cover bound

4 3 3 3 3
5 3 4 4 5
6 3 5 5 7
7 3 6 6 9
8 3 7 7 11
9 3 8 8 13

The formulas are proved for all k ≥ 2. The source evaluates the designated family truth tables through
nine inputs, but checks every affine mask only through eight. The ninth-input affine maximum is
justified by the proof, not by a stored exhaustive mask search.
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16.2 An explicit moment certificate
On the face b = 1, every point except v = (a = 0, z = (1, . . . , 1)) is negative for Gk. A polynomial of
degree atmost k sums to zero over the (k+1)-dimensional cube: eachmonomial omits some coordinate
and contributes an even number of ones. Therefore

vk(v) =
∑

u ̸=v on the face
vk(u).

This is the certificate from Theorem 15.4, proving that no safe degree-k polynomial detects v.
The finite four-input computation found max` α1(f + ℓ) = β∗(f) for every function in that domain.

The family above disproves extrapolation of that equality: it already fails at five inputs, with values
three and four, and the difference grows without bound.

16.3 All functions on at most three inputs
Theorem 16.5 (Exact small restored-oracle calibration). For every Boolean function on one, two, or three
logical inputs, the bound in Theorem 15.3 is attained by an explicit restored implementation. The optimum Toffoli
counts are zero for affine functions, one for nonaffine quadratics, and three for three-input cubics.

Proof. An affine function is added to the target using only NOT and CNOT gates, so its optimum is
zero.

A nonaffine quadratic on at most three variables has an alternating polar matrix of rank two. In
suitable invertible linear coordinates, its quadratic part is a product of two linear forms; the remaining
part is affine. A single Toffoli, together with affine preparation and restoration, computes the oracle.
The degree bound requires at least one.

A cubic on three variables has the form

x1x2x3 + q(x) + ℓ(x),

with q quadratic and ℓ affine. Translating xi 7→ xi + ci adjusts independently the coefficients of xjxk,
so all quadratic terms can be cancelled. The resulting function is a three-variable monomial plus an
affine function. Affine input changes and affine output additions cost no Toffolis. Corollary 15.7 gives
both the lower bound three and a matching restored construction.

There are 4 + 16 + 256 = 276 functions over the three input sizes. The distribution is

Optimum Toffolis 0 1 3

Number of functions 28 120 128.

The source constructs and checks the actual circuits. Optimality is obtained from the written lower
bounds and matching constructions, not from exhaustive enumeration of all reversible circuits.
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Homogeneous projection: cost and safety
CLAIM C05

This chapter separates the nonlinear cost of a complete function from the nonlinear cost of one
extracted homogeneous component. It also shows that an algebraic projection need not preserve safe
support.

17.1 Two supporting lower bounds
Lemma 17.1 (Affine subspace after multiplication restrictions). If a Boolean function on n inputs is com-
puted with t AND gates in an XOR–AND circuit, there is an affine subspace of dimension at least n − t on
which the output is affine.

Proof. Process the AND gates in topological order while maintaining an affine subspace on which all
preceding product outputs are affine. The operands of the next gate are then affine on the current
subspace. If an operand is constant, their product is already affine. Otherwise impose one nonempty
affine equation setting that operand to zero. This loses at most one dimension and makes the product
affine. Earlier affine outputs stay affine under restriction. After atmost t restrictions the output is affine
on a subspace of dimension at least n− t.

This is the affine-restriction method used in the background literature onmultiplicative complexity
[53]. The proof is reproduced here in the scalar convention needed below.

Proposition 17.2 (Exact cost of a nondegenerate paired quadratic). For even n, let

Q(x) = x1x2 + x3x4 + · · ·+ xn−1xn.

Then
M(Q) = Trest(Q) = n/2.

Proof. The polar bilinear form of Q is the full-rank alternating form made of n/2 disjoint 2× 2 blocks.
If Q is affine on an affine subspace with direction space U , its second differences vanish on U , so U is
totally isotropic. Nondegeneracy gives dimU ≤ n/2.

Lemma 17.1 therefore implies n − t ≤ n/2, or t ≥ n/2, for any XOR–AND computation. Every
restored Toffoli implementation gives such a computation by fixing its ancillary inputs and initial
target, so the same lower bound applies to Trest. Directly add the n/2 disjoint pair products to the
target with one Toffoli each. This attains both bounds and requires no nonlinear work register.
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17.2 A compact whole function
Letm ≥ 2, let a = (1, . . . , 1) ∈ Fm2 , and introduce one logical bit xv for each

v ∈ V = Fm2 \ {0, a}.

There are n = 2m − 2 such bits. Define

Lj(x) =
∑
v:vj=1

xv, Pm(x) =

m∏
j=1

Lj(x).

Theorem 17.3 (Exact nonlinear cost of the whole function). For the family above,

M(Pm) = m− 1, Trest(Pm) = 2m− 3.

Proof. The linear map x 7→ (L1(x), . . . , Lm(x)) has rank m, since its columns include the standard
basis vectors. Extend these forms to an invertible system of linear coordinates. In those coordinates
Pm is the product of the firstm variables, with the other n−m variables unused.

Degree is invariant under an invertible affine change, so degPm = m and Lemma 13.2 gives
M(Pm) ≥ m− 1. A product chain attains it.

For the restored lower bound, the safe ideal of the product in these coordinates consists of poly-
nomials divisible by the m-variable monomial. Any nonzero safe polynomial has degree at least m.
Theorem 15.3 gives 2m− 3. Compute them parities onto clean registers by CNOT, apply the optimal
monomial oracle there, and uncompute the parities. No additional Toffolis are needed.

17.3 Extracting the quadratic grade
Theorem 17.4 (Exact cost of the extracted grade). LetQm = [Pm]2 denote the homogeneous quadratic part
in the original xv coordinates. Then

Qm =
∑

{v,v+a}⊆V

xvxv+a,

where every unordered pair is used once, and

M(Qm) = Trest(Qm) = n/2 = 2m−1 − 1.

Proof. The excluded columns give Pm(0) = Pm(ev) = 0. For distinct u, v, Boolean coefficient inversion
therefore gives

[xuxv]Pm = Pm(eu + ev) = [u+ v = a].

Themap v 7→ v+a is a fixed-point-free involution of V , so the displayed terms form n/2 disjoint pairs.
Proposition 17.2 supplies the exact costs.

Counterexample 17.5 (Projection does not preserve safe support). The quadratic extraction [Pm]2 need
not be supported on the positive set of Pm.

Proof. Take m = 3, identify the columns with the integers 1, . . . , 6 using their three-bit expansions,
and set x1 = x3 = x4 = 1 with all other inputs zero. Their column sum is 1 + 3 + 4 = 6 under bitwise
XOR, not a = 7, so P3 = 0. Among the complementary pairs (1, 6), (2, 5), (3, 4), exactly (3, 4) has both
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inputs one. Thus Q3 = 1. In the source ordering this is the logical assignment encoded by integer
13.

m Actual inputs n Trest(Pm) Trest(Qm) Constructed total gates for Pm
2 2 1 1 5
3 6 3 3 21
4 14 5 7 61
6 62 9 31 381
8 254 13 127 2,045

10 1,022 17 511 10,237

These are exact cost formulas. The large-input entries were not obtained by searching for optimal
circuits. The full construction uses

2m(2m−1 − 1)

CNOTs as well as 2m− 3 Toffolis, giving total count O(n logn). The projected quadratic has n/2 total
gates.

What the counterexample excludes

The nonlinear projection cost grows exponentially inm, but only linearly in actual input length
n. The example does not give an exponential separation in ordinary total gate count. It rules out
treating this grade extraction as having overhead bounded only by a polynomial in the original
Toffoli count, independently of linear and input-size resources. It also shows that homogeneous
extraction may destroy safety. It does not exclude a bound polynomial in n+T or every possible
graded invariant.

The source checks all pair coefficients and exact ranks for 2 ≤ m ≤ 10. Full truth tables and complete
restored evaluations are restricted tom = 2, 3, 4. Atm = 4, the quadratic accepts 7,616 inputs that the
whole function rejects; that count is finite evidence, distinct from the explicit universal mechanism
above.

232



CHA PTE R 1 8

Faithful linear gluing algebras
CLAIM C06

This chapter states an exponential dimension result for a specified summary model. The qualifica-
tions are part of the theorem’s meaning: a lower bound on an algebra’s dimension is not automatically
a lower bound on the length of a circuit describing one of its elements.

18.1 The witness algebra
LetK be a field and letW = {0, 1}m. The full witness algebra is

B = KW ,

with pointwise addition and multiplication. For each witness v, let δv be its indicator function. These
form a basis of B and satisfy

δ2v = δv, δvδu = 0 (u 6= v),
∑
v∈W

δv = 1.

In characteristic two, this is equivalently the Boolean quotient algebra

K[w1, . . . , wm]/(w
2
i − wi : 1 ≤ i ≤ m).

Theorem 18.1 (Dimension of a faithful multiplicative summary). Let Φ : B → A be a K-linear multi-
plicative map into a K-algebra. Suppose

Φ(δv) 6= 0 for every v ∈W.

Then
dimK A ≥ 2m.

No unital hypothesis on Φ is required.

Proof. Write ev = Φ(δv). Multiplicativity makes these nonzero orthogonal idempotents. If∑
v∈W

cvev = 0,

multiply the equality by eu. Orthogonality annihilates every term except cueu, which must be zero.
SinceK is a field and eu 6= 0, cu = 0. This holds for every u, so the 2m vectors ev are linearly indepen-
dent.

Corollary 18.2 (Scalar unital summaries are evaluations). Every unital K-linear multiplicative map Φ :

KW → K is evaluation at exactly one witness.
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Proof. An idempotent scalar in a field is either zero or one. Orthogonality allows at most one Φ(δv) to
be one, and preservation of the unit requires exactly one. If it occurs at v0, linearity gives

Φ(g) = Φ

(∑
v

g(v)δv

)
= g(v0).

For m ≥ 1, such a scalar summary loses at least one singleton witness other than v0. At m = 0,
the unique empty witness is preserved by the identity map. The dimension theorem is an elementary
product-algebra fact, not a claim of new algebra or a universal computational lower bound.

18.2 The quantified model boundary
The same map Φ here serves all predicates on a fixed witness space. It is linear, multiplicative, and
retains every primitivewitness indicator. Under exactly these assumptions, a polynomial-dimensional
summary is impossible asm grows.

An arbitrary algorithm is not required to satisfy these hypotheses. It may use nonlinear encodings,
syntax-dependent operations, changing spaces, or succinct descriptions inside an exponentially large
algebra. A description of the algebra and a description of one relevant element can be much shorter
than a full coordinate listing.

No dimension-to-circuit inference

The theorem excludes a fixed faithful linear multiplicative compression of the full witness al-
gebra into fewer than 2m dimensions. It does not exclude every polynomial-time decision pro-
cedure, does not prove P 6= NP , and does not justify treating the algebra’s dimension as the
circuit cost of an individual decision function.

The finite scalar controls enumerate 256 linear maps from a two-point witness algebra to GF(16),
65,536 maps for four points, and 256 maps from an eight-point algebra to F2. The respective counts of
unital algebra homomorphisms are two, four, and eight, matching the evaluation classification. The
all-size result rests on the proof above.
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Weighted witness fingerprints
CLAIM C07

19.1 A polynomial that distinguishes witnesses
LetR : {0, 1}m → {0, 1} be a Boolean verifier, and letK be a characteristic-two field. Define the formal
polynomial

PR(z1, . . . , zm) =
∑

w∈{0,1}m
R(w)

m∏
i=1

zwi
i ∈ K[z1, . . . , zm].

The variables zi in this expression are ordinary polynomial variables, not reduced by z2i = zi.

Theorem 19.1 (Exact witness fingerprint). The polynomial PR is identically zero if and only if R has no
accepting witness. Its total degree is at most m.

Proof. Different Boolean witnesses have different exponent vectors, so their monomials are distinct.
Each accepting witness contributes coefficient one to its own monomial and cannot cancel another
witness’s term. The polynomial is zero exactly when there are no such terms. Each monomial uses at
mostm variables.

This avoids the cancellation of an unweighted parity count. It does not, by itself, give a small circuit
for evaluating the sum.

19.2 Exact top-coefficient extraction
Lemma 19.2 (Top coefficient as a Boolean-cube sum). Let G(w) be a multilinear polynomial over a
characteristic-two field. Then

[w1 · · ·wm]G =
∑

v∈{0,1}m
G(v).

Proof. It is enough to check a monomial. A monomial of proper support is one on an even number
2m−|S| of Boolean inputs, so its cube sum is zero in characteristic two. The full-support monomial is
one at exactly one input and has cube sum one. Linearity gives the identity.

Theorem 19.3 (Weighted top-coefficient identity). Let Topw extract the coefficient of w1 · · ·wm after re-
duction in the Boolean w algebra. Then

PR(z) = Topw

[
R(w)

m∏
i=1

(
1 + (1 + zi)wi

)]
. (19.1)
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Proof. At wi = 0, the ith factor is one. At wi = 1, it is zi. Lemma 19.2 therefore converts the right side
to exactly the weighted sum defining PR.

The expression inside Topw has a circuit with O(|R| +m) operations when the verifier has circuit
size |R|. The cost of applying Topw to that succinct expression is not bounded by writing down the
operator. The source evaluator explicitly stores 2m coefficients and remains exponential in witness
length.

19.3 The conditional algorithmic consequence
Lemma 19.4 (Finite-field root bound). If a nonzero polynomial P ∈ K[z1, . . . , zm] has total degree at most
d, where K is finite, then

Pr
z uniform in Km

[P (z) = 0] ≤ d

|K|
.

Proof. Induct on the number of variables. For one variable this is the elementary root bound. In the
inductive step, write

P =

r∑
j=0

Pj(z1, . . . , zm−1)z
j
m, Pr 6= 0.

The leading coefficient has total degree at most d − r, so it vanishes at a random first (m − 1)-tuple
with probability at most (d− r)/|K|. Otherwise the remaining univariate polynomial is nonzero with
at most r roots. The union bound gives (d− r + r)/|K| = d/|K|.

Proposition 19.5 (Conditional randomized satisfiability test). Suppose the weighted expression in (19.1)
can be evaluated exactly and uniformly in time polynomial in the verifier description and witness length, over
explicitly represented characteristic-two fields of polynomial size. Then choosing |K| ≥ 4m gives a one-sided
randomized polynomial-time satisfiability test. It never accepts an unsatisfiable verifier and accepts a satisfiable
one with probability at least 3/4 per evaluation.

Proof. Choose a uniformly random z ∈ Km, evaluate PR(z) under the assumed algorithm, and accept
when it is nonzero. If nowitness accepts, Theorem 19.1makes the polynomial zero identically, so there
is no false acceptance. Otherwise Lemma 19.4 bounds the rejection probability bym/|K| ≤ 1/4. A field
of polynomial size uses O(logm) bits per element, so the random input has O(m logm) bits. Under
the explicit efficient-field and evaluator hypotheses, the procedure has polynomial running time.

Conditional means the evaluator is still missing

The proposition assumes a uniform efficient evaluator that has not been constructed here. The
implemented evaluator is exponential. Even with the assumed evaluator, the stated conclusion
is randomized with one-sided error, not a deterministic proof of P = NP .

The exact tests use GF(16) = F2[t]/(t
4 + t + 1). They evaluate every specified verifier through

three witness bits at every field point, while the independent top-coefficient check uses all field points
through two witness bits and the declared smaller coordinate grid at three bits. These domains must
not be conflated.
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The overlap obstruction to composition
CLAIM C08

The weighted fingerprint is compatible with products on disjoint witness coordinates. The same
formula fails when the factors share a coordinate. The distinction isolates a concrete compatibility
obligation, rather than asserting that all compression is impossible.

Proposition 20.1 (Disjoint-variable factorization). If predicates A(u) and B(v) use disjoint witness-
variable sets, then their weighted fingerprints satisfy

PA∧B(zu, zv) = PA(zu)PB(zv).

Proof. Expand the left side as a sum over the Cartesian product of witnesses:∑
u,v

A(u)B(v)zuuz
v
v =

(∑
u

A(u)zuu

)(∑
v

B(v)zvv

)
.

Disjointness makes the exponent data independent and the factorization exact.

Counterexample 20.2 (Shared-variable multiplication fails). For a single witness bit, define Trz(A) =
A(0) + zA(1). Then in the Boolean w algebra,

Trz(w) = z, Trz(1 + w) = 1,

but
Trz
(
w(1 + w)

)
= 0 6= z = Trz(w)Trz(1 + w)

whenever z 6= 0. Also,
Trz(w2) = z, Trz(w)2 = z2,

which differ for field elements z with z2 6= z.

Proof. Evaluate w and 1 + w at zero and one. In the Boolean quotient w(1 + w) = w + w2 = 0 and
w2 = w. The displayed identities followdirectly. InGF(16), any element outsideF2 supplies the second
inequality.

The input predicates are individually easy and their separate fingerprints are explicit. Their con-
junction nevertheless imposes a common-witness requirement that ordinary multiplication of the
summaries fails to preserve.

Theorem 18.1 explains a related all-size restriction: a fixed linear multiplicative summary retaining
every witness cannot reduce the full witness algebra below dimension 2m. That statement does not
rule out all context-dependent nonlinear evaluation methods. It rules out the displayed context-free
multiplicative compiler under its exact hypotheses.

The eightmaintained claimgroups end here. Their proofs do not assume a superpolynomial shared-
generation bound or a polynomial-time weighted-trace evaluator. The appendices identify the exact
source coverage, evidence, and closed-scope boundaries.
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Circuit examples in view

The model: boundary restoration and Boolean degree
A state has logical input wires x, zero-initialized ancillary wires, and a target bit y. A restored oracle
is a legal classical circuit satisfying

C(x, 0a, y) = (x, 0a, y + f(x)) for every x and both y.

The input and scratch restoration conditions hold at the boundary. Wires may change internally, and
the target may control an intermediate gate. Each primitive gate is an involution:

y ← y + 1, y ← y + xi, y ← y + xixj .

In a CNOT the control differs from the target. In a Toffoli all three wires are distinct. These are con-
struction rules, not informal assumptions.

All polynomial arithmetic in the Boolean state model is over F2, with x2i = xi. Every function has
a unique multilinear algebraic normal form. Its degree is the largest support size with a nonzero
coefficient; the zero function has mathematical degree −1 in the Python helpers. A formal degree
bound uses a natural number, so zero has a degree-zero certificate.

Quantity Meaning

T Number of Toffoli gates; NOT and CNOT have zero cost in this quantity
L Total number of NOT, CNOT, and Toffoli gates
M Number of binary AND operations in an XOR–AND computation
n Actual number of input bits, including all variables in a displayed family
dimK A Dimension of a specified linear summary algebra overK

A bound on one row of this table cannot silently be substituted for a bound on another row. In
particular, a computation can have few Toffolis and many CNOTs. An exponentially large ambient
algebra can have succinct expressions. Those distinctions explain the projection and gluing examples
later.
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An arbitrary cut compares two reversible computations

Write the circuit as C = Q ◦P . The prefix P runs forward; the inverse suffixQ−1 starts from the same
zero-target boundary state. Define

A(x) = P (x, 0), B(x) = Q−1(x, 0), D(x) = P (x, 1) + P (x, 0).

The zero ancillas are suppressed here. The two executions generally arrive at different interior states,
even though they start at matching boundaries.

(x, 0a, 0) P A= P(x, 0)

(x, 0a, 0) Q−1 B= P(x, f(x))

H=A+B= f(x)D(x), D= P(x, 1) + P(x, 0) ≠ 0

The exact C01 objects. Both arrows remain inside the legal reversible state space.

Correctness on both target branches gives

Q−1(x, b) = P (x, b+ f(x)).

To derive it, apply C to (x, b+f(x)) and then applyQ−1 to the result. For b = 0,B = Awhen f(x) = 0,
while B = P (x, 1) when f(x) = 1. Thus

H(x) := A(x) +B(x) = f(x)D(x).

The two original states differ in their target. SinceP is injective,D(x) 6= 0. Each coordinate discrepancy
is supported on positives, and some coordinate discrepancy detects every positive input.

General written identity; archived formal declarations cut_transport_identity, direction_nonzero, and
complete_safe_cover.
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Why completeness is pointwise, and why no decoder is needed
For a coordinate i, let Hi = Ai +Bi. The cut identity says

Hi(x) = f(x)Di(x), Hi ≤ f,
∨
i

Hi = f.

The last equation is pointwise. For every fixed accepted x, at least one coordinate has Di(x) = 1. The
detecting coordinate may depend on x and may be an input, scratch, or target wire. The argument
does not require a single fixed coordinate to detect all positives.

At an empty prefix, the direction is simply the target unit vector. At a full prefix, all non-target
wires have restored and the target discrepancy is f . Interior cuts can spread the direction through the
workspace. Theseminimum cases verify the composition order and the role of the two target branches.

The zero-input cases are also valid. With only a target wire, the empty circuit realizes the constant-
zero oracle and one NOT realizes the constant-one oracle. At every cut, the direction is nonzero and
the discrepancy cover has the correct accepting set.

Essential hypothesis. The endpoint condition holds for both initial target values. The inverse-suffix
derivation uses the branch b+ f(x). Correctness only for initial target zero is not the stated model.

The theorem also does not require scratch to remain zero at the cut. Imposing that extra condition
would exclude admitted restored circuits. Conversely, dropping target separation from the boundary
encoding permits a vacuous endpoint equation: an encoding that ignores y canmake the empty circuit
appear to compute a nonzero function. The formal Boundary.target_eq property prevents precisely this
degeneracy.
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A dirty scratch wire can be fully restored
Consider the four-wire oracle in the Lean examples. First compute ab into scratch s, copy s into the
target, and uncompute s:

(a, b, s, y)
T (a,b;s)−−−−−→ (a, b, s+ ab, y)

C(s;y)−−−−→ (a, b, s+ ab, y + s+ ab)
T (a,b;s)−−−−−→ (a, b, s, y + s+ ab).

The displayed final expression specializes to the required oracle when the boundary scratch is zero.
On the positive input a = b = 1, the scratch is dirty between the first and last gates.

start compute copy restore

a

b

scratch

target

1 1 1 1

1 1 1 1

0 1 1 0

0 0 1 1

a=b=1; initial target 0

start compute copy restore

a

b

scratch

target

1 1 1 1

1 1 1 1

0 1 1 0

1 1 0 0

a=b=1; initial target 1

Exact states for the accepting input, in wire order (a, b, s, y). White cells are zero; teal cells are one.

The two panels check both initial targets. The final target is toggled, the logical inputs are un-
changed, and scratch returns to zero. A proof that used an intermediate clean-workspace assumption
would fail to cover this explicit legal fixture.

This circuit uses two Toffolis. It is a useful restoration witness, not the optimal two-input AND
oracle: the direct gate T (a, b; y) computes that oracle with one Toffoli and no scratch. The guide dis-
tinguishes an exact example from an optimization claim.

Exact new trace assertion imported from the source gate semantics; the same fixture is formalized by
Examples.andOracle_restores.
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The output direction can move away from the target
Two data/target wires already suffice. A SWAP is implemented by three legal CNOTs. Let P be that
SWAP, and let Q be NOT on the data wire followed by another SWAP. Then

(x, y)
P−→ (y, x)

Q−→ (x, 1 + y).

The whole circuit is a restored constant-one oracle with zero Toffolis. At the cut after the first SWAP,

A = P (x, 0) = (0, x), B = Q−1(x, 0) = (1, x), H = (1, 0).

The target discrepancy is zero on every input, while the data discrepancy is one on every input. Read-
ing only the target at this cut would reject the constant-one function.

x A B H named target discrepancy

0 (0, 0) (1, 0) (1, 0) 0
1 (0, 1) (1, 1) (1, 0) 0

This example uses the target as a control during each SWAP. That behavior is expressly allowed
by the model. Its relevance is logical: completeness belongs to the full register comparison, not to
an arbitrarily chosen wire. The coordinate packets remain perfectly safe even though the detection
direction has moved.

Constructive formal counterexample to target-only reconstruction: outputActiveOracle_restores,
moved_discrepancy_data, moved_discrepancy_target.
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Degree bounds must retain shared register products
Take four independent input bits. Compute

q1 = x1x2, q2 = x3x4, q3 = q1q2.

After two ANDs, each nonlinear register has degree two, but their product has degree four. After the
third AND, a coordinate of degree four appears.

initial q₁=x₁x₂ q₂=x₃x₄ q₃=q₁q₂

1

2

3

4

5

ex
ac

t B
oo

le
an

 d
eg

re
e

coordinate bound t+1
actual maximum coordinate degree
product of two registers at t=2

Exact degrees from the complete four-input truth tables. The square marker is a two-register product, not a
coordinate.

The correct invariant tracks a product of r current registers after t Toffolis:

deg
(∏
i∈L

si(x)

)
≤ t+ |L| = t+ r.

At t = 2, the product q1q2 has r = 2 and saturates t+r = 4. At t = 3, the resulting coordinate has r = 1

and saturates t+ 1 = 4.
This explainswhy tracking only individual register degrees and then adding their separate histories

can lose the shared accounting. The invariant applies to the actual evolving state. It does not unfold a
reused register into a new copy of the entire computation.

Exact finite fixture plus the general register-product invariant; the source proves workspaceDegree_run for ar-
bitrary gate lists.
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The invariant handles duplicates, NOT, and CNOT
Suppose a gate toggles target u by a product of c controls. In a product list L that contains u, remove
all occurrences of u to obtain R. Boolean idempotence leaves one updated target factor, and

∏
i∈L

s′i = su
∏
i∈R

si +

 ∏
j∈controls

sj

∏
i∈R

si.

The old invariant bounds these terms by t + 1 + |R| and t + c + |R|. Since |R| + 1 ≤ |L|, the budget
rises by at most max{c− 1, 0}.

Gate c toggle expression extra budget

NOT 0 1 0
CNOT 1 one control 0
Toffoli 2 two controls 1

If the target is absent from L, the product is unchanged. An empty list is the constant-one prod-
uct. Repeated target indices are removed using idempotence; repeated other indices can only reduce
multilinear degree. Controls already appearing in R also cause no difficulty.

For general XOR–ANDcomputations, thewritten proof introduces a Boolean variable for eachAND
output. Everywire is affine in inputs and preceding gate variables. Substitute those variables in reverse
topological order. A squarefreemonomial contains each substituted variable atmost once, so replacing
it by a quadratic raises degree by atmost one. After t substitutions, the affine output has degree atmost
t+ 1.

These are two precise proof routes. The general syntax argument is written; the maintained NCT
register argument is in Lean. The formalization does not assert a separate arbitrary XOR–AND com-
piler or a canonical ANF algorithm.
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One safe packet need not cover every accepting point
For k = 3 consider

F3(a, b, z1, z2, z3) = ab OR z1z2z3.

The packet ab is safe and has degree two. It detects every teal point below. It misses three additional
positives, which require the other packet z1z2z3.

000 100 010 110 001 101 011 111
(z1, z2, z3)

ab=00

ab=10

ab=01

ab=11

1

1

1

1 1 1 1 1 1 1 1

Teal: packet ab (degree 2)     Gold: additional positives hit by z₁z₂z₃

All 32 assignments. There are 11 positives: 8 in the teal row and 3 additional gold points. The coordinate labels
use (z1, z2, z3) order.

The one-packet parameter α1 asks for any nonzero safe polynomial. The complete parameter β asks
for safe detection of every positive:

βv(f) = min{degh : h ≤ f, h(v) = 1}, β(f) = max
v:f(v)=1

βv(f).

For this monotone function, its minimal positive supports have sizes two and three. Thus α1(F3) = 2

while β(F3) = 3. Selecting one easy accepting region loses the pointwise obstruction at the other
region.

All 32 points and the two parameter values were freshly recomputed; the general monotone minterm char-
acterization is a written proof for nonzero functions.
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Balanced cuts turn coverage into a Toffoli bound
Choose a cut after bT/2c Toffolis. Both sides have at most dT/2e Toffolis. Reversing the suffix preserves
its count because every gate is self-inverse. Each forward or inverse-suffix coordinate has degree at
most dT/2e+ 1, and their XOR has the same upper bound.

For every positive v, completeness chooses a discrepancy Hi that detects v. Its safety and degree
bound imply

β(f) ≤
⌈
T

2

⌉
+ 1, 2β(f) ≤ T + 3.

The integer rounding matters. If T = 2r, the first bound gives 2β ≤ T + 2. If T = 2r + 1, it gives
2β ≤ T + 3. The uniform bound uses the latter constant.

An affine output mask ℓ(x) costs zero additional Toffolis: append CNOTs from restored inputs and,
if needed, a target NOT. This constructs a restored oracle for f+ℓ, so the bound applies to every affine
mask. Define

β∗(f) = max
` affine

β(f + ℓ).

Together with the output degree bound,

T ≥ max{0,deg f − 1, 2β∗(f)− 3}.

There are finitely many affine masks. The Lean definition uses the least upper bound of their beta
values, which equals this finite maximum. Its affine-output theorem constructs legal gates rather than
assuming masks are free transformations of an arbitrary interior computation.

Written theoremand archived endpoint restored_degree_and_cover_bound; the dual is a separatewritten result.
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An affine shift reveals a harder accepting point
For k ≥ 2, let B = z1 · · · zk and Fk = ab OR B on n = k + 2 inputs. Add the affine mask a to obtain
Gk = Fk + a. On the face b = 1,

Gk|b=1 = (1 + a)B.

This is a singleton indicator on the k + 1 variables (a, z). At v = (a = 0, b = 1, z = 1k), every safe
detecting polynomial must restrict to that singleton indicator, so its degree is at least k + 1.

The general two-positive indicator construction gives the matching upper bound β(Gk) ≤ n− 1 =

k + 1. The maintained family proves

max
`
α1(Fk + ℓ) = 3, β∗(Fk) = k + 1.

The gap between one-packet and complete degree therefore grows with k.

k n β∗ complete bound 2k − 1 combined degree/one-packet bound

2 4 3 3 3
3 5 4 5 4
4 6 5 7 5
6 8 7 11 7

For k = 3, all 64 affine masks were freshly checked and the optimized parameters are exactly (3, 4).
The all-size family proof is not inferred from those 64 cases. Its restored construction has T ≤ 2n−3, so
this remains a linear-size easy family. The exact optimum between the lower and upper constructions
is not asserted when they differ.
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A degree-one dual certificate for two-input AND
Let f(a, b) = ab, with unique positive point (1, 1). For degree at most one, the evaluation vector is
v1(a, b) = (1, a, b). The three negative points already span the positive vector.

point (a,b) 1 a b AND(a,b)

(0, 0) 1 0 0 0

(1, 0) 1 1 0 0

(0, 1) 1 0 1 0

(1, 1) 1 1 1 1

v1(11)= v1(00)+ v1(10)+ v1(01)

The first three rows are negative inputs. Their XOR equals the last evaluation row.

Any affine polynomial is a coefficient covector c = (c0, ca, cb). Safety means that it pairs to zero with
each negative row. The displayed dependence therefore forces its value at (1, 1) to be zero. No safe
affine packet detects the positive point.

The degree-two polynomial ab does detect it, so β11(f) = β(f) = 2. Since β∗ ≤ n = 2 and β∗ ≥ β,
β∗ = 2. The complete bound gives T ≥ 1, attained by one direct Toffoli to the target.

The constant coordinate also checks parity: this dependence uses three negative rows, an odd num-
ber. Without the constant coordinate, that parity conclusion would not follow.

Exact finite dependence plus written duality. Lean proves the corresponding AND2 degree and beta exclu-
sions by four-corner parity, without formalizing the general evaluation-span dual.
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The finite evaluation-span dual in full
Fix a positive v and integer d ≥ 0. Let

vd(x) = (xS)S⊆[n], |S|≤d, U = f−1(0), N = spanF2
{vd(u) : u ∈ U}.

The constant monomial S = ∅ is included. Degree-d coefficient covectors form the finite dual of this
evaluation space. A covector is safe exactly when it annihilates N .

If vd(v) ∈ N , every safe covector vanishes at v. If vd(v) /∈ N , extend a basis of N by vd(v) and then
to a basis of the full space. Assign zero to theN basis and one to vd(v). The resulting covector is a safe
detector. Hence

βv(f) > d ⇐⇒ vd(v) ∈ N.

Choose a basis of N from negative evaluation rows. A span representation of the positive row gives a
subsetW ⊆ U with

vd(v) =
∑
u∈W

vd(u), |W | odd, |W | ≤
min(d,n)∑
j=0

(
n

j

)
.

It is a replayable finite obstruction to every safe degree-d detector.
At d = 0, a negative exists exactly when the constant-one detector is unsafe. At d ≥ n, the full

evaluation rows are independent and no positive row lies in the negative span. This matches βv ≤ n

from point indicators. For f = 0, there is no positive v and the separate convention is β(0) = 0.
Fresh enumeration checked all 278 functions on zero through three inputs, all positives, and ev-

ery d = 0, . . . , n: 4,201 primal/dual checks agree. Those bounded checks support the independently
supplied universal proof.
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Every function through three inputs has a matching oracle
The small calibration concerns every truth table on one, two, or three inputs. It is not a search through
all reversible circuit words. A theorem lower bound and an explicit construction coincide.

1 input
4 functions

2 inputs
16 functions

3 inputs
256 functions
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112

128
n=1: 4 affine
n=2: 8 affine + 8 quadratic

T=0
T=1
T=3

Reconstructed source constructions for all 276 functions. Totals are 28 with T = 0, 120 with T = 1, and 128
with T = 3.

Affine functions use target CNOTs and possibly NOT. A nonaffine quadratic through three bits
has alternating quadratic rank two, so it is a product of two independent linear forms plus an affine
residual. Compute those forms on cleanwires, apply one Toffoli, uncompute, and append the residual.

Every three-bit cubic is a translated three-variable monomial plus an affine residual. The singleton
monomial needs three Toffolis by complete coverage, and compute/toggle/uncompute attains that
number.

The new figure script rebuilds and validates all 276 circuits and both target branches, covering 4,240
scalar input/target cases via exact truth tables. Its totals match the frozen baseline. Zero-input con-
stants were checked in the separate dual suite, rather than being added to this 276-function count.

Matching written lower bounds and exact constructed implementations; not exhaustive optimal-circuit syn-
thesis. The generic monomial cost theorem is not newly Lean-certified by this edition.
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Projection is defined in the original coordinates
Form ≥ 2, put a = (1, . . . , 1) and

V = Fm2 \ {0, a}, n = 2m − 2.

There is one input bit xv for each v ∈ V . Define

Lj(x) =
∑
v:vj=1

xv, Pm(x) =
m∏
j=1

Lj(x).

The linear map x 7→ L(x) has rank m, because the standard basis columns are present. In the L coor-
dinates, Pm is a monomial inm independent bits. Its restored nonlinear cost is 2m− 3.

Now extract the quadratic homogeneous ANF component Qm in the original xv coordinates. Since
Pm(0) = Pm(ev) = 0, for distinct u, v its quadratic coefficient is

[xuxv]Pm = Pm(eu + ev) = [u+ v = a].

The involution v 7→ v + a pairs every variable with one other variable:

Qm =
∑

{v,v+a}

xvxv+a.

It is a quadratic inner product on n/2 disjoint pairs. Its alternating polar matrix has full rank n.
The coordinate choice is essential. Homogeneous grade is not invariant under arbitrary affine

changes of variables. A cheap representation in the L coordinates does not imply cheap independent
generation of the quadratic grade in the original coordinates. The comparison keeps the definition of
projection fixed throughout.
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Exact nonlinear projection costs versus actual input length
The source proves the all-size formulas

M(Pm) = m− 1, Trest(Pm) = 2m− 3, M(Qm) = Trest(Qm) = n/2.

The chart uses actual input length n = 2m − 2 on its horizontal axis.

2 14 62 254 1,022
actual input length n = 2ᵐ − 2
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full Pm: 2m−3
quadratic Qm: n/2

Exact formulas form = 2, . . . , 10. Both axes are logarithmic; the plotted points are not optimal-circuit search
results.

For Qm, each disjoint quadratic pair is accumulated directly into the target with one Toffoli. The
lower bound allows nonlinear intermediates: any computation with t multiplications is affine on an
affine subspace of codimension at most t. A nondegenerate quadratic can be affine only on a subspace
with isotropic direction space, whose dimension is at most n/2. Thus t ≥ n/2.

The separation grows exponentially inm, but n itself grows exponentially inm. The quadratic cost
is linear in actual input length. The conclusion is about nonlinear generation and a specified grade
extraction operation, not a superpolynomial unrestricted circuit bound.

All-size written cost proofs; constructor gate counts freshly asserted through m = 10. No full truth-table
enumeration atm > 4 is claimed.
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At m = 10, the total-gate accounting points the other way
Here n = 1, 022. The full function uses 17 Toffolis; its quadratic grade needs 511. However, computing
and uncomputing them parities also uses

2m(2m−1 − 1) = 20 · 511 = 10, 220 CNOTs.

The explicit full construction has 10, 237 total gates. The quadratic accumulation uses only 511 total
gates.

full P₁₀ quadratic Q₁₀
0

100

200

300

400

500

600

17

511

Toffoli gates

full P₁₀ quadratic Q₁₀
0

2000

4000

6000

8000

10000

12000

10,237

511

total gates of these constructions

Two different resource comparisons at the same input length. The right panel reports the totals of the stated
constructions, not an asserted optimal total for P10.

The left panel is a valid nonlinear-cost separation. The right panel prevents interpreting it as an expo-
nential ordinary total-gate separation. The total full construction is O(n logn), whereas the quadratic
construction is n/2 gates.

A proposed invariant that charges an original computation for every separately extracted grade
would have to justify that extraction’s cost. These formulas refute an overhead bounded only by a
polynomial in the original nonlinear count, independently of input and linear resources. They do not
exclude an overhead polynomial in n+ T or a different precisely defined invariant.

Exact counts obtained from the source constructors; optimal Toffoli formulas have written proofs. The full
total-gate count is an upper construction count.
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Quadratic projection can destroy safety
At m = 3, variables are ordered by source labels v = 1, 2, 3, 4, 5, 6. Assignment index 13 is read least-
significant-bit first:

(x1, x2, x3, x4, x5, x6) = (1, 0, 1, 1, 0, 0).

The active labels have syndrome 1 + 3 + 4 = 6, not a = 7.

input x₁ x₂ x₃ x₄ x₅ x₆

label v 1 2 3 4 5 6

x (13) 1 0 1 1 0 0

L= (0, 1, 1)⇒ P3=0; Q3= x1x6+ x2x5+ x3x4=1

A concrete accepted point for Q3 that is rejected by P3. The variable ordering matches the source checker.

The three linear forms evaluate to L = (0, 1, 1), so P3 = L1L2L3 = 0. The quadratic grade has pairs
(1, 6), (2, 5), (3, 4), so

Q3 = x1x6 + x2x5 + x3x4 = 0 + 0 + 1 = 1.

Thus Q3 /∈ IP3 : homogeneous extraction does not preserve the positive-support ideal. The whole
polynomial is supported on its own accepting set, but its isolated homogeneous components need not
be.

The new script checks all 64 inputs here, finds 24 false positives, and confirms that 13 is the first in
the stated integer ordering. The frozenm = 4 control similarly has 7,616 false positives among its 214
assignments. These are separate finite statements with exact ranges.

Fresh complete m = 3 truth-table check; baseline m = 4 check was reproduced by the full source verifier.
Safety failure is already established by the single valid assignment above.
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Witness indicators are orthogonal idempotents

Let K be a field andW = {0, 1}m. The full witness algebra is B = KW with pointwise addition and
multiplication. For each witness v, the indicator δv is one at v and zero elsewhere. Then

δ2v = δv, δuδv = 0 (u 6= v),
∑
v

δv = 1.

δ₀₀ δ₁₀ δ₀₁ δ₁₁
right factor

δ₀₀

δ₁₀

δ₀₁

δ₁₁

le
ft

 fa
ct

or
δ₀₀ 0 0 0

0 δ₁₀ 0 0

0 0 δ₀₁ 0

0 0 0 δ₁₁

The four-witness multiplication table atm = 2. Each nonzero diagonal entry is its own point indicator.

The four indicator functions form a basis ofK4. Generalm has 2m such basis elements. A verifier is
the sum of the indicators of its accepted witnesses, and pointwise multiplication models intersection
of accepting sets.

This algebra retains exact witness compatibility: disjoint singleton predicates multiply to zero. A
summary that preserves that product operation while retaining every singleton must preserve the
same orthogonal structure. The following dimension theorem says exactly how much fixed linear
space that requires.

Exactm = 2multiplication table; general product-algebra identities hold over any field. No characteristic-two
assumption is needed for the dimension proof.

255



Quantum and Circuits PART IV

Faithful linear multiplicative summaries need 2m dimensions

Suppose Φ : KW → A is K-linear and multiplicative, and Φ(δv) 6= 0 for every v ∈ W . Put ev = Φ(δv).
The images are nonzero orthogonal idempotents.

If
∑

v cvev = 0, multiply by eu. Orthogonality removes every other term and idempotence gives
cueu = 0. SinceK is a field and eu 6= 0, cu = 0. Hence all ev are linearly independent and

dimK A ≥ |W | = 2m.

No unital hypothesis is needed. At m = 0, there is one empty witness and the bound is simply
dimK A ≥ 1.

For a unital scalar map toK, scalar idempotents are zero or one. Orthogonality permits at most one
nonzero image, and preservation of one requires exactly one. Such a map is evaluation at one witness.
Form ≥ 1 it loses at least one other singleton verifier. Form = 0, there is no other witness to lose.

Model boundary. The theorem quantifies a fixed summary serving all predicates at a witness
length, preserving linear combinations and exact pointwise multiplication. An unrestricted
algorithm need not use such a summary. Syntax, nonlinear encodings, changing spaces,
context-dependent operations, and succinct expressions are outside these hypotheses.

An exponentially large algebra can still contain short circuit expressions. Therefore exponential
dimension does not imply exponential expression length or a lower bound for every algorithm on one
explicit decision family.
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Distinct witness monomials prevent formal cancellation
Over a characteristic-two field, define

PR(z) =
∑

w∈{0,1}m
R(w)

∏
i

zwi
i .

The zi are formal indeterminates, not Boolean variables. Different witnesses produce different mono-
mials, so PR = 0 exactly when there is no accepting witness.

witness (w₁,w₂,w₃) R(w) retained monomial

000 0 —

100 1 z1

010 1 z2

110 0 —

001 0 —

101 1 z1z3

011 1 z2z3

111 0 —

An exact three-bit verifier accepts witness indices 1, 2, 5, 6 in least-significant-bit order. Four accepts have
parity zero, but their monomials are distinct.

Here
PR = z1 + z2 + z1z3 + z2z3 = (z1 + z2)(1 + z3) 6= 0.

The ordinary unweighted characteristic-two sum of the four accepts is zero. The formal polynomial
avoids this cancellation by retaining witness labels as monomial supports.

Nonzero as a formal polynomial does not mean nonzero at every field point. For instance, this
example vanishes whenever z1 = z2 or z3 = 1. Random evaluation is governed by a root bound, not
by the formal identity alone. Evaluating the polynomial efficiently remains a separate task.

Exact support fixture; general no-cancellation argument is written. The source finite evaluator retains 2m

coefficients.
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A short expression inside a trace is not a computed trace
Let τw extract the top multilinear coefficient in the Boolean witness ring. For any G(w) over a
characteristic-two field,

τw(G) =
∑

v∈{0,1}m
G(v).

A proper-support monomial evaluates to one an even number of times; the full-support monomial
does so once. This proves the identity directly.

Applying it to a weighted expression gives

PR(z) = τw

[
R(w)

m∏
i=1

(
1 + (1 + zi)wi

)]
.

At wi = 0, a multiplier equals one. At wi = 1, it equals zi. Summing evaluations therefore pro-
duces exactly the witness monomials. For the preceding verifier, the four surviving products are
z1, z2, z1z3, z2z3.

The circuit expression inside the trace adds only O(m) operations to the verifier. That observation
bounds the expression’s construction, not the cost of applying τw. The finite checker computes with a
complete table of 2m witness coefficients.

Established Not supplied by the expression

Small weighted circuit in-
side τ

A polynomial-time evaluator for the trace

Formal polynomial detects
nonemptiness

A deterministic identity test from one evaluation

Exact finite table algorithm Polynomial storage in the witness length

At m = 0, the empty product is one, the top coefficient is the constant itself, and there is a single
empty witness. The definitions remain valid.
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Disjoint-variable factorization uses each predicate’s own block
Suppose A depends on witness variables in block S and B on a disjoint block T . Write
τzS (A) =

∑
sA(s)z

s
S for the weighted trace on S, distinct from the unweighted top-coefficient

notation τw. Weighted sum over the union factors as

∑
s,t

A(s)B(t)zsSz
t
T =

(∑
s

A(s)zsS

)(∑
t

B(t)ztT

)
.

Each factor is traced on its ownvariable block. The union trace is then their product. This is an ordinary
factorization of a finite double sum.

For A = w1 and B = w2,

τz1(A) = z1, τz2(B) = z2, τz1,z2(AB) = z1z2.

Tracing both factors over the full two-bit ambient domain introduces unused variable sums:

τz1,z2(A) = z1(1 + z2), τz1,z2(B) = z2(1 + z1).

Their product generally differs from the union trace. At z1 = z2 = 1, each full ambient factor is
zero, while the trace of AB is one. Disjoint dependence alone does not justify multiplying traces with
mismatched domains.

The source checker tests all four one-bit predicates per block and every pair of GF(16) weights:
4 ·4 ·162 = 4, 096 own-block factorization cases. It does not claim an ambient-domain product identity.

General written factorization under the own-block convention; exact finite source check and an explicit
ambient-domain counterexample.
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Overlap breaks the attempted context-free product rule
One shared witness bit already defeats multiplicativity. With τz(P ) = P (0) + zP (1),

τz(w) = z, τz(1 + w) = 1, τz(w(1 + w)) = 0.

The product of the separate summaries is z. Also w2 = w in the Boolean ring, so τz(w2) = z, whereas
τz(w)

2 = z2.

expression trace after product product of traces

w(1+w) 0 θ

w² = w θ θ²

GF(16) = F₂[θ]/(θ⁴+θ+1); θ = integer 2, θ² = integer 4

A concrete field point z = θ with θ 6= 0, 1. The two columns are unequal in both rows.

The field is F16 = F2[θ]/(θ
4+ θ+1). The checker stores field elements as four-bit coefficient vectors:

θ is integer 2 and θ2 is integer 4. These integers encode field elements; they are not ordinary integer
multiplication. Exact field multiplication gives the reported mismatch.

The first row loses witness compatibility: w and 1+w have no common accepting witness, yet their
separateweighted summariesmultiply to a nonzero value. The second row loses Boolean idempotence.
This is a genuine counterexample to a context-free multiplicative trace compiler, not a floating-point
effect or an implementation anomaly.

Exact GF(16) fixture imported from the source field routines. The general overlap failure is symbolic and
does not depend on the selected field.
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Randomized detection is conditional on efficient evaluation
The witness polynomial has total degree at most m. Over a finite field K, a nonzero polynomial of
total degree at most m vanishes on at most an m/|K| fraction of independent uniform field points.
The standard inductive proof separates the leading coefficient in the last variable and applies the
univariate root bound.

If a uniform polynomial-time exact evaluator for the weighted trace were available, with efficient
field representation and arithmetic and |K| ≥ 4m, one evaluation would accept a satisfiable verifier
with probability at least 3/4. An unsatisfiable verifier has the zero polynomial, so it never produces
a false acceptance. Repetition with independent samples reduces the false-rejection probability to at
most 4−r after r trials.

Witness bits GF(16) points maximum zeros in source tests degree-bound zeros

1 16 1 1
2 256 31 32
3 4,096 721 768

These source tests enumerate every verifier at each displayed witness length and all field points
for the polynomial evaluations. The independent coefficient-extraction comparison has a narrower
three-variable grid: coordinates 0, 1, 2, 3, rather than all GF(16) points. Both scopes are recorded.

This is a conditional randomized algorithmic implication. The required efficient trace evaluator
is not supplied. The existing exact evaluator is exponential in witness length, and no deterministic
P = NP conclusion is drawn. Random bits and polynomial output description alone do not account
for the evaluation operation.
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Reproduce the figures and inspect their exact evidence
All 12 figure pairs are vector PDFs plus raster PNG previews. Their single generation command, from
the publication-set root, is
python scripts/make_figures.py

The script imports the original gate, profile, construction, andGF(16) functions without invoking their
release-writing entry points. It writes only new figures and reviews/visual_examples.json. That record
contains fixture truth-table integers, ordered bits, exact gate lists, scalar counts, the source hashes, and
the distinction between finite assertions and plotted all-size formulas.

The separate dual sanity suite runs as
python scripts/core_dual_checks.py \
--output reviews/core_dual_checks.json

It compares exhaustive degree-bounded safe truth tables with a separate Gaussian-elimination calcu-
lation of the negative evaluation span. Its range is all truth tables at n = 0, 1, 2, 3, not an extrapolation.

Evidence layer Publication treatment

Generalmathematics Main paper written proofs with explicit model boundaries
Formal subset C01, maintained NCT degree, and numerical C02; fresh compiler and kernel

replay passed
New figures 12 exact generated examples/formula plots, each with fixture provenance
Fresh source checks Complete source --all verification and preserved historical outputs passed in

the current replay
Rendering This guide is compiled and visually checked separately from mathematical

and kernel verification
The source release, earlier companions, and archived evidence remain unchanged. Publication cor-

rections clarify evidence labels, the nonzero monotone minterm domain, the m = 0 scalar-summary
boundary, and trace-variable domains. No new conjecture or extension to unrestricted hardness is
added.

Figure and manuscript sources are included for review and reproduction.
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The companions identify formal coverage, exact finite computations, and the obligations that
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The formal arithmetic bridge

A.1 What this guide certifies
The completed fixed example is a bridge between exact arithmetic and ordinary complex linear algebra.
It certifies a twelve-dimensional Fourier matrix, a Ramanujan projector, two normalized states with
the same initial probabilities, and their opposite outcomes after a basis change. This guidemaps those
claims to actual Lean declarations rather than treating numerical agreement as a proof.

The five-module formal package contains 96 named mathematical theorems. Its current verifica-
tion rebuilt the source, inspected the axiom dependencies of every named theorem, and replayed all
five modules. Historical proof records remain separate from this fresh execution.

Production module Named theorems

QuantumArithmeticBridge 22
FiniteFourier 17
SemanticBridge 30
Conventions 17
Publication 10

Total 96

These counts include supporting lemmas. They count named source declarations, not new
discoveries, compiler jobs, or declarations generated internally by Lean. The namespace is
Komorebi.QuantumArithmetic throughout.

A.2 The typed mathematical target
The complex matrices act on vectors indexed by Fin(12). The Fourier convention is

Fnk =
1√
12

exp
(
2πink

12

)
, n, k ∈ {0, . . . , 11}.

The adjoint F ∗ therefore carries the negative exponential sign. The selector D is diagonal with value
one precisely at the residues U = {1, 5, 7, 11}. The transported operator is P = FDF ∗.

Write
c = (4, 0, 2, 0,−2, 0,−4, 0,−2, 0, 2, 0), ψ =

c√
48
, χ =

|c|√
48
.

Both vectors have norm one. Their initial probability histograms are identical, but their inner product
is zero. The vector u has entry 1/2 on U and zero elsewhere. Lean proves the actual complex identities
Fu = ψ and F ∗ψ = u, as well as transformed coprime probability one for ψ and zero for χ.

The statements are finite and exact. No parameterized arbitrary-modulus theorem, general circuit
construction, physical phase-removal process, or quantum speedup is included in these formal claims.
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A.3 Revision reconciliation
Two retrieved archives carry version 0.2.0, but theydonot have the same active source. The earlier four-
module checkpoint has 59 mathematical theorems and four separately checked refutation controls.
The later five-module checkpoint has 96 mathematical theorems and three rejected control files. Its
proof receipt is the later verification/final/REPORT.json.

The original 22 finite-table statements are retained inside both checkpoints. They are not counted
a second time. Likewise, 59 + 96 is not a meaningful theorem total: these are overlapping revisions of
one formal development.

The earlier proof boundary disclosed that explicit projector transport and normalized-state matrix
actions had not yet been supplied. The later source supplies both, connects the Fourier matrix to the
usual complex exponential, and proves a histogram nonreconstruction theorem. The earlier boundary
remains a record of its own revision, rather than a gap list for the current publication.

The entire later checkpoint is preserved under lean/checked_checkpoint. The source files are not
edited to match this guide.

A.4 Architecture of the proof
The proof crosses two representations. First, rational coordinates support exact finite calculations. Sec-
ond, a semantics map transfers those calculations to ordinary complex matrices and vectors.

Layer Role

Rational tables Signal, projector entries, filtering, and energies.
Exact coordinates Algebra in the basis 1,

√
3, i, i

√
3.

Finite matrices All entries indexed by Fin(12), with exact finite sums.
Complex semantics Preservation of multiplication, adjoint, matrix action, and

squared norm.
Conventions Identification of roots and normalization with standard exponen-

tials and square roots.
Publication theorem Bundling of the actual complex identities and reconstruction ob-

structions.

The active import chain is QuantumArithmeticBridge into FiniteFourier, then SemanticBridge, then
Conventions, then Publication. Supporting Mathlib imports enter at the layer that uses them. There is
no circular theorem dependency.

A.5 The rational signal and its filter
The first layer uses literal rational lists. The chosen perturbation is rn = 3 cos(πn/2) + 2, whose dis-
played rational entries can be certified without numerical trigonometric evaluation. Its sum with c is
the test signal.
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Literal source. QuantumArithmeticBridge.lean, physical lines 51–61.

/-- Ramanujan sum c_12(n), n = 0,...,11. -/
def ramanujan12 : QVector :=

[4, 0, 2, 0, -2, 0, -4, 0, -2, 0, 2, 0]

/-- A deliberately off-band perturbation: 3 cos(pi n/2) + 2. -/
def noise12 : QVector :=

[5, 2, -1, 2, 5, 2, -1, 2, 5, 2, -1, 2]

/-- Signal used in the essay's filter demonstration. -/
def testSignal12 : QVector :=

[9, 2, 1, 2, 3, 2, -5, 2, 3, 2, 1, 2]

The cyclic matrix has entry c(n−m) mod 12/12. The original layer proves its symmetry, idempotence,
preservation of c, rejection of the chosen perturbation, and exact recovery from the displayed contam-
inated signal. The exact energy contract is 150 = 48 + 102.
Literal source. QuantumArithmeticBridge.lean, physical lines 92–126.

theorem projector12_idempotent :
matMulN 12 projector12 projector12 = projector12 := by

decide +kernel

/-- The arithmetic signal lies in the selected subspace. -/
theorem projector12_fixes_ramanujan :

matVec projector12 ramanujan12 = ramanujan12 := by
decide +kernel

/-- The chosen constant-plus-frequency-3 perturbation lies in the complementary subspace. -/
theorem projector12_kills_noise :

matVec projector12 noise12 = List.replicate 12 0 := by
decide +kernel

/-- Therefore the exact filter recovers the arithmetic component. -/
theorem projector12_recovers_test_signal :

matVec projector12 testSignal12 = ramanujan12 := by
decide +kernel

/-- The arithmetic amplitude vector has squared norm 48. -/
theorem ramanujan12_energy : sqEnergy ramanujan12 = 48 := by

decide +kernel

/-- The perturbation has squared norm 102. -/
theorem noise12_energy : sqEnergy noise12 = 102 := by

decide +kernel

/-- The full signal has squared norm 150. -/
theorem testSignal12_energy : sqEnergy testSignal12 = 150 := by

decide +kernel

/-- Exact orthogonal energy decomposition 150 = 48 + 102. -/
theorem energy_decomposition :

sqEnergy testSignal12 = sqEnergy ramanujan12 + sqEnergy noise12 := by
decide +kernel

The list operations use finite lists, including zero defaults and zip-based dot products. These facts
are therefore claims about the supplied twelve-entry objects. They should not be silently interpreted as
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universal matrix theorems for arbitrary ragged lists. The later Fin(12) layer supplies the typed matrix
identities used in the publication.

A.6 The exact phase arithmetic
The structure Cyclo12 represents

(a, b, c, d) 7−→ a+ b
√
3 + i(c+ d

√
3), a, b, c, d ∈ Q.

Its multiplication explicitly incorporates (
√
3)2 = 3 and i2 = −1. It is a concrete arithmetic represen-

tation. The development does not need or install a global field instance to certify the finite example.
Literal source. QuantumArithmeticBridge.lean, physical lines 130–141.

/--
An exact coordinate model for Q(sqrt(3), i). The tuple (a,b,c,d) denotes

a + b*sqrt(3) + i*(c + d*sqrt(3)).
Only the concrete arithmetic needed for the q=12 certificate is used below;
we do not install a global field instance.
-/
structure Cyclo12 where

a : ℚ
b : ℚ
c : ℚ
d : ℚ
deriving DecidableEq, Repr

Literal source. QuantumArithmeticBridge.lean, physical lines 155–173.

/-- Multiplication in Q(sqrt(3), i). -/
def cMul (x y : Cyclo12) : Cyclo12 :=

⟨x.a*y.a + 3*x.b*y.b - x.c*y.c - 3*x.d*y.d,
x.a*y.b + x.b*y.a - x.c*y.d - x.d*y.c,
x.a*y.c + 3*x.b*y.d + x.c*y.a + 3*x.d*y.b,
x.a*y.d + x.b*y.c + x.c*y.b + x.d*y.a⟩

def cConj (x : Cyclo12) : Cyclo12 := ⟨x.a, x.b, -x.c, -x.d⟩

def cPow (x : Cyclo12) : Nat → Cyclo12
| 0 => cOne
| n + 1 => cMul (cPow x n) x

def cSum : List Cyclo12 → Cyclo12
| [] => cZero
| x :: xs => cAdd x (cSum xs)

/-- zeta = exp(2*pi*i/12) = sqrt(3)/2 + i/2. -/
def zeta12 : Cyclo12 := ⟨0, (1/2 : ℚ), (1/2 : ℚ), 0⟩

The phase ζ = (0, 1/2, 1/2, 0) has complex meaning
√
3/2 + i/2. Exact finite certificates establish

its twelfth power, inverse, and absence of a smaller positive power below twelve. Later the convention
module identifies it with exp(πi/6).

The Ramanujan vector is obtained by summing powers of this phase over 1, 5, 7, 11. The negative-
sign unnormalized DFT has value 12 at these four frequencies and zero elsewhere. The absolute-value
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vector has Fourier support on the even frequencies instead. These are exact phase calculations over
rational coordinates.

A.7 Finite indices and normalized Fourier certificates

The finite layer uses Index := Fin 12. Its normalized Fourier scale is represented exactly as
√
3/6 =

1/
√
12, and its state scale as

√
3/12 = 1/

√
48. The use of a finite index type makes every row and

column well defined without list-length side conditions.
Literal source. FiniteFourier.lean, physical lines 58–93.

/-- The stored arithmetic selector is exactly the coprimality predicate. -/
theorem coprime_residues_exact :

(List.range 12).filter (fun a => Nat.gcd a 12 == 1) = unitResidues12 := by
decide +kernel

theorem root_exact_order :
∀ n : Fin 12, 0 < n.val → cPow zeta12 n.val ≠ cOne := by

decide +kernel

theorem normalized_fourier_left :
∀ i j, kMatMul (kAdjoint exactFourier) exactFourier i j = kIdentity i j := by

decide +kernel

theorem normalized_fourier_right :
∀ i j, kMatMul exactFourier (kAdjoint exactFourier) i j = kIdentity i j := by

decide +kernel

def selectedKernel : KMatrix := fun i j =>
kSum (fun k => if Nat.gcd k.val 12 = 1 then

cMul (exactFourier i k) (cConj (exactFourier j k)) else cZero)

theorem exact_projector_transport :
∀ i j, selectedKernel i j = exactProjector i j := by

decide +kernel

theorem exact_projector_matches_rational_table :
∀ i j, exactProjector i j = cRat ((projector12.getD i.val []).getD j.val 0) := by

decide +kernel

theorem exact_state_preparation :
∀ i, kMatVec exactFourier exactUnitState i = exactPsi i := by

decide +kernel

theorem exact_state_recovery :
∀ i, kMatVec (kAdjoint exactFourier) exactPsi i = exactUnitState i := by

decide +kernel

The two Fourier identities above quantify over all 12 × 12 entries. Kernel reduction proves these
concrete universal statements over a finite type. The selected-kernel equality and state actions are also
complete finite certificates, rather than floating-point matrix comparisons.

268



Quantum and Circuits PART V

A.8 Why the coordinate certificates mean complex identities
The semantics map is explicitly defined with the positive real square root. Soundness for addition,
multiplication, conjugation, powers, and finite sums prevents the exact coordinate layer from being a
detached calculation with an unproved interpretation.
Literal source. SemanticBridge.lean, physical lines 14–56.

/-- The exact coordinate arithmetic is interpreted in the ordinary complex numbers. -/
noncomputable def interpret (x : Cyclo12) : ℂ :=

⟨(x.a : ℝ) + (x.b : ℝ) * Real.sqrt 3,
(x.c : ℝ) + (x.d : ℝ) * Real.sqrt 3⟩

@[simp] theorem interpret_zero : interpret cZero = 0 := by
apply Complex.ext <;> simp [interpret, cZero]

@[simp] theorem interpret_one : interpret cOne = 1 := by
apply Complex.ext <;> simp [interpret, cOne]

@[simp] theorem interpret_rat (r : ℚ) : interpret (cRat r) = (r : ℂ) := by
apply Complex.ext <;> simp [interpret, cRat]

@[simp] theorem interpret_add (x y : Cyclo12) :
interpret (cAdd x y) = interpret x + interpret y := by

apply Complex.ext <;> simp [interpret, cAdd] <;> ring

@[simp] theorem interpret_mul (x y : Cyclo12) :
interpret (cMul x y) = interpret x * interpret y := by

apply Complex.ext <;> simp [interpret, cMul, Complex.mul_re, Complex.mul_im] <;>
ring_nf <;> norm_num [Real.sq_sqrt]

@[simp] theorem interpret_conj (x : Cyclo12) :
interpret (cConj x) = star (interpret x) := by

apply Complex.ext <;> simp [interpret, cConj]
ring

@[simp] theorem interpret_pow (x : Cyclo12) (n : Nat) :
interpret (cPow x n) = interpret x ^ n := by

induction n with
| zero => simp [cPow]
| succ n ih => simp [cPow, ih, pow_succ]

@[simp] theorem interpret_sum (xs : List Cyclo12) :
interpret (cSum xs) = (xs.map interpret).sum := by

induction xs with
| nil => simp [cSum]
| cons x xs ih => simp [cSum, ih]

@[simp] theorem interpret_kSum (f : Index → Cyclo12) :
interpret (kSum f) = ∑ i, interpret (f i) := by

simp only [kSum, interpret_sum, List.map_ofFn, List.sum_ofFn]

The multiplication proof uses complex extensionality, real polynomial normalization, and the
square-root identity. It proves preservation for arbitrary coordinates, not merely for the handful of
roots that occur in the example. The power and finite-sum proofs use induction.
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Injectivity of this interpretation is not needed to transfer an equality: if two coordinate expressions
are proved equal, applying the interpretation gives equal complex expressions. No claim of a globally
packaged field equivalence is required by the theorem chain.

A.9 Matrix transport and actual unitarity
The semantics layer proves that coordinate matrix multiplication, adjoint, identity, and matrix-vector
action have their ordinary complexmeanings. Thematrices F, P,D and the normalized states are then
defined directly in that complex representation.
Literal source. SemanticBridge.lean, physical lines 65–91.

@[simp] theorem complexMatrix_mul (A B : KMatrix) :
complexMatrix (kMatMul A B) = complexMatrix A * complexMatrix B := by

ext i j
simp [complexMatrix, kMatMul, Matrix.mul_apply]

@[simp] theorem complexMatrix_adjoint (A : KMatrix) :
complexMatrix (kAdjoint A) = (complexMatrix A)ᴴ := by

ext i j
simp [complexMatrix, kAdjoint, Matrix.conjTranspose_apply]

@[simp] theorem complexMatrix_identity :
complexMatrix kIdentity = 1 := by

ext i j
by_cases h : i = j <;> simp [complexMatrix, kIdentity, h, Matrix.one_apply]

@[simp] theorem complexVector_mul (A : KMatrix) (v : KVector) :
complexVector (kMatVec A v) = (complexMatrix A).mulVec (complexVector v) := by

ext i
simp [complexVector, complexMatrix, kMatVec, Matrix.mulVec, dotProduct]

noncomputable def F : Matrix Index Index ℂ := complexMatrix exactFourier
noncomputable def P : Matrix Index Index ℂ := complexMatrix exactProjector
noncomputable def D : Matrix Index Index ℂ :=

Matrix.diagonal (fun i => if Nat.gcd i.val 12 = 1 then 1 else 0)
noncomputable def psi : Index → ℂ := complexVector exactPsi
noncomputable def chi : Index → ℂ := complexVector exactChi
noncomputable def unitState : Index → ℂ := complexVector exactUnitState

Consequently, the finite certificates produce actual complex unitarity and projector transport. The
following excerpt contains the full proofs of both unitary identities, the cross-representation projector
identity, and the two state-action identities.
Literal source. SemanticBridge.lean, physical lines 93–120.

/-- Actual complex unitarity, not an assertion only about the coordinate checker. -/
theorem fourier_unitary_left : Fᴴ * F = 1 := by

have h : kMatMul (kAdjoint exactFourier) exactFourier = kIdentity :=
funext (fun i => funext (normalized_fourier_left i))

simpa [F] using congrArg complexMatrix h

theorem fourier_unitary_right : F * Fᴴ = 1 := by
have h : kMatMul exactFourier (kAdjoint exactFourier) = kIdentity :=

funext (fun i => funext (normalized_fourier_right i))
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simpa [F] using congrArg complexMatrix h

theorem projector_transport : F * D * Fᴴ = P := by
ext i j
have h := congrArg interpret (exact_projector_transport i j)
simp only [selectedKernel, interpret_kSum] at h
rw [Matrix.mul_apply]
simpa [D, P, F, complexMatrix, Matrix.mul_diagonal, Matrix.conjTranspose_apply,

apply_ite interpret, mul_ite] using h

theorem state_preparation : F.mulVec unitState = psi := by
have h : kMatVec exactFourier exactUnitState = exactPsi :=

funext exact_state_preparation
simpa [F, unitState, psi] using congrArg complexVector h

theorem state_recovery : Fᴴ.mulVec psi = unitState := by
have h : kMatVec (kAdjoint exactFourier) exactPsi = exactUnitState :=

funext exact_state_recovery
simpa [F, unitState, psi] using congrArg complexVector h

This is the key strengthening over the earlier checkpoint. The rational matrix, the exact coordinate
kernel, and the complex matrix FDF ∗ are explicitly connected. State preparation and recovery are
equalities of actual complex vectors. The theorem name state_preparation describes a matrix identity,
not an efficient hardware preparation algorithm.

A.10 The exponential sign and square-root normalization
The usual Fourier matrix is not left as an informal interpretation. The convention module proves that
the coordinate root equals the positive exponential root, including the selected square-root branch.
Literal source. Conventions.lean, physical lines 10–24.

/-- The coordinate root is exactly the usual exponential twelfth root. -/
theorem root_is_exponential :

interpret zeta12 = Complex.exp (((Real.pi / 6 : ℝ) : ℂ) * Complex.I) := by
rw [Complex.exp_mul_I]
rw [← Complex.ofReal_cos, ← Complex.ofReal_sin, Real.cos_pi_div_six, Real.sin_pi_div_six]
apply Complex.ext <;> simp [interpret, zeta12]
ring

theorem root_power_twelve : interpret zeta12 ^ 12 = 1 := by
simpa using congrArg interpret zeta12_order_certificate

theorem rootPower_interpret (n : Nat) :
interpret (rootPower n) = interpret zeta12 ^ n := by

simp only [rootPower, interpret_pow]
exact (pow_eq_pow_mod n root_power_twelve).symm

Its normalization lemmas prove
√
12 = 2

√
3 and

√
48 = 4

√
3, then identify the exact scales with

their ordinary reciprocals. The matrix entry formula and state formula below are therefore literal
equalities in C.
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Literal source. Conventions.lean, physical lines 42–54.

theorem fourierScale_interpret :
interpret fourierScale = ((1 / Real.sqrt 12 : ℝ) : ℂ) := by

apply Complex.ext <;> simp [interpret, fourierScale, sqrt_twelve]
have h : Real.sqrt 3 ≠ 0 := by positivity
field_simp
nlinarith [Real.sq_sqrt (show (0 : ℝ) ≤ 3 by norm_num)]

theorem stateScale_interpret :
interpret stateScale = ((1 / Real.sqrt 48 : ℝ) : ℂ) := by

apply Complex.ext <;> simp [interpret, stateScale, sqrt_fortyeight]
have h : Real.sqrt 3 ≠ 0 := by positivity
field_simp
nlinarith [Real.sq_sqrt (show (0 : ℝ) ≤ 3 by norm_num)]

Literal source. Conventions.lean, physical lines 56–65.

/-- The matrix checked in the certificate is the standard positive sign Fourier matrix. -/
theorem fourier_entry_formula (i j : Index) :

F i j = ((1 / Real.sqrt 12 : ℝ) : ℂ) *
Complex.exp (2 * (Real.pi : ℂ) * Complex.I * (i.val : ℂ) * (j.val : ℂ) / 12) := by

simp only [F, complexMatrix, exactFourier, interpret_mul, fourierScale_interpret,
rootPower_interpret, root_is_exponential]

rw [← Complex.exp_nat_mul]
congr 2
push_cast
ring

Literal source. Conventions.lean, physical lines 67–82.

theorem psi_entry_formula (i : Index) :
psi i = ((1 / Real.sqrt 48 : ℝ) : ℂ) * (ramanujan12.getD i.val 0 : ℂ) := by

simp [psi, complexVector, exactPsi, stateScale_interpret]

theorem chi_entry_formula (i : Index) :
chi i = ((1 / Real.sqrt 48 : ℝ) : ℂ) * (absRamanujan12.getD i.val 0 : ℂ) := by

simp [chi, complexVector, exactChi, stateScale_interpret]

theorem unitState_entry_formula (i : Index) :
unitState i = if Nat.gcd i.val 12 = 1 then (1/2 : ℂ) else 0 := by

by_cases h : Nat.gcd i.val 12 = 1 <;>
simp [unitState, complexVector, exactUnitState, h]

theorem projector_entry_formula (i j : Index) :
P i j = (ramanujan12.getD ((i.val + 12 - j.val) % 12) 0 : ℂ) / 12 := by

simp [P, complexMatrix, exactProjector]

The convention is positive sign for F and negative sign for F ∗. The earlier unnormalized dft12 uses
the negative sign. The normalization and adjoint are the precise link between those notations.

A.11 Hermitian projection and phase-sensitive states
The selector is Hermitian and idempotent. Transport through a unitary matrix then proves the corre-
sponding facts for P . They are ordinary matrix identities, not claims that every rational list operation
is an orthogonal projection.
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Literal source. Conventions.lean, physical lines 84–108.

theorem selector_idempotent : D * D = D := by
unfold D
rw [Matrix.diagonal_mul_diagonal]
congr 1
funext i
by_cases h : Nat.gcd i.val 12 = 1 <;> simp [h]

theorem selector_selfAdjoint : Dᴴ = D := by
ext i j
by_cases h : i = j
· subst j

simp [D, Matrix.conjTranspose_apply, apply_ite star]
· simp [D, Matrix.conjTranspose_apply, h, Ne.symm h]

theorem projector_idempotent_complex : P * P = P := by
rw [← projector_transport]
calc

(F * D * Fᴴ) * (F * D * Fᴴ) = F * D * (Fᴴ * F) * D * Fᴴ := by
simp only [Matrix.mul_assoc]

_ = F * D * Fᴴ := by rw [fourier_unitary_left, Matrix.mul_one, Matrix.mul_assoc F D D,
selector_idempotent]

theorem projector_selfAdjoint_complex : Pᴴ = P := by
rw [← projector_transport]
simp [Matrix.conjTranspose_mul, selector_selfAdjoint, Matrix.mul_assoc]

The vectorsψ and χ are separately defined states. One is the signed arithmetic amplitude vector and
the other its entrywise absolute value. They have the same squared amplitudes at each initial index
but retain different relative phase. The development neither claims nor requires a universal quantum
operation implementing the nonlinear map v 7→ |v|.
Literal source. SemanticBridge.lean, physical lines 145–174.

theorem psi_normalized : totalProbability psi = 1 := by
have h := congrArg interpret exact_psi_normalized
simpa [psi] using congrArg Complex.re h

theorem chi_normalized : totalProbability chi = 1 := by
have h := congrArg interpret exact_chi_normalized
simpa [chi] using congrArg Complex.re h

theorem unitState_normalized : totalProbability unitState = 1 := by
have h := congrArg interpret exact_unit_normalized
simpa [unitState] using congrArg Complex.re h

theorem same_initial_probabilities (i : Index) :
Complex.normSq (psi i) = Complex.normSq (chi i) := by

have h := congrArg interpret (exact_same_initial_probabilities i)
simpa [psi, chi, complexVector] using congrArg Complex.re h

theorem states_orthogonal : ∑ i, star (psi i) * chi i = 0 := by
have h := congrArg interpret exact_orthogonal_states
simpa [psi, chi, complexVector] using h

theorem signed_state_recovers_arithmetic :
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coprimeProbability (Fᴴ.mulVec psi) = 1 := by
have h := congrArg interpret exact_coprime_mass_psi
simpa [F, psi] using congrArg Complex.re h

theorem unsigned_state_erases_arithmetic :
coprimeProbability (Fᴴ.mulVec chi) = 0 := by

have h := congrArg interpret exact_coprime_mass_chi
simpa [F, chi] using congrArg Complex.re h

The transformed probability statement is exact. The measurement event is the coprime-frequency
subset. After applying F ∗, its probability is one for ψ and zero for χ. This basis change reveals infor-
mation that their shared initial histogram does not contain.

A.12 Two exact information-loss statements
The formal development isolates distinct obstructions. First, the initial histogram cannot be inverted
on both states by any reconstruction function. Second, the projector itself is noninjective because it
annihilates the nonzero normalized state χ.
Literal source. Publication.lean, physical lines 39–50.

/-- No state reconstruction function can invert the initial probability histogram on both states. -/
theorem no_reconstruction_from_initial_probabilities :

¬ ∃ R : (Index → ℝ) → (Index → ℂ),
R (fun i => Complex.normSq (psi i)) = psi ∧
R (fun i => Complex.normSq (chi i)) = chi := by

rintro ⟨R, hpsi, hchi⟩
have heq : (fun i => Complex.normSq (psi i)) =

(fun i => Complex.normSq (chi i)) := funext same_initial_probabilities
have hstate : psi = chi := by rw [← hpsi, ← hchi, heq]
have h := signed_state_recovers_arithmetic
rw [hstate, unsigned_state_erases_arithmetic] at h
norm_num at h

Literal source. Publication.lean, physical lines 52–57.

/-- Exact probabilities in the recovered basis, connected to the normalized state. -/
theorem recovered_probability_at (i : Index) :

Complex.normSq (Fᴴ.mulVec psi i) =
if Nat.gcd i.val 12 = 1 then (1/4 : ℝ) else 0 := by

rw [state_recovery, unitState_entry_formula]
by_cases h : Nat.gcd i.val 12 = 1 <;> norm_num [h, Complex.normSq_apply]
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Literal source. Publication.lean, physical lines 59–65.

/-- The operator is not injective. Its nonzero normalized kernel state is explicit. -/
theorem projector_not_injective : ¬ Function.Injective P.mulVec := by

intro h
have hz : chi = 0 := h (by simp [projector_kills_chi])
have hp := chi_normalized
rw [hz] at hp
norm_num [totalProbability] at hp

The nonreconstruction theorem quantifies over every function from real-valued histograms to
complex-valued vectors. It uses equality of the two histograms and the incompatible transformed
probabilities. This is a mathematical obstruction to a specified inverse, not a statistical claim about
estimating a state from many measurements in several bases.

The traditional paper also proves that the two states cannot both be recovered up to an overall phase
from this histogram. That strengthening is a prose corollary of their orthogonality and normalization.
It is not separately exported as a quotient-by-global-phase Lean theorem.

Projection becomes reconstructive when its residual is retained. The next identity holds for every
twelve-dimensional complex vector, including vectors outside the arithmetic signal subspace.
Literal source. Publication.lean, physical lines 33–37.

/-- Every signal is reconstructible from the retained and discarded components together. -/
theorem projector_residual_reconstructs (v : Index → ℂ) :

P.mulVec v + (1 - P).mulVec v = v := by
rw [Matrix.sub_mulVec, Matrix.one_mulVec]
exact add_sub_cancel _ _

Its proof is algebraic. The identity Pv+(I−P )v = v itself does not require idempotence. Hermitian
idempotence supplies the stronger interpretation as orthogonal retained and discarded components.
This separates the reconstruction identity from the additional geometric structure.

A.13 The publication theorem in full
The final declaration bundles the formal core of the worked example. Every conjunct is supported by a
previously proved declaration rather than by a new numerical test or an implicit physical assumption.
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Literal source. Publication.lean, physical lines 67–80.

/-- Publication theorem gathering the complex identities stated in the worked example. -/
theorem publication_bridge :

Fᴴ * F = 1 ∧ F * Fᴴ = 1 ∧ F * D * Fᴴ = P ∧
P * P = P ∧ Pᴴ = P ∧ F.mulVec unitState = psi ∧
Fᴴ.mulVec psi = unitState ∧ totalProbability psi = 1 ∧
totalProbability chi = 1 ∧
(∀ i, Complex.normSq (psi i) = Complex.normSq (chi i)) ∧
(∑ i, star (psi i) * chi i) = 0 ∧
coprimeProbability (Fᴴ.mulVec psi) = 1 ∧
coprimeProbability (Fᴴ.mulVec chi) = 0 := by

exact ⟨fourier_unitary_left, fourier_unitary_right, projector_transport,
projector_idempotent_complex, projector_selfAdjoint_complex, state_preparation,
state_recovery, psi_normalized, chi_normalized, same_initial_probabilities,
states_orthogonal, signed_state_recovers_arithmetic, unsigned_state_erases_arithmetic⟩

The bundled theoremhas a fixeddimension and explicitly named operators and states. It establishes
the bridge used in the paper. Broader arbitrary-modulus results remain separate prose theorems, with
their own proofs and evidence.

The manuscript’s QA18 additionally includes filtering and energy, normalization of u, the
projector actions on both states, and noninjectivity. Those clauses use separately exported decla-
rations, including projector12_recovers_test_signal, energy_decomposition, unitState_normalized,
projector_fixes_psi, projector_kills_chi, and projector_not_injective. The complete machine
concordance lists these supporting results. The manuscript bundle is not identified with a literal
statement that omits its extra clauses.

A.14 Manuscript-to-Lean concordance
The main paper labels its results QA01 through QA20. The table below distinguishes the exact fixed-
example formal coverage from the more general mathematical development. “Not formalized here” is
a scope label, not a claim that the prose result is false.

Claim Subject Formal coverage

QA01 Primitive root Exact order 12 and standard exponential root.
QA02 Character orthogonality Fixed-example content through both exact unitary identities;

general theorem not separately exported.
QA03 Fourier theory Both ordinary complex unitary identities and standard entry

formula; general Parseval theorem not separately exported.
QA04 Möbius formula General modulus formula not formalized; exact integer table

for 12 certified.
QA05 Ramanujan support Exact signed and unsigned twelve-frequency DFT tables and

arithmetic energy 48.
QA06 Divisor projectors Primitive-order projector at 12 certified; the full divisor family

not a general Lean family.
QA07 Projector geometry Hermitian idempotence, displayed energies, explicit noninjec-

tivity, and all-vector residual reconstruction.
QA08 Residue recombination No theorem in this checkpoint.
QA09 Polyphase aliasing No theorem in this checkpoint.
QA10 Arithmetic example Phase sum connected to the exact rational sample table.
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Claim Subject Formal coverage

QA11 Exact filtering Displayed contaminated signal and orthogonal energy decom-
position.

QA12 State preparation Ordinary complex normalized vector actions and recovery.
QA13 Shared histogram Entrywise probability equality and state orthogonality.
QA14 Phase separation Actual transformed coprime probabilities 1 versus 0.
QA15 Reconstruction barrier No vector-valued initial-histogram inverseworks on both spec-

ified states; the global-phase corollary is prose only.
QA16 Measurement law Relevant projector algebra and state probabilities; no general

conditional-state-update API.
QA17 Arithmetic semantics Soundness for scalar, matrix, vector, adjoint, and mass opera-

tions.
QA18 Central bridge Publication bundle plus separately exported filter, energy, nor-

malization, projector-action, and noninjectivity results.
QA19 Relative-phase family Prose extension sin2(θ/2); not an inherited Lean theorem.
QA20 Dephased probability Prose density-matrix calculation 1/3; not an inherited Lean

theorem.

The machine concordance includes all theorem statements verbatim, per-theorem axiom records,
source hashes, and exact physical line locators. Its mapping records formal scope; it does not upgrade
general manuscript claims merely because a nearby finite special case is checked.

A.15 Trust boundary and current verification
The current replay uses Lean 4.34.0-rc2, compiler commit 6a10ac8c22beadecabdbb0919c2b50214762f91d,
and Mathlib revision aeb72f1e9981b6d35b426b16dca7759be3e7ba06. It built the five source modules with
warnings treated as errors, printed axiom dependencies for all 96 named theorems, and replayed each
module with leanchecker. The compiler and imported dependency cache were not rebuilt from their
source. Kernel replay uses Lean’s own kernel, not a second independent proof checker.

The axiom union is exactly propext, Classical.choice, and Quot.sound. This is the standard founda-
tion used by the audited proof terms, not an axiom-free claim. The active source contains no proof
placeholders, custom axiom declarations, native decision proofs, or unsafe declarations. Historical
failed or native-decision drafts are excluded from the active build.

Current source reconciliation checked all five source hashes and all eleven archived check-log
hashes against the archived report. All sixteen match. The current inventory contains exactly 96
unique names and 96 archived axiom records. All line numbers agree with the archived source index.

The pinned portable runtime was restored and verified against its combined archive hash. A fresh
build, all 96 theorem axiom inspections, and all five kernel replays passed. The complete receipt and
logs accompany the source package. Earlier transfer failures remain historical records.

A.16 Controls, failed attempts, and reproducibility
The latest archive rejected a deliberately false signal sign and a proof using sorry under warnings
as errors. Its false Fourier-mode control also failed, but the compiler stopped at opaque Decidable
reduction. That failure alone is not a direct mathematical certificate that the proposition is false. The
positive ramanujan_dft_table theorem separately establishes the correct value 12.
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The control runner’s broad diagnostic expression can match the word “false” in a filename. The
guide does not interpret that match as a stronger arithmetic test than the actual log provides. The
earlier checkpoint’s four explicit refutation proofs are retained as earlier evidence and are not silently
counted as current production theorems.

A supplementary current check closes the diagnostic gap for the false-mode control. It derives the
exact mode-one value and its negation from the proved Fourier table, replays the supplementarymod-
ule through the kernel, and rejects a false rational-coordinate equality with an explicit false-value di-
agnostic. These two verification lemmas do not increase the monograph count of 96 theorems.

The supplied verifier creates a fresh source project, checks dependency revisions, builds, prints all
theorem axiom dependencies, replays all five modules, and runs the controls. It refuses to overwrite
an existing fresh build directory and treats timeouts as failures. It makes no network requests or in-
stallations. With the pinned runtime restored, the documented command is:

python scripts/verify_lean.py \
--toolchain /path/to/Komorebi_Portable_Lean_4.34.0-rc2/toolchain \
--packages /path/to/Komorebi_Portable_Lean_4.34.0-rc2/workspace/.lake/packages \
--out verification/reproduction_new

The runner was exercised under Linux x86-64. It uses POSIX process groups and filesystem symlinks.
NativeWindows behavior is not tested.WSL2with the pinned Linux runtime is the documented route
for a Windows machine.

Full proof source, manifests, archived build and replay logs, the static concordance builder, and the
current successful replay receipt are included. The runtime itself remains an external dependency.

A.17 Complete active theorem inventory
All names in the following table have prefix Komorebi.QuantumArithmetic. File and physical source
line identify the exact declaration. The full literal statements and axiom lists are also available in
Lean_Concordance.json and Lean_Concordance.csv.

A.17.1 QuantumArithmeticBridge: 22 theorems

Declaration Line

ramanujan12_length 80
projector12_shape 82
projector12_symmetric 88
projector12_idempotent 92
projector12_fixes_ramanujan 97
projector12_kills_noise 102
projector12_recovers_test_signal 107
ramanujan12_energy 112
noise12_energy 116
testSignal12_energy 120
energy_decomposition 124
zeta12_order_certificate 177
zeta12_inverse_certificate 180
ramanujanC12_table 190
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Declaration Line

ramanujan_dft_table 205
abs_ramanujan_dft_table 217
same_computational_basis_probabilities 231
abs_ramanujan12_energy 235
recovered_mode_probability 243
recovered_total_probability 248
phase_stripping_coprime_probability 253
arithmetic_signal_quantum_bridge 258

A.17.2 FiniteFourier: 17 theorems

Declaration Line

coprime_residues_exact 59
root_exact_order 63
normalized_fourier_left 67
normalized_fourier_right 71
exact_projector_transport 79
exact_projector_matches_rational_table 83
exact_state_preparation 87
exact_state_recovery 91
exact_unit_normalized 95
exact_psi_normalized 98
exact_chi_normalized 101
exact_same_initial_probabilities 104
exact_orthogonal_states 108
exact_coprime_mass_psi 112
exact_coprime_mass_chi 116
exact_projector_fixes_psi 120
exact_projector_kills_chi 124

A.17.3 SemanticBridge: 30 theorems

Declaration Line

interpret_zero 19
interpret_one 22
interpret_rat 25
interpret_add 28
interpret_mul 32
interpret_conj 37
interpret_pow 42
interpret_sum 48
interpret_kSum 54
complexMatrix_mul 65
complexMatrix_adjoint 70
complexMatrix_identity 75
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Declaration Line

complexVector_mul 80
fourier_unitary_left 94
fourier_unitary_right 99
projector_transport 104
state_preparation 112
state_recovery 117
interpret_normSq 122
interpret_mass 133
interpret_coprimeMass 137
psi_normalized 145
chi_normalized 149
unitState_normalized 153
same_initial_probabilities 157
states_orthogonal 162
signed_state_recovers_arithmetic 166
unsigned_state_erases_arithmetic 171
projector_fixes_psi 176
projector_kills_chi 181

A.17.4 Conventions: 17 theorems

Declaration Line

root_is_exponential 11
root_power_twelve 18
rootPower_interpret 21
sqrt_twelve 26
sqrt_fortyeight 34
fourierScale_interpret 42
stateScale_interpret 49
fourier_entry_formula 57
psi_entry_formula 67
chi_entry_formula 71
unitState_entry_formula 75
projector_entry_formula 80
selector_idempotent 84
selector_selfAdjoint 91
projector_idempotent_complex 98
projector_selfAdjoint_complex 106
complete_phase_separation 111
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A.17.5 Publication: 10 theorems

Declaration Line

exact_phase_signal_lookup 9
complex_ramanujan_signal 14
absolute_signal_lookup 22
retained_discarded_orthogonal 27
signal_decomposition 30
projector_residual_reconstructs 34
no_reconstruction_from_initial_probabilities 40
recovered_probability_at 53
projector_not_injective 60
publication_bridge 68

A.18 What completion means here
The fixed twelve-dimensional bridge is formally covered in the preserved later checkpoint. This guide
and machine concordance expose its proof and trust boundaries.

General-modulus Möbius and divisor-projector theory, polyphase identities, and a general mea-
surement API remain outside this Lean package. The traditional paper supplies separate proofs. The
current pinned replay passed for the fixed formal package.

A.19 The original finite bridge and its extension

A.20 Formal coverage, lineage, and reproducibility

A.20.1 Two inherited checkpoints and the expanded boundary

The earlier checked package has four mathematical production modules and fifty-nine named theo-
rem declarations. Its first module preserves twenty-two original statements. Its proof-boundary doc-
ument correctly says that explicit matrix transport between independently defined representations
and normalized state-action identities are not supplied as additional theorems in that package. Those
limitations must not be erased when describing the earlier evidence.

281



Quantum and Circuits PART V

The later checked package has five productionmodules and ninety-six named theoremdeclarations:

Module Named theorems Principal role

QuantumArithmeticBridge 22 Literal rational projector and
cyclotomic tables

FiniteFourier 17 Indexed exact Fourier and
normalized state identities

SemanticBridge 30 Sound complex interpretation and
transported identities

Conventions 17 Exponential entries, scales, and
complex projector laws

Publication 10 Phase lookup, residual
reconstruction, nonreconstruction,
and central bundle

Total 96 Finite modulus-twelve proof chain,
including helpers

The later source explicitly supplies FDF † = P , both normalized state-action identities, the conven-
tional exponential formula for F , identical initial probabilities, orthogonality, exact selected probabil-
ity one versus zero, histogram nonreconstruction, and projector noninjectivity. It therefore closes the
representation-transport obligations that the earlier package leaves outside its formal boundary.

The ninety-six count includes helper lemmas and bundled propositions. It is not a count of ninety-
six independent discoveries. Nor should the earlier fifty-nine and later ninety-six counts be added as
if their shared declarations were disjoint.

A.20.2 Current and inherited checks

This edition preserves the source, theorem index, verification records, and compiled-artifact lineage
of the checked checkpoints. The archived records provide the earlier compiler and kernel-checking
evidence. Current static audits and independent Python replay provide current bounded evidence
about the downloaded files and the example implementation. These are disclosed separately in the
release records.

The pinned runtime was restored for this completion pass. Fresh source compilation, axiom inspec-
tion, and replay of all five modules passed. The separate historical failures are preserved in the source
records.

The exact source uses kernel-reduction decision proofs for finite identities and ordinary proof terms
for the transport lemmas. The declaration audit rejects admitted proofs and unapproved project-
specific axioms. Standard foundational dependencies are reported in the formal guide. Compiled
artifact checking reuses Lean’s kernel; it is not an independently implemented proof assistant.

The later checkpoint preserves three negative controls with distinct meanings. The false-sign claim
is a directly false finite statement. The false-mode case is an operational rejection whose failure mech-
anism must be read alongside its diagnostic and the positive checked transform table. The admitted-
proof case tests the verification policy for incomplete proof evidence. These controls are not combined
with the four controls of the earlier checkpoint into an artificial total.
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A.20.3 Independent arithmetic evidence

The original reproducibility package records 3,003 exact Python assertions, separately from floating-
point checks. Its exact verifier represents the twelfth root in a cyclotomic quotient, checks the signal
and transform tables, the rational projector identities, the test-signal decomposition, divisor-shell com-
pleteness, and the phase-sensitive example. Its arithmetic regression range is bounded to moduli two
through sixty-four.

The release also includes the current replay and any added finite checks with their own records. Ex-
act rational or cyclotomic arithmetic and numerical residuals are reported separately. A small floating-
point residual verifies the implementation at its declared tolerance; it does not replace the exact proof
of the general formula. Likewise, a finite modulus sweep does not prove the arbitrary-modulus theo-
rem. QA01 through QA09 provide the general proofs needed here.

A.20.4 The twenty-two preserved original statements

The original bridge module’s statements remain available under their original names. The following
list records their substantive content rather than treating each source helper as a separate main theo-
rem.

Original declaration Preserved statement

ramanujan12_length The rational signal list has length twelve
projector12_shape The literal matrix has twelve rows and twelve

columns
projector12_symmetric The rational matrix equals its transpose
projector12_idempotent Exact rational multiplication gives P 2 = P
projector12_fixes_ramanujan The matrix fixes the signal c
projector12_kills_noise The matrix sends the displayed perturbation b to zero
projector12_recovers_test_signal Applying it to x returns c
ramanujan12_energy ‖c‖2 = 48
noise12_energy ‖b‖2 = 102
testSignal12_energy ‖x‖2 = 150
energy_decomposition The exact energy balance is 150 = 48 + 102
zeta12_order_certificate The coordinate root raised to the twelfth power is one
zeta12_inverse_certificate The coordinate root times its conjugate is one
ramanujanC12_table Four primitive phase sums give the exact

twelve-entry signal table
ramanujan_dft_table The negative-sign DFT gives twelve exactly at

1, 5, 7, 11
abs_ramanujan_dft_table The unsigned DFT gives the exact even-support table
same_computational_basis_probabilities Signed and unsigned rational entries have the same

squares
abs_ramanujan12_energy The unsigned signal also has squared energy

forty-eight
recovered_mode_probability The scalar normalization gives 122/(48 · 12) = 1/4
recovered_total_probability Four recovered mode probabilities sum to one
phase_stripping_coprime_probability Zero transformed coefficients give zero selected mass
arithmetic_signal_quantum_bridge The original finite projector, recovery, DFT, and

equal-square claims are bundled
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The later source strengthens the specification around these statements. It proves that the four labels
are exactly the coprime residues, that the coordinate root has no smaller positive order, that the lit-
eral rational and indexed matrices agree, and that the probability consequences belong to the actual
normalized complex state vectors.

The list operations in the original module use explicit finite literal lists. Their generic helper defini-
tions are not an assertion of arbitrary-dimensional linear algebra for unsized lists, where zip opera-
tions could truncate. General vector identities in this chapter use fixed finite index sets, and the later
matrix source uses Fin 12 for exactly that reason.
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Symmetry: supplementary proofs and
computation

B.1 Proof details and auxiliary derivations

B.1.1 Residue projector formula

Let Q|ψk〉 = k|ψk〉. Then

1

M

M−1∑
`=0

ω−r`
M e2πi`Q/M |ψk〉 =

(
1

M

M−1∑
`=0

ω
(k−r)`
M

)
|ψk〉.

The bracket equals one when k ≡ r (mod M) and zero otherwise. This proves Equation (3.1) and the
orthogonality of the residue packets.

B.1.2 Circuit leakage telescoping

Let Vj = PGjP . Insert and subtract one factor at a time:

Gm · · ·G1P − Vm · · ·V1P =
m∑
k=1

Gm · · ·Gk+1(Gk − Vk)Vk−1 · · ·V1P.

Every Gj has norm one and every Vj has norm at most one. On PH,

(Gk − Vk)P = (I − P )GkP.

Taking norms gives Proposition 3.10.

B.1.3 Hypercube quotient coupling

Let

|k〉 =
(
n

k

)−1/2 ∑
|x|=k

|x〉.

Every weight-k string has n− k neighbors of weight k+1, while every weight-(k+1) string has k+1

neighbors of weight k. Counting the bipartite edges yields

〈k + 1|A|k〉 =
(
n
k

)
(n− k)√(
n
k

)(
n
k+1

) =
√
(k + 1)(n− k),

proving Equation (4.10).
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B.1.4 Symmetric-subspace dimension

A symmetric basis state of n qudits is indexed by occupation numbers

(n1, . . . , nd), n1 + · · ·+ nd = n.

The stars-and-bars count is (
n+ d− 1

d− 1

)
,

proving Equation (4.1).

B.1.5 Bosonic and fermionic dimensions

Bosonic occupations areweak compositions ofN intom parts, giving
(
N+m−1

N

)
. Fermionic occupations

are N -element subsets ofmmodes, giving
(
m
N

)
.

B.1.6 Acceptance-probability stability

If normalized states |ψ〉, |ϕ〉 satisfy
‖|ψ〉 − |ϕ〉‖ ≤ ε

and 0 ≤M ≤ I , then
|〈ψ|M |ψ〉 − 〈ϕ|M |ϕ〉| ≤ 2ε.

Indeed, add and subtract 〈ϕ|M |ψ〉 and use Cauchy–Schwarz. This converts state-vector leakage
bounds into measurement-error bounds.

B.1.7 Orbit quotient invariance

For an automorphism groupG, the adjacency matrix commutes with the permutation representation.
The fixed subspace of the action is spanned by normalized orbit states. Therefore adjacency preserves
that span. Polynomial-time simulation additionally requires direct computation of the quotient en-
tries.

B.2 Python API and reproduction commands
The release code is intentionally compact. Its purpose is to verify the algebra and provide a reusable
seed rather than to compete with optimized quantum simulators.

B.2.1 Core API

Listing B.1. Core packet API.
from symmetry_packets import (

weight_basis,
residue_basis,
symmetric_subspace_dimension,
boson_fixed_number_dimension,
fermion_fixed_number_dimension,
PacketPlan,
rz,
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xy_exchange,
hypercube_quotient,
circuit_leakage_bound,
hamiltonian_leakage_bound,

)

B.2.2 Exact packet plan

Listing B.2. Fixed-weight packet compilation.
plan = PacketPlan.fixed_weight(n=10, k=2)
packet_state = random_packet_state(plan, seed=12)
full_state = plan.embed(packet_state)

restricted_gate = plan.restrict_gate(
xy_exchange(theta=0.2),
qubits=(3, 4),

)
packet_state = restricted_gate @ packet_state

B.2.3 Validation

From the project root, run
PYTHONPATH=code python3 code/validate.py
PYTHONPATH=code python3 code/validate_exact.py
PYTHONPATH=code python3 code/validate_boundaries.py

The expected output reports successful formula checks and reconstruction errors near machine preci-
sion for the representative fixed-weight circuits.

B.2.4 Figure generation

All figures in the PDF are generated by
python3 code/make_figures.py

The generator writes vector PDF figures into the figures directory.

B.2.5 Build

The complete rebuild command is
./run_all.sh

It validates the Python code, regenerates figures, compiles the LaTeX source, and updates the check-
sums.

B.3 Benchmark data ledger

B.3.1 Exact weight two

The JSON file data/benchmark_records.json contains the values in Table 4.1, together with the parity,
half-filled, and leakage records.
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B.3.2 Half filling

Table B.1. Recorded half-filled benchmark.

n k full dim. sector dim. apply gain one-shot gain memory gain

8 4 256 70 1.212 1.083 3.657
10 5 1,024 252 1.234 0.7513 4.063
12 6 4,096 924 2.083 0.5092 4.433
14 7 16,384 3,432 3.24 0.2092 4.774
16 8 65,536 12,870 7.041 1.501 5.092
18 9 262,144 48,620 7.757 0.7458 5.392
20 10 1,048,576 184,756 7.396 0.6529 5.675

All recorded relative errors were zero at the displayed precision. The one-shot result can be below
one because compilation dominates a single application.

B.3.3 Parity

Table B.2. Recorded even-parity benchmark.

n full dim. packet dim. apply gain one-shot gain memory gain

8 256 128 1.06 1.19 2.0
10 1,024 512 1.15 1.33 2.0
12 4,096 2,048 1.49 1.37 2.0
14 16,384 8,192 1.78 1.75 2.0
16 65,536 32,768 2.0 3.7 2.0

B.3.4 Symmetry-breaking controls

Test retained probability leakage

Break exact weight with pair gate 0.891 0.109
Break parity with X rotation 0.869 0.131
Break weight modulo four with pair gate 0.928 0.0723

These controls demonstrate that a packet restrictionmust be audited after every symmetry-breaking
operation.

B.4 Theorem and evidence-status ledger

Table B.3. Claim-status ledger.

Statement Status Qualification

Invariant-basis simulation Proved Exact gatewise subspace invariance.
Polynomial packet simulation Proved Requires efficient discovery, updates,

measurement, and polynomial representation
size.
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Statement Status Qualification

Fixed k number-preserving
circuits lie in P

Proved corollary k fixed and local restricted gates efficiently
applicable.

Approximate circuit leakage
bounded by sum of gate leakages

Proved Operator-norm state-error certificate.

Hamiltonian leakage bounded by
|t|‖[H,P ]‖

Proved Bounded self-adjoint Hamiltonian.

Permutation-symmetric qubits lie
in P

Derived theorem Gate matrices and measurement efficient in
Dicke coordinates.

Fixed-d symmetric qudits lie in P Derived theorem Fixed local dimension and efficient occupation
updates.

Polynomial-orbit quantum walks
lie in P

Derived theorem Quotient data computable from succinct input.

Fixed-particle boson and fermion
circuits lie in P

Derived theorem Particle number fixed and updates efficient.

Compressed-packet theorem Proved
abstraction

Representation class closed under gates with
polynomial size.

Weight-two runtime and memory
gains

Recorded
computation

Implementation-specific archival benchmark.

Half-filling remains exponential Proved
dimension
statement

Runtime constants remain implementation
dependent.

Parity gives only a factor-two
dimension reduction

Proved
dimension
statement

Does not preclude further internal
compression.

Quantum Latin order-six product
realization absent, entangled
realization present

External theorem Contextual existence defect, not a simulation
theorem.

Adaptive discarded-state error
certificate

Proved Unnormalized trajectories, explicitly accounted
discarded norms.

Universal polynomial
packetization

Open conjecture Would imply P = BQP .

Representation-independent
interference lower bound

Open Required for a full hard-side complexity
conclusion.

B.4.1 Publication discipline

Every extracted theorem paper should declare the circuit model, input encoding, gate precision, mea-
surement, symmetry discovery method, packet representation, error norm, and complexity param-
eter. Benchmarks should be accompanied by code and frozen data. Open conjectures should not be
phrased as consequences of finite experiments.
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Gate matrices, census data, and open
obligations

C.1 Gate matrices and symbolic conventions

C.1.1 Row-transvection convention

Matrices act on column coordinate vectors, while row operations left multiply the current matrix. A
row transvection

τt,s(a) = I + aEt,s

performs
Rt ← Rt + aRs.

In the binary CNOT interpretation, s is the control and t is the target.
The canonical six-row target is

C =



1 0 0 0 0 0

1 1 0 0 0 0

0 0 1 0 0 0

0 1 1 1 0 0

1 1 1 0 1 0

1 1 1 0 0 1


.

One ambient word is
τ1,2(1), τ3,1(1), τ1,0(1), τ4,1(1), τ5,1(1), τ1,2(−1).

A restricted word of length seven is

τ1,0(1), τ2,1(1), τ3,0(−1), τ3,2(1), τ4,2(1), τ5,2(1), τ2,1(−1).

C.1.2 Qudit SUM gate

On computational basis labels in Zd,

SUM(a)
s→t|xs, xt〉 = |xs, xt + axs mod d〉.

Its classical linear action is the transvection I + aEt,s over Zd.

C.1.3 Binary symplectic form

Pauli exponents are ordered as
(x0, . . . , xn−1, z0, . . . , zn−1).
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The symplectic form is

J =

(
0 In
In 0

)
over F2. A matrixM is symplectic when

MTJM = J.

C.1.4 Clifford generator matrices

For qubit i, the Hadamard swaps xi and zi:

Hi : ei ↔ en+i.

The phase gate has
zi ← zi + xi.

For CNOT with control c and target t,

xt ← xt + xc, zc ← zc + zt.

For CZ on i, j,
zi ← zi + xj , zj ← zj + xi.

SWAP exchanges both x and z coordinates of the two qubits.
The parabolic subgroup used in the census is generated by Si, CZij , and CXi→j . It stabilizes the Z

Lagrangian
LZ = span(en, . . . , e2n−1).

C.1.5 Two-qubit Clifford witness

The target symplectic matrix is

M2 =


0 1 0 0

1 0 0 0

1 1 0 1

1 1 1 0

 .

A restricted path is
CX0→1, S1, CX1→0, CX0→1,

with three charged entangling gates. An ambient path is

H1, CX1→0, CX0→1, H0, S1, S0,

with two charged entangling gates when H,S are free.
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C.1.6 Three-qubit Clifford witness

The target symplectic matrix is

M3 =



0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

1 0 1 0 1 0

0 1 0 0 0 1

0 1 0 1 0 0


.

A restricted total-count path is

CX0→2, CZ1,2, CX2→0, CX0→2, CX0→1, CX1→0, CX0→1,

while an ambient path is
H1, CX1→2, CX2→1, CX2→0, CX0→2, H0.

C.1.7 Classical reversible gates

For a bit string x ∈ Fn2 :
Xi : xi ← xi + 1,

CXc→t : xt ← xt + xc,

TOFa,b→t : xt ← xt + xaxb.

All other coordinates are unchanged. The first two generate AGL(n, 2). On three bits, all three generate
the full permutation group S8. For n ≥ 4 without ancillas they are all even permutations, so the
generated group is contained in A2n and is not the full symmetric group.

C.1.8 Bosonic symplectic embedding

For A ∈ GL(n,R),
ι(A) = diag(A,A−T ) ∈ Sp(2n,R).

This convention orders quadratures as (q1, . . . , qn, p1, . . . , pn).

C.1.9 Pauli rotations

For a Hermitian Pauli P ,
RP (θ) = e−iθP/2.

Clifford conjugation gives
CRP (θ)C

† = RCPC†(θ).

The sign of CPC† can be absorbed by changing θ to −θ.

C.1.10 Tensor and direct-sum conventions

For linear maps, A ⊕ B denotes a block-diagonal direct sum. The Kronecker product A ⊗ B uses
lexicographic ordering. In quantum chapters, U ⊗ V denotes the physical tensor product on disjoint
systems. These operations have different dimension and cost normalizations and are not interchanged
silently.
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C.2 Finite census tables and witnesses

C.2.1 Status key

Every table in this appendix is generated from exact finite output in the accompanying JSON files.
“Restricted size” and “ambient size” refer to the enumerated quotient groups, not necessarily the full
unitary groups including phases and translations.

C.2.2 Clifford census summary

Qubits Metric SWAP Restricted size Ambient size diamR diamA Defects

1 total no 2 6 1 3 0
1 entangling no 2 6 0 0 0
2 total no 48 720 5 8 0
2 entangling no 48 720 3 3 4
3 total no 10,752 1,451,520 8 12 24
3 total yes 10,752 1,451,520 7 11 0
3 entangling no 10,752 1,451,520 6 6 1,624

C.2.3 Clifford defect distributions

Model Distance pair Count

Two qubits, entangling 3→ 2 4
Three qubits, total 7→ 6 6
Three qubits, total 8→ 7 18
Three qubits, entangling 3→ 2 24
Three qubits, entangling 4→ 3 432
Three qubits, entangling 5→ 4 1,056
Three qubits, entangling 6→ 4 48
Three qubits, entangling 6→ 5 64

C.2.4 Affine-versus-Toffoli census

Bits Metric Restricted size Ambient size Restricted diameter Defects

3 total 1,344 40,320 7 0
3 entangling 1,344 40,320 6 0

C.2.5 Linear atom modular checks

Modulus Restricted word length Ambient word length Both match target

2 7 6 yes
3 7 6 yes
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5 7 6 yes
8 7 6 yes

These checks confirm the symbolic words. Exact optimality over general rings is proved separately
in the core chapter.

C.2.6 Core binary six-dimensional census

For U6(F2) there are 215 = 32,768 targets. The complete comparison is:

Restricted distance Ambient distance Number of targets

0 0 1
1 1 15
2 2 125
3 3 720
4 4 2,914
5 5 7,851
6 6 12,656
7 6 20
7 7 7,926
8 8 540

The twenty strict defects are exactly the analytic three-cross, one-phase motifs.

C.2.7 Endpoint Green coefficients for the canonical atom

Restricted word counts for degrees zero through ten are

0, 0, 0, 0, 0, 0, 0, 543, 25080, 510703, 10824940.

Ambient word counts for degrees zero through eight are

0, 0, 0, 0, 0, 0, 2, 776, 39454.

Thus first arrival occurs at seven and six, respectively.

C.2.8 Machine-readable locations

The release contains:

• results/atlas_results.json,
• results/clifford_n3_total.json,
• results/clifford_n3_total_swap.json,
• results/clifford_n3_entangling.json,
• the complete unitriangular supplement under core_extract/supplement/.

The JSON schema records model, metric, group sizes, diameters, defect distributions, and selected
witnesses.
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C.3 Python and C++ interface

C.3.1 Package overview

The Python package catalytic_gate_atlas exports exact primitives for the linear, Clifford, and classical
reversible experiments. It requires Python 3.10 or later and has no runtime dependencies.

C.3.2 Installation

cd code
python -m venv .venv
. .venv/bin/activate
python -m pip install -e . --no-build-isolation
python -m pytest tests

On Windows PowerShell, activation is

.\.venv\Scripts\Activate.ps1

C.3.3 Top-level API

from catalytic_gate_atlas import (
RowGate,
canonical_ambient_word,
canonical_restricted_word,
canonical_six_target,
snapshot_target,
verify_canonical_atom,
exact_clifford_census,
exact_affine_toffoli_census,
gate_word_to_openqasm,

)

C.3.4 Linear atom

from catalytic_gate_atlas import verify_canonical_atom

for modulus in (2, 3, 5, 8):
print(verify_canonical_atom(modulus))

The function evaluates the displayed restricted and ambient words over Z/mZ and compares both
endpoints with the canonical target.

C.3.5 Snapshot targets

from catalytic_gate_atlas import snapshot_target

# u=4 source updates; snapshots at phases 0, 2, and 4.
A = snapshot_target(4, phases=(0, 2, 4), modulus=2)
for row in A:

print(row)

295



Quantum and Circuits PART V

The generator checks phase order and produces the exact lower-unitriangular target matrix used in
the symbolic family.

C.3.6 Clifford census

from catalytic_gate_atlas import exact_clifford_census

print(exact_clifford_census(2, entangling_cost=True))
print(exact_clifford_census(2, entangling_cost=False))

The optional three-qubit Python census is slower. The release includes an optimized C++ program for
the full 1,451,520-state group.

C.3.7 Affine-versus-Toffoli census

from catalytic_gate_atlas import exact_affine_toffoli_census

print(exact_affine_toffoli_census(3, entangling_cost=False))
print(exact_affine_toffoli_census(3, entangling_cost=True))

The complete ambient enumeration is intentionally limited to three bits.

C.3.8 OpenQASM witness export

from catalytic_gate_atlas import gate_word_to_openqasm

word = ["H1", "CX12", "CX21", "CX20", "CX02", "H0"]
print(gate_word_to_openqasm(word, 3, title="ambient witness"))

The exporter supports the named H , S, X , CX, CZ, and SWAP gates used by the finite atlas and
writes OpenQASM 3. The supplied files in examples/ encode the two- and three-qubit restricted and
ambient witness words. The Clifford census is performedmodulo global phase and Pauli translations,
so equality of an exported pair refers to its binary symplectic action unless the ignored Pauli and phase
data are separately reconstructed.

PYTHONPATH=. python scripts/export_qasm_examples.py

C.3.9 Search primitives

from catalytic_gate_atlas.search import (
NamedGenerator,
breadth_first_distances,
breadth_first_with_parents,
zero_one_distances,
zero_one_with_parents,
dijkstra_distances,
reconstruct_path,
defect_distribution,

)

Every state must be immutable and hashable. The caller supplies a multiplication function with the
convention

multiply(generator, state).
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C.3.10 Binary matrix primitives

The module algebra.py provides:

• gf2_identity,
• gf2_mul,
• gf2_transpose,
• gf2_rank,
• dense modular matrix multiplication,
• exact permutation composition and inversion.

C.3.11 C++ verifier

g++ -O3 -std=c++20 scripts/clifford_census.cpp -o scripts/clifford_census
./scripts/clifford_census --n 3 --metric total
./scripts/clifford_census --n 3 --metric total --swap
./scripts/clifford_census --n 3 --metric entangling

The executable can write JSON using the --output option.

C.3.12 Figure generation

python scripts/make_monograph_figures.py

All new monograph figures are generated by Matplotlib without external data. The established uni-
triangular figures are preserved from the Paper I source archive.

C.3.13 Adding a new finite gate model

A new module should implement:

1. a canonical immutable state representation;
2. exact multiplication;
3. named restricted and ambient generators with nonnegative costs;
4. an exact target-membership test;
5. a census function returning the standard JSON fields;
6. smoke tests for group size and witness evaluation.

C.3.14 Standard result schema

A census result should include:
{

"model": "descriptive-name",
"size": n,
"metric": "total-or-weighted",
"restricted_group_size": ...,
"ambient_group_size": ...,
"restricted_diameter": ...,
"ambient_diameter": ...,
"defect_count": ...,
"defect_distribution": {...},
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"maximum_defect": ...,
"witness": {...},
"status": "complete finite enumeration"

}

A partial search must not use the status string “complete finite enumeration.”

C.3.15 Error handling

Several entry points validate dimensions, distinct controls, matrix shape, and cost restrictions. The
complete affine census rejects widths above three, and the C++ Clifford executable accepts only one
through three qubits. Low-level helpers assume well-formed indices and states, so callers should not
treat every helper as a fully validated public parser. The search code does not silently truncate its
reachable state space.

C.4 Conjecture and obligation ledger

C.4.1 How to read the ledger

The ledger separates established statements, complete computations, partial checks, and open conjec-
tures. “Open” means no proof is claimed in this monograph. “Computed” refers only to the stated
finite model.

ID Statement Status Decisive next step

L1 Canonical six-row transvection target
has lengths 7 and 6 over nonzero
commutative rings.

Proved Independent external proof
audit.

L2 Dimensions below six are rigid over
every coefficient field or ring.

Open Symbolic bounded-skeleton
elimination for n ≤ 5.

L3 Maximum unitriangular defect is
Θ(n logn).

Open Matching upper bound or
larger interacting-catalyst
family.

L4 Multiplicative unitriangular
distortion is bounded by 3/2.

Open Normal form beyond one clean
carrier.

L5 Canonical atom has lower border
length seven.

Open Eliminate six-gate word-map
components algebraically.

L6 A one-copy rigid target exhibits
tensor activation.

Open Exact tensor-power search or
asymptotic construction.

C1 Two-qubit parabolic Clifford
entangling model has four 3→ 2

defects in one free-phase orbit.

Analytic costs
and orbit; finite
classification

Complete: Theorem 10.5 plus
the exhaustive census.

C2 Three-qubit swap-free total Clifford
model has twenty-four defects.

Computed Analytic motif classification.

C3 Unit-cost SWAP eliminates all
three-qubit total defects.

Computed Determine whether rigidity
persists for larger n.

C4 Parabolic-versus-full Clifford defect is
unbounded.

Open Construct and certify an
amplifiable atom.
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N1 Three-bit affine targets receive no
Toffoli-assisted saving in the two
tested metrics.

Computed Independent implementation
and formal certificate.

N2 Some finite affine target is shortened
by temporary nonlinearity.

Open Complete four-bit
normal-form search.

P1 A diagonal target has a Pareto
improvement from non-diagonal
Clifford escape.

Open Exact small-width
multiobjective atlas.

P2 Phase-polynomial T -count displays
tensor activation.

Open Joint synthesis of repeated
phase targets.

G1 A number-conserving Gaussian target
is shortened by Bogoliubov escape.

Open Exact low-mode
orthogonal/symplectic search.

G2 A nearest-neighbor matchgate target
is shortened by restored mode
permutation.

Open Architecture-weighted routing
theorem.

S1 A constant-size symmetry-breaking
excursion can save unbounded cost.

Open Explicit sector-coupled family
and lower bound.

A1 A fixed number of dirty ancillas can
yield unbounded saving in a
non-linear quantum gate model.

Open Family with all-input
restoration proof.

R1 A nonsimply laced root system has
catalytic ratio exceeding 3/2.

Open Low-rank Chevalley word
search and restricted lower
bound.

H1 Typed Green kernels yield
non-enumerative distance lower
bounds.

Open Representation-theoretic
coefficient inequalities.

H2 Finite-degree transition moments
suffice to distinguish all Latin squares
of fixed order.

Open Moment hierarchy and
counterexample search.

Q1 The order-six quantum-Latin product
realization is empty while the
entangled realization is nonempty.

Established
externally

See Ball–Simoens and cited
entangled constructions.

C.4.2 Negative results worth preserving

The following failed or negative conclusions are part of the research record.

• Comparisons involving the separate hard Latin line-spread computation remain pending until its
input representatives and verifier are supplied.

• Abstract row-column-symbol eigenvalues do not distinguish order-six Latin main classes.
• No classification of the two hard classes by a projective spread operator is certified by the present

archive.
• Three-bit Toffoli assistance does not shorten affine targets in the tested costs.
• Adding unit-cost SWAP removes the three-qubit total-count Clifford defects in the declared quo-

tient model.

These results prevent overgeneralization and sharpen the next search spaces.
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C.4.3 Publication obligations

Before any skeleton chapter is separated into a theorem paper, complete:

1. targeted literature review,
2. independent verification of all exact computations,
3. a formal statement of equivalence conventions,
4. proof or certificate for every lower bound,
5. archive of source, expected outputs, and manifests,
6. explicit discussion of what the model omits.
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The formal circuit model

The purpose and evidence contract
This companion explains the actual Lean source behind the Circuit Obstructions main paper. It sup-
plies the computational model, the meaning of its predicates, the route from legal gates to the joint
lower bound, and all 115 indexed theorem types with exact source locations. The written arguments
are explained for a mathematical reader; the source proof terms remain authoritative.

The formal source has 115 indexed theorem declarations across eight modules.

Current formal verification

Fresh source compilation, axiom inspection, and replay of all eight modules passed. All eight
deliberately invalid or forbidden controls were rejected. The source package preserves the com-
plete current receipt and logs alongside historical evidence.

The formal subset consists of C01, the maintained NCT sharing-degree dependency from F3, and
the numerical lower-bound part of C02. C02’s evaluation-span dual, affine-input invariance and gen-
eral monotone ideal, together with C03–C08, remain outside this block. A theorem-name count is not
a count of independent discoveries. Forty declarations were inherited and 75 added in Block 02.

Part Reader’s task

Explanatory body Check the hypotheses and how the predicates represent Boolean mathematics
Proof dependencies Follow legal reversibility, cut coverage, shared degree, balancing and affine

compilation
Evidence chapters Distinguish written reasoning, exact finite checks, text scans and archived

kernel checking
Declaration register Inspect each complete elaborated type, file, line, block and axiom set

The guide does not supply a new toolchain, an independent checker or independent human review.
It preserves the original rights record and the original release files. There is no newpublication-novelty
or unrestricted hardness claim.
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The formal endpoint
Let c be a finite legal classical NOT/CNOT/Toffoli circuit. For n input bits and a zero-initialized an-
cillas, assume for every x and both initial target values b that

run(c)(x, 0a, b) = (x, 0a, b⊕ f(x)).

Write T = tc(c) for its number of Toffoli gates. The Block 02 joint endpoint is

Degree and complete-cover bound

DegreeLE(T + 1, f) and 2β∗(f) ≤ T + 3.

CircuitObstructions.restored_degree_and_cover_bound

Thefirst conclusion is an explicit certificate that f has a Booleanpolynomial representation of degree
at most T + 1. The second is the affine-optimized complete safe-cover lower bound, equivalently T ≥
max{0, 2β∗(f)− 3}.

This applies evenwhen the output controls intermediate gates, the inputs are modified temporarily,
and workspace is dirty internally. It requires restoration only at the boundary. It makes no restriction
to clean intermediate representations.

What changed

Block 01 proved that discrepancies between a prefix and an inverse suffix form a complete safe cover.
Block 02 supplies the missing degree dependency, proves that the cover parameters exist, constructs
the balanced cut, and implements affine-output adjustment using legal zero-Toffoli circuits.

What did not change

The mathematical scope remains the eight maintained claim groups. C02 is still partial as a group: its
dual-certificate theorem is not included. The formal source also proves

β(f) ≤ β∗(f) ≤ n.

This ceiling prevents the degree parameter alone from producing a superpolynomial lower bound.
No new best-known bound or publication-novelty claim is made.

Where the proof lives

Every proof term is in formalization/lean/CircuitObstructions/. The source inventory, archived 21
September elaboration log, and archived axiom report identify the exact statements. The register in
this document lists all 115 maintained theorem declarations, including the 40 inherited declarations.
Imported standard-library theorems are not counted.
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Model and definitions
THE ASSUMPTIONS ARE PART OF THE THEOREM

A general register state is a Boolean functionW → Bool on any wire type with decidable equality.
C01 does not assume that W is finite. The canonical degree model has a finite wire set with n input
wires, a ancillas, and one target. A NOT complements a bit. A CNOT adds one control to a distinct
target. A Toffoli adds the product of two distinct controls to a third distinct wire. Gate constructors
carry the required inequalities.

All arithmetic is over F2, implemented using Boolean XOR and AND. Each gate is its own inverse.
Circuit reversal, restoration, and every cut are inherited from the unchanged Block 01 source.

Quantity Meaning in the formal source

T Toffoli count. NOT and CNOT have cost zero in this count only.
DegreeLE(d, f) f is an XOR of finitely many monomials, each containing at most d variable

occurrences.
Safe detector A Boolean hwith h(x) = 1⇒ f(x) = 1.
Complete
coverage

Every positive v has a safe detector with h(v) = 1.

β(f) Least degree bound sufficient for complete safe coverage.
β∗(f) Least upper bound on β(f ⊕ g) over all degree-one g.

Polynomial certificates are not postulated degree oracles

The inductive certificate has three constructors: zero, a bounded-length monomial, and XOR of two
certified functions. It is tied to the concrete evaluator

polyEval(p, x) =
⊕
L∈p

∏
i∈L

xi

by a proved equivalence. A certificate yields an explicit finite monomial list, and such a list yields a
certificate.

Repeated variables are allowed in the list. Boolean idempotence reduces their repetitions without
increasing degree. This is the representation form of the usual Boolean degree bound. The formal
source does not separately implement canonical ANF normalization or claim that extracting every
homogeneous grade is free.

Boundary of the model

There are no quantum phases, measurements, or discarded work registers. Inputs and zero ancillas
restore for every logical input and both target values. Standard classical choice defines least semantic
bounds, but supplies no polynomial-time procedure for finding their witnesses.
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Why sharing does not break the degree bound
A STRONGER INVARIANT THAN SINGLE-REGISTER DEGREE

For a current state s(x) after t Toffolis, the invariant is

∀L, DegreeLE
(
t+ |L|, x 7→

∏
i∈L

si(x)

)
.

Lmay be any finite list, including repeated registers. Initially each coordinate is a variable or a constant,
so a product of r coordinates has degree at most r.

Suppose the next gate toggles target u by the product of a control list of length q. A product that
omits u is unchanged. If u occurs, idempotence removes all its repetitions. With R the remaining list,
the updated product is (

su
∏
i∈R

si

)
⊕

 ∏
j∈controls

sj
∏
i∈R

si

 .

The two old-state products have certified degrees at most

t+ 1 + |R| and t+ q + |R|.

Since |R|+1 ≤ |L|, the invariant’s budget rises by at most max{q−1, 0}: zero for NOT and CNOT, one
for Toffoli.

Induction along the actual gate list gives

DegreeLE
(
T + r, x 7→

∏
i∈L

run(c)(s(x))i

)
, r = |L|.

With r = 1, every register has degree at most T + 1.

Why this handles a DAG rather than just a formula

The proof never unfolds a reused intermediate value into duplicated computation. It estimates
arbitrary products of the current registers in one shared state. The budget increases once per
actual Toffoli, includingwhen its controls share earlier work or its target participates in feedback.

The statements are workspaceDegree_run and canonical_run_coordinate_degree. This formalizes the main-
tainedNCT specialization of F3. A separate generic XOR–AND circuit syntax and simulation theorem
are not added here.
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From the cut to a numerical lower bound
EXISTENCE, BALANCE, AND COMPLETE COVERAGE

Write c = p++ q. At this cut, Block 01 defines

Hi(x) = run(p)(x, 0a, 0)i ⊕ run(q−1)(x, 0a, 0)i

and proves
Hi ≤ f, f(x) = 1 ⇐⇒ ∃i Hi(x) = 1.

Reversal does not change Toffoli count. The new coordinate degree theorem therefore gives

deg(Hi) ≤ max{tc(p), tc(q)}+ 1.

The least safe degree exists

For a positive v, take the point indicator

δv(x) =

n∏
i=1

{
xi, vi = 1,

1 + xi, vi = 0.

It is safe, detects v, and has a degree-n certificate. Hence complete safe coverage exists at degree n
for every function. Strong induction proves the existence of a least admissible natural degree. The
definition beta chooses this bound and its specification and minimality are proved.

The balanced cut is constructed

Because each gate has cost zero or one, a prefix can realize every Toffoli count from zero to T . The
source proves this fact and extracts a cut with

max{tc(p), tc(q)} ≤ dT/2e .

The complete safe cut cover then proves

β(f) ≤ dT/2e+ 1, 2β(f) ≤ T + 3.

Natural-number arithmetic retains the floor/ceiling and small-T cases. No balance assumption is
added to the final theorem.
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Affine output adjustment is an actual circuit
THE OPTIMIZATION DOES NOT ASSUME A CLEAN NORMAL FORM

For every degree-one Boolean function g, the source constructs a restored implementationwith zero
Toffolis.

A constant is computed by the empty circuit or target NOT. An input variable uses a legal input-
to-target CNOT. XOR is implemented by concatenating restored circuits. Induction on a degree-one
certificate gives the general construction.

If c restores f and d restores g, their concatenation restores f ⊕ g. For the affine implementation,

tc(c++ d) = tc(c).

The unoptimized bound applies to every affine g at the same T . Define β∗(f) as the least upper bound
of those β(f ⊕ g) values. Existence follows from their common upper bound n.

Therefore
2β∗(f) ≤ T + 3, β(f) ≤ β∗(f) ≤ n.

The final output at initial target zero is exactly f , so the forward coordinate theorem also gives
DegreeLE(T + 1, f). The joint endpoint combines these two proved conclusions.

Nonvacuity: two-input AND

Every degree-one function on two inputs has zero XOR over the four corners of the input square. AND
has corner XOR one. Thus AND has no degree-one certificate.

A degree-one complete safe cover for AND would include a detector of its sole accepting input.
Safety forces that detector to be AND itself, contradicting the corner-parity lemma. The degree-two
monomial is a valid detector. The source proves

β(AND2) = β∗(AND2) = 2

and therefore every restored implementation of AND2 uses at least one Toffoli.
This is a theorem about all implementations in the model, not an exhaustive search through circuits.

It does not formalize the general k-input monomial optimum.
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Verification and proof boundaries
UNIVERSAL PROOFS AND FINITE CONTROLS REMAIN DISTINCT

Module Count Formal role

Gates 16 Inherited legal primitives and reversal
CutComparison 13 Inherited complete cut cover
Examples 11 Inherited dirty and output-active controls
Degree 19 Polynomial certificates and closure
MultiplicativeDegree 12 Degree invariant with sharing
SafeDegree 22 Least complete degree and balanced cuts
AffineOutput 14 Affine compiler and optimized bound
DegreeChecks 8 AND2 exclusion and exact parameters

Total 115 75 new declarations, 40 inherited
The current audit rebuilt all source in a fresh project directory, treated warnings as errors, printed

each declaration’s type and axiom dependencies, and replayed all eight modules through the bundled
checker. Its eight deliberately invalid or forbidden controls were rejected.

Only propext, Classical.choice, and Quot.sound occur in the archived audited dependencies. No
custom axiom, admitted proof, native-decision oracle, or kernel bypass is used. Lean 4.34.0-rc2 and its
bundled Std are pinned. This checker shares the toolchain’s trust boundary and is not an independent
implementation or human review.

The separate Python checker, freshly reproduced in this edition, uses exact truth tables and integer
Möbius transforms. It covers all 278 functions on zero through three inputs; all words over the docu-
mented 12-gate three-wire alphabet through length three and the 28-gate four-wire alphabet through
length two (2,698 words); 28,088 register-product checks; and 251 restored words. The universal theo-
rems do not follow by extrapolation from those finite tests.

What remains outside the formal block

C02’s evaluation-span dual, affine input invariance, and general monotone ideal are not formalized.
C03–C08 retain their previous written and finite-check status. The original classical/reversible circuit-
size comparison and general exact monomial-cost theorem are not newly formalized. The active claim
register controls interpretation.
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Reading the formal model literally
QUANTIFIERS AND ENCODING CARRY THE HYPOTHESES

The generic cut theory uses a logical-input type X , a wire type W with decidable equality, and a
boundary structure. Its essential fields are an encoding encode : X → Bool → (W → Bool), a target
wire, and the proof

encode(x, b)(target) = b.

This target equation separates the two target branches for each fixed input. It excludes an encoding that
silently ignores its supplied target bit. The source proves Boundary.target_separated; it does not assume
an injective encoding of every logical-input value as an additional hypothesis.

The restoration predicate is

∀x b, run(c)(encode(x, b)) = encode(x, b+ f(x)).

It is a hypothesis of the conditional theorem. The code does not assert that every gate list realizes a
restored oracle. The canonical encoding sets each input wire to its input bit, each ancillary wire to zero,
and the target to b. Its wire type is
Sum (Fin n) (Sum (Fin a) Unit)

which has exactly n+ a+ 1 wires.
In the generic C01 theorem, completeness is the existential statement

f(x) = 1 ⇐⇒ ∃i :W, Hi(x) = 1.

No finite disjunction is needed there. Specializing to the canonical finite wires yields the finite com-
plete family used in the main paper. Completeness does not say that the XOR of all packets recon-
structs f ; detecting packets can cancel under XOR. It states existence of a detecting coordinate at every
positive input.

No clean-intermediate condition occurs in these predicates. Legal gates may temporarily alter in-
puts, dirty scratch and use the target as a control. The source examples exercise those allowances.
Its compute/copy/uncompute AND example uses two Toffolis and is a restoration witness, whereas
direct AND uses one Toffoli. Neither example is an unrestricted circuit-search result.
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Certificates, semantic minima and natural arithmetic
WHAT THE FORMAL OBJECTS DO AND DO NOT COMPUTE

DegreeLE d f is an inductive representation predicate. Its constructors build zero, a monomial repre-
sented by a variable-occurrence list of length atmost d, andXORof certified functions. The polynomial
evaluator XORs the monomial-list values. The source proves the equivalence between a degree certifi-
cate and such a finite representation.

Repeated indices are permitted. Boolean idempotence reduces their repetitions, so the representa-
tion gives the usual multilinear degree bound. The formal block supplies no separate canonical ANF
normalization algorithm and no theorem that extracting homogeneous grades is computationally free.
Zero has a degree-zero certificate. The Python degree helper’s −1 convention for zero is a mathemati-
cal convention outside the natural-valued formal bound.

CompleteSafeDegreeLE f d says that every positive point has some degree-d safe detector. It does not
require one detector to cover all positives, and it places no efficiency bound on finding those detectors.
Point indicators show that d = n suffices. A least-bound existence theorem then permits the noncom-
putable definition beta. Its specification supplies complete coverage; its minimality compares it with
every sufficient natural bound.

AffineSafeDegreeLE f d universally quantifies every degree-one output function g and requires β(f +

g) ≤ d. The definition betaStar chooses its least common upper bound. There are finitelymany Boolean
functions on n inputs, so this least bound equals themain paper’s maximum over affine output masks.
It is a maximum over mask values, not a minimum over masks.

The source proves β(f) ≤ β∗(f) ≤ n. The zeromask supplies the first inequality. The point-indicator
bound supplies the second. Classical choice in the definitions is not a polynomial-time algorithm for
computing these parameters.

All counters and degree bounds in this block are natural numbers. In 2 * betaStar f - 3, subtraction
saturates at zero. Thus

2β∗(f)− 3 ≤ T

in the formal natural-number statement is the integer inequality max{0, 2β∗(f)−3} ≤ T . The nonsub-
tractive endpoint 2β∗(f) ≤ T + 3 avoids ambiguity. Rounding at odd T is retained; the balanced cut
is chosen by Toffoli count, not by half the gate-list length.
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The proof dependency route
A SOURCE MAP RATHER THAN A NEW AXIOM

Stage Source role and conclusion

Legal gates and reversal Distinct-wire constructor proofs; each gate is self-inverse; reverse gate
lists invert the run

Separated boundary The two initial target branches remain distinct after every prefix
Cut transport Inverse suffix meets the appropriate forward target branch; Hi = fDi

gives safety and pointwise completeness
Polynomial certificates Monomial evaluation and XOR/product closure connect concrete lists

to degree bounds
Shared register products Products of r current registers have budget t+ r after t Toffolis; repeats

and feedback are allowed
Balanced cut An attainable prefix cost gives both sides cost at most dT/2e; the

complete family gives the beta bound
Affine-output circuit Degree-one certificates compile to restored NOT/CNOT lists, giving

zero extra Toffolis for every mask
Joint endpoint The forward target at initial zero supplies f ; degree and

optimized-cover conclusions are conjoined
The strongest degree invariant concerns products of actual current registers. It does not duplicate

the histories of shared controls. This is why its coordinate consequence applies to DAG reuse, tem-
porary input modification and target feedback in this gate model. The general XOR–AND syntax
argument in the main paper remains a separate written proof.

The general run theorem needs degree-one certificates for the initial register functions. The canoni-
cal boundary supplies these certificates; restoration is used later to identify the final target with f . The
affine existence theorem constructs gate lists inside its proof. It does not expose a separate executable
compiler function or assert minimum total gate count.

The balanced cut and least-degree facts are established dependencies. They are not extra assump-
tions added to restored_degree_and_cover_bound. That endpoint assumes a legal gate list and restoration
in the canonical boundary model. The register prints its full type as L107.
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Formal and computational evidence
FRESH SOURCE CHECKING AND BOUNDED EXACT REPLAY

The current pinned Lean replay passed for all 115 indexed theorem declarations and eight modules.
The permitted axiom union is propext, Classical.choice, and Quot.sound. No project axiom or admitted
proof occurs in the maintained source.

The complete exact scientific replay also passed. Its finite domains are recorded in the claim-
coverage appendix and in the emitted run manifest. The degree-profile checker counts 278 functions
on zero through three inputs. The small-oracle construction suite counts 276 functions on one
through three inputs. The two zero-arity functions explain the difference. Those totals are not added
together as disjoint evidence.

The package retains historical failures as historical records. Current source compilation, kernel re-
play, finite computation, source integrity, and PDF rendering each establish a different kind of fact.
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Negative controls and the trust boundary
A REJECTION HAS A PRECISE ROLE

The current audit deliberately tested the following controls:

Control Why rejection matters

Illegal repeated wire Legal gate constructors require distinct controls and target
Target-only cut reconstruction A discrepancy can move to a data wire; completeness needs the

entire coordinate family
False theorem A false statement is not accepted merely because it has a theorem

wrapper
Placeholder guard The project rejects admitted or placeholder source constructs
False monomial degree A two-occurrence monomial cannot satisfy the supplied

length-at-most-one premise
False affine AND claim The supplied degree-two proof has the wrong type for a

degree-one target
False beta value Complete safe detection for AND2 cannot have degree one
False betaStar bound Optimization cannot erase the AND2 obstruction

All eight controls were freshly rejected. They help check that the audit detects these specified errors.
They are not additional positivemathematical results or an exhaustive attack on every possible checker
defect. The separate positive four-corner theoremproves the semantic impossibility of an affineAND2
certificate; it is not the mechanism of that particular wrong-type negative test.

The bundled checker shares the Lean toolchain’s trust boundary. It is not an independently imple-
mented proof checker. The restored runtime archivewas checked against the recorded combined hash.
The runtime remains a separately supplied dependency.

Historical development failures, rejected negative controls, and successful current checks are re-
tained as separate events in the evidence package.
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Reproduce and inspect the authoritative files
COMMANDS AND SOURCE IDENTITY

From source/komorebi-circuit-obstructions-v1.2.0, run
python scripts/check_integrity.py
python scripts/verify.py --all
python scripts/verify_lean.py --toolchain /path/to/toolchain

The integrity check needs Python; the full scientific replay also needs a C++17 compiler. The last com-
mand needs the pinned Lean toolchain supplied separately. The verification scripts do not download
it. A missing toolchain fails before proof checking. The current completion pass restored the pinned
runtime and successfully executed this verification.

From the publication-set root, regenerate the exact declaration appendix and the explanatory guide
source with
python scripts/build_lean_register.py
python scripts/build_lean_guide.py
python scripts/build_documents.py
python scripts/verify_publication.py

The register generator verifies all 115 source hashes and declaration lines against the archived catalog,
then copies each complete elaborated type. The guide generator preserves the archived explanatory
proof route and adds this edition’s evidence distinctions. Neither script compiles Lean.

The unmodified source ZIP’s SHA-256 is
88628c8274660bd20e11fec83249fdc04960403b9d64d1e5068a476b8c025936

The complete publication package preserves that ZIP, the repository bundle, original companions
and current evidence. Its new manifest binds the revised papers, generators and figure assets. Hash
consistency is not an authorship certificate or mathematical proof.

The declaration register follows. It includes the 40 inherited results and 75 Block 02 additions. The
ten non-ASCII logical glyphs in its exact type text are rendered as mathematical glyphs for readability.
The unchanged UTF-8 sidecar is manuscripts/lean_statements_utf8.txt; the original authoritative catalog
is reference/lean-block02/declaration_catalog.json in the source release. Imported library declarations
and explanatory prose are not counted as new project theorems.
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Complete declaration register
The following 115 types are transcribed from the archivedBlock 02 declaration catalog.Unicode logical
operators are rendered as mathematical glyphs; the complete original UTF-8 statements are also sup-
plied. Source files and line locators match the preserved source hashes. The current replay rechecked
the source declarations. The transcribed types remain tied to the supplied declaration catalog.

Gates: 16 declarations

L001 write_same
Source. CircuitObstructions/Gates.lean:17
Block. 01 Axioms. propext

CircuitObstructions.write_same {W : Type} [DecidableEq W] (s : CircuitObstructions.State W) (t : W) (b : Bool) :
CircuitObstructions.write s t b t = b

L002 write_other
Source. CircuitObstructions/Gates.lean:20
Block. 01 Axioms. propext

CircuitObstructions.write_other {W : Type} [DecidableEq W] (s : CircuitObstructions.State W) (t i : W) (b : Bool)
(h : i ≠t) : CircuitObstructions.write s t b i = s i

L003 xor_cancel_right
Source. CircuitObstructions/Gates.lean:23
Block. 01 Axioms. none

CircuitObstructions.xor_cancel_right (a b : Bool) : (a ^^ b ^^ b) = a

L004 xor_cancel_left
Source. CircuitObstructions/Gates.lean:26
Block. 01 Axioms. none

CircuitObstructions.xor_cancel_left (a b : Bool) : (a ^^ (a ^^ b)) = b

L005 xor_commute
Source. CircuitObstructions/Gates.lean:29
Block. 01 Axioms. none

CircuitObstructions.xor_commute (a b : Bool) : (a ^^ b) = (b ^^ a)

L006 xor_true_iff_ne
Source. CircuitObstructions/Gates.lean:32
Block. 01 Axioms. none

CircuitObstructions.xor_true_iff_ne (a b : Bool) : (a ^^ b) = true ↔a ≠b

L007 eval_involutive
Source. CircuitObstructions/Gates.lean:48
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.Gate.eval_involutive {W : Type} [DecidableEq W] (g : CircuitObstructions.Gate W)
(s : CircuitObstructions.State W) : g.eval (g.eval s) = s
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L008 eval_injective
Source. CircuitObstructions/Gates.lean:67
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.Gate.eval_injective {W : Type} [DecidableEq W] (g : CircuitObstructions.Gate W)
{s t : CircuitObstructions.State W} (h : g.eval s = g.eval t) : s = t

L009 run_nil
Source. CircuitObstructions/Gates.lean:78
Block. 01 Axioms. none

CircuitObstructions.run_nil {W : Type} [DecidableEq W] (s : CircuitObstructions.State W) :
CircuitObstructions.run [] s = s

L010 run_cons
Source. CircuitObstructions/Gates.lean:81
Block. 01 Axioms. none

CircuitObstructions.run_cons {W : Type} [DecidableEq W] (g : CircuitObstructions.Gate W)
(gs : CircuitObstructions.Circuit W) (s : CircuitObstructions.State W) :
CircuitObstructions.run (g :: gs) s = CircuitObstructions.run gs (g.eval s)

L011 run_append
Source. CircuitObstructions/Gates.lean:84
Block. 01 Axioms. none

CircuitObstructions.run_append {W : Type} [DecidableEq W] (p q : CircuitObstructions.Circuit W)
(s : CircuitObstructions.State W) :
CircuitObstructions.run (p ++ q) s = CircuitObstructions.run q (CircuitObstructions.run p s)

L012 run_reverse_run
Source. CircuitObstructions/Gates.lean:90
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.run_reverse_run {W : Type} [DecidableEq W] (c : CircuitObstructions.Circuit W)
(s : CircuitObstructions.State W) : CircuitObstructions.run (List.reverse c) (CircuitObstructions.run c s) = s

L013 run_run_reverse
Source. CircuitObstructions/Gates.lean:98
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.run_run_reverse {W : Type} [DecidableEq W] (c : CircuitObstructions.Circuit W)
(s : CircuitObstructions.State W) : CircuitObstructions.run c (CircuitObstructions.run (List.reverse c) s) = s

L014 run_injective
Source. CircuitObstructions/Gates.lean:102
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.run_injective {W : Type} [DecidableEq W] (c : CircuitObstructions.Circuit W)
{s t : CircuitObstructions.State W} (h : CircuitObstructions.run c s = CircuitObstructions.run c t) : s = t

L015 toffoliCount_append
Source. CircuitObstructions/Gates.lean:114
Block. 01 Axioms. propext

CircuitObstructions.toffoliCount_append {W : Type} (p q : CircuitObstructions.Circuit W) :
CircuitObstructions.toffoliCount (p ++ q) = CircuitObstructions.toffoliCount p + CircuitObstructions.toffoliCount q
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L016 toffoliCount_reverse
Source. CircuitObstructions/Gates.lean:118
Block. 01 Axioms. propext

CircuitObstructions.toffoliCount_reverse {W : Type} (c : CircuitObstructions.Circuit W) :
CircuitObstructions.toffoliCount (List.reverse c) = CircuitObstructions.toffoliCount c

CutComparison: 13 declarations

L017 target_separated
Source. CircuitObstructions/CutComparison.lean:17
Block. 01 Axioms. propext

CircuitObstructions.Boundary.target_separated {X W : Type} (e : CircuitObstructions.Boundary X W) (x : X) :
e.encode x false ≠e.encode x true

L018 canonical_input
Source. CircuitObstructions/CutComparison.lean:39
Block. 01 Axioms. none

CircuitObstructions.canonical_input (n a : Nat) (x : Fin n →Bool) (b : Bool) (i : Fin n) :
(CircuitObstructions.canonicalBoundary n a).encode x b (Sum.inl i) = x i

L019 canonical_ancilla
Source. CircuitObstructions/CutComparison.lean:42
Block. 01 Axioms. none

CircuitObstructions.canonical_ancilla (n a : Nat) (x : Fin n →Bool) (b : Bool) (i : Fin a) :
(CircuitObstructions.canonicalBoundary n a).encode x b (Sum.inr (Sum.inl i)) = false

L020 canonical_target
Source. CircuitObstructions/CutComparison.lean:45
Block. 01 Axioms. none

CircuitObstructions.canonical_target (n a : Nat) (x : Fin n →Bool) (b : Bool) :
(CircuitObstructions.canonicalBoundary n a).encode x b (Sum.inr (Sum.inr ())) = b

L021 inverse_suffix_boundary
Source. CircuitObstructions/CutComparison.lean:49
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.inverse_suffix_boundary {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) (x : X)
(b : Bool) :
CircuitObstructions.run (List.reverse q) (e.encode x b) = CircuitObstructions.run p (e.encode x (b ^^ f x))

L022 direction_nonzero
Source. CircuitObstructions/CutComparison.lean:67
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.direction_nonzero {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p : CircuitObstructions.Circuit W) (x : X) : ∃i, CircuitObstructions.direction e p x i = true
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L023 cut_transport_identity
Source. CircuitObstructions/CutComparison.lean:82
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.cut_transport_identity {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) (x : X)
(i : W) : CircuitObstructions.packet e p q x i = (f x && CircuitObstructions.direction e p x i)

L024 cut_packet_safe
Source. CircuitObstructions/CutComparison.lean:91
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.cut_packet_safe {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) (x : X)
(i : W) : CircuitObstructions.packet e p q x i = true →f x = true

L025 cut_cover_complete
Source. CircuitObstructions/CutComparison.lean:99
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.cut_cover_complete {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) (x : X) :
f x = true ↔∃i, CircuitObstructions.packet e p q x i = true

L026 complete_safe_cover
Source. CircuitObstructions/CutComparison.lean:111
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.complete_safe_cover {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) :∀
( (x : X) (i : W), CircuitObstructions.packet e p q x i = true →f x = true) ∧∀

(x : X), f x = true ↔∃i, CircuitObstructions.packet e p q x i = true

L027 cut_states_equal_iff_reject
Source. CircuitObstructions/CutComparison.lean:119
Block. 01 Axioms. propext, Quot.sound

CircuitObstructions.cut_states_equal_iff_reject {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(p q : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e (p ++ q) f) (x : X) :
CircuitObstructions.run p (e.encode x false) = CircuitObstructions.run (List.reverse q) (e.encode x false) ↔
f x = false

L028 every_index_cut
Source. CircuitObstructions/CutComparison.lean:131
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.every_index_cut {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(c : CircuitObstructions.Circuit W) (f : X →Bool) (hR : CircuitObstructions.Restores e c f) (k : Nat) (x : X) :
f x = true ↔∃i, CircuitObstructions.packet e (List.take k c) (List.drop k c) x i = true
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L029 canonical_complete_safe_cover
Source. CircuitObstructions/CutComparison.lean:139
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.canonical_complete_safe_cover (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : (Fin n →Bool) →Bool)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) (k : Nat) :∀
( (x : Fin n →Bool) (i : CircuitObstructions.CanonicalWire n a),

CircuitObstructions.packet (CircuitObstructions.canonicalBoundary n a) (List.take k c) (List.drop k c) x i =
true →

f x = true) ∧∀
(x : Fin n →Bool),
f x = true ↔∃

i,
CircuitObstructions.packet (CircuitObstructions.canonicalBoundary n a) (List.take k c) (List.drop k c) x i =
true

Examples: 11 declarations

L030 andOracle_restores
Source. CircuitObstructions/Examples.lean:27
Block. 01 Axioms. Quot.sound

CircuitObstructions.Examples.andOracle_restores :
CircuitObstructions.Restores CircuitObstructions.Examples.andBoundary CircuitObstructions.Examples.andOracle fun x =>
x.fst && x.snd

L031 andOracle_toffoli_count
Source. CircuitObstructions/Examples.lean:33
Block. 01 Axioms. propext

CircuitObstructions.Examples.andOracle_toffoli_count :
CircuitObstructions.toffoliCount CircuitObstructions.Examples.andOracle = 2

L032 and_scratch_can_be_dirty
Source. CircuitObstructions/Examples.lean:36
Block. 01 Axioms. none

CircuitObstructions.Examples.and_scratch_can_be_dirty :
CircuitObstructions.run CircuitObstructions.Examples.andCompute

(CircuitObstructions.Examples.andBoundary.encode (true, true) false)
CircuitObstructions.Examples.WorkWire.scratch =

true

L033 andOracle_every_cut
Source. CircuitObstructions/Examples.lean:40
Block. 01 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.Examples.andOracle_every_cut (k : Nat) (x : Bool ×Bool) :
(x.fst && x.snd) = true ↔∃

i,
CircuitObstructions.packet CircuitObstructions.Examples.andBoundary

(List.take k CircuitObstructions.Examples.andOracle) (List.drop k CircuitObstructions.Examples.andOracle) x
i =

true
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L034 outputActiveOracle_restores
Source. CircuitObstructions/Examples.lean:66
Block. 01 Axioms. Quot.sound

CircuitObstructions.Examples.outputActiveOracle_restores :
CircuitObstructions.Restores CircuitObstructions.Examples.swapBoundary CircuitObstructions.Examples.outputActiveOracle
fun x => true

L035 outputActiveOracle_length
Source. CircuitObstructions/Examples.lean:71
Block. 01 Axioms. none

CircuitObstructions.Examples.outputActiveOracle_length : List.length CircuitObstructions.Examples.outputActiveOracle = 7

L036 outputActiveOracle_toffoli_count
Source. CircuitObstructions/Examples.lean:73
Block. 01 Axioms. propext

CircuitObstructions.Examples.outputActiveOracle_toffoli_count :
CircuitObstructions.toffoliCount CircuitObstructions.Examples.outputActiveOracle = 0

L037 moved_discrepancy_data
Source. CircuitObstructions/Examples.lean:76
Block. 01 Axioms. none

CircuitObstructions.Examples.moved_discrepancy_data (x : Bool) :
CircuitObstructions.packet CircuitObstructions.Examples.swapBoundary CircuitObstructions.Examples.swapCircuit

CircuitObstructions.Examples.swapSuffix x CircuitObstructions.Examples.SwapWire.data =
true

L038 moved_discrepancy_target
Source. CircuitObstructions/Examples.lean:80
Block. 01 Axioms. none

CircuitObstructions.Examples.moved_discrepancy_target (x : Bool) :
CircuitObstructions.packet CircuitObstructions.Examples.swapBoundary CircuitObstructions.Examples.swapCircuit

CircuitObstructions.Examples.swapSuffix x CircuitObstructions.Examples.SwapWire.target =
false

L039 target_only_reconstruction_is_false
Source. CircuitObstructions/Examples.lean:85
Block. 01 Axioms. none

CircuitObstructions.Examples.target_only_reconstruction_is_false :
¬∀(x : Bool),

CircuitObstructions.packet CircuitObstructions.Examples.swapBoundary CircuitObstructions.Examples.swapCircuit
CircuitObstructions.Examples.swapSuffix x CircuitObstructions.Examples.SwapWire.target =

true

L040 degenerate_encoding_control
Source. CircuitObstructions/Examples.lean:93
Block. 01 Axioms. none

CircuitObstructions.Examples.degenerate_encoding_control :
have bad := fun x x_1 => false;∀
( (y : Bool), CircuitObstructions.run [] (bad y) = bad (y ^^ true)) ∧∀

(i : CircuitObstructions.Examples.SwapWire), (bad false i ^^ bad false i) = false
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Degree: 19 declarations

L041 bprod_nil
Source. CircuitObstructions/Degree.lean:19
Block. 02 Axioms. none

CircuitObstructions.bprod_nil {W : Type} (s : CircuitObstructions.State W) : CircuitObstructions.bprod [] s = true

L042 bprod_cons
Source. CircuitObstructions/Degree.lean:20
Block. 02 Axioms. none

CircuitObstructions.bprod_cons {W : Type} (i : W) (is : List W) (s : CircuitObstructions.State W) :
CircuitObstructions.bprod (i :: is) s = (s i && CircuitObstructions.bprod is s)

L043 bprod_append
Source. CircuitObstructions/Degree.lean:23
Block. 02 Axioms. propext

CircuitObstructions.bprod_append {W : Type} (l k : List W) (s : CircuitObstructions.State W) :
CircuitObstructions.bprod (l ++ k) s = (CircuitObstructions.bprod l s && CircuitObstructions.bprod k s)

L044 xor_and_right
Source. CircuitObstructions/Degree.lean:29
Block. 02 Axioms. none

CircuitObstructions.xor_and_right (a b c : Bool) : ((a ^^ b) && c) = (a && c ^^ b && c)

L045 and_xor_right
Source. CircuitObstructions/Degree.lean:33
Block. 02 Axioms. none

CircuitObstructions.and_xor_right (a b c : Bool) : (a && (b ^^ c)) = (a && b ^^ a && c)

L046 not_as_xor_one
Source. CircuitObstructions/Degree.lean:37
Block. 02 Axioms. none

CircuitObstructions.not_as_xor_one (a : Bool) : (!a) = (a ^^ true)

L047 mono
Source. CircuitObstructions/Degree.lean:47
Block. 02 Axioms. none

CircuitObstructions.DegreeLE.mono {n d e : Nat} {f : CircuitObstructions.BFun n} (h : CircuitObstructions.DegreeLE d f)
(hde : d ≤e) : CircuitObstructions.DegreeLE e f

L048 one
Source. CircuitObstructions/Degree.lean:54
Block. 02 Axioms. none

CircuitObstructions.DegreeLE.one (n d : Nat) : CircuitObstructions.DegreeLE d fun x => true

L049 constant
Source. CircuitObstructions/Degree.lean:57
Block. 02 Axioms. none

CircuitObstructions.DegreeLE.constant (n d : Nat) (b : Bool) : CircuitObstructions.DegreeLE d fun x => b
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L050 variable
Source. CircuitObstructions/Degree.lean:63
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.DegreeLE.variable {n : Nat} (i : Fin n) : CircuitObstructions.DegreeLE 1 fun x => x i

L051 xor
Source. CircuitObstructions/Degree.lean:67
Block. 02 Axioms. propext

CircuitObstructions.DegreeLE.xor {n d e : Nat} {f g : CircuitObstructions.BFun n}
(hf : CircuitObstructions.DegreeLE d f) (hg : CircuitObstructions.DegreeLE e g) :
CircuitObstructions.DegreeLE (max d e) fun x => f x ^^ g x

L052 not
Source. CircuitObstructions/Degree.lean:72
Block. 02 Axioms. Quot.sound

CircuitObstructions.DegreeLE.not {n d : Nat} {f : CircuitObstructions.BFun n} (hf : CircuitObstructions.DegreeLE d f) :
CircuitObstructions.DegreeLE d fun x => !f x

L053 monomial_mul
Source. CircuitObstructions/Degree.lean:76
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.DegreeLE.monomial_mul {n d e : Nat} (l : List (Fin n)) (hl : l.length ≤d)
{g : CircuitObstructions.BFun n} (hg : CircuitObstructions.DegreeLE e g) :
CircuitObstructions.DegreeLE (d + e) fun x => CircuitObstructions.bprod l x && g x

L054 mul
Source. CircuitObstructions/Degree.lean:87
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.DegreeLE.mul {n d e : Nat} {f g : CircuitObstructions.BFun n}
(hf : CircuitObstructions.DegreeLE d f) (hg : CircuitObstructions.DegreeLE e g) :
CircuitObstructions.DegreeLE (d + e) fun x => f x && g x

L055 product
Source. CircuitObstructions/Degree.lean:96
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.DegreeLE.product {n : Nat} {W : Type} (l : List W)
(s : (Fin n →Bool) →CircuitObstructions.State W) (h : ∀(i : W), CircuitObstructions.DegreeLE 1 fun x => s x i) :
CircuitObstructions.DegreeLE l.length fun x => CircuitObstructions.bprod l (s x)

L056 polyEval_append
Source. CircuitObstructions/Degree.lean:109
Block. 02 Axioms. propext

CircuitObstructions.polyEval_append {n : Nat} (p q : List (List (Fin n))) (x : Fin n →Bool) :
CircuitObstructions.polyEval (p ++ q) x = (CircuitObstructions.polyEval p x ^^ CircuitObstructions.polyEval q x)

L057 polynomial_witness
Source. CircuitObstructions/Degree.lean:115
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.DegreeLE.polynomial_witness {n d : Nat} {f : CircuitObstructions.BFun n}
(h : CircuitObstructions.DegreeLE d f) :∃
p, ∀( (l : List (Fin n)), l ∈p →l.length ≤d) ∧CircuitObstructions.polyEval p = f
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L058 polynomial_degree_certificate
Source. CircuitObstructions/Degree.lean:134
Block. 02 Axioms. propext

CircuitObstructions.polynomial_degree_certificate {n d : Nat} (p : List (List (Fin n)))
(hp : ∀(l : List (Fin n)), l ∈p →l.length ≤d) : CircuitObstructions.DegreeLE d (CircuitObstructions.polyEval p)

L059 degreeLE_iff_polynomial
Source. CircuitObstructions/Degree.lean:142
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.degreeLE_iff_polynomial {n d : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.DegreeLE d f ↔∃

p, ∀( (l : List (Fin n)), l ∈p →l.length ≤d) ∧CircuitObstructions.polyEval p = f

MultiplicativeDegree: 12 declarations

L060 withoutWire_length_le
Source. CircuitObstructions/MultiplicativeDegree.lean:17
Block. 02 Axioms. propext

CircuitObstructions.withoutWire_length_le {W : Type} [DecidableEq W] (l : List W) (t : W) :
(CircuitObstructions.withoutWire l t).length ≤l.length

L061 withoutWire_length_lt
Source. CircuitObstructions/MultiplicativeDegree.lean:21
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.withoutWire_length_lt {W : Type} [DecidableEq W] (l : List W) (t : W) (ht : t ∈l) :
(CircuitObstructions.withoutWire l t).length + 1 ≤l.length

L062 bprod_write
Source. CircuitObstructions/MultiplicativeDegree.lean:33
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.bprod_write {W : Type} [DecidableEq W] (l : List W) (s : CircuitObstructions.State W) (t : W)
(b : Bool) :
CircuitObstructions.bprod l (CircuitObstructions.write s t b) =
((if t ∈l then b else true) && CircuitObstructions.bprod (CircuitObstructions.withoutWire l t) s)

L063 bprod_write_absent
Source. CircuitObstructions/MultiplicativeDegree.lean:48
Block. 02 Axioms. propext

CircuitObstructions.bprod_write_absent {W : Type} [DecidableEq W] (l : List W) (s : CircuitObstructions.State W) (t : W)
(b : Bool) (ht : ¬t ∈l) :
CircuitObstructions.bprod l (CircuitObstructions.write s t b) = CircuitObstructions.bprod l s

L064 workspaceDegree_initial
Source. CircuitObstructions/MultiplicativeDegree.lean:62
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.workspaceDegree_initial {n : Nat} {W : Type} (s : (Fin n →Bool) →CircuitObstructions.State W)
(h : ∀(i : W), CircuitObstructions.DegreeLE 1 fun x => s x i) : CircuitObstructions.WorkspaceDegree s 0
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L065 workspaceDegree_toggle
Source. CircuitObstructions/MultiplicativeDegree.lean:73
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.workspaceDegree_toggle {n : Nat} {W : Type} [DecidableEq W]
(s : (Fin n →Bool) →CircuitObstructions.State W) (t : W) (controls : List W) (k : Nat)
(h : CircuitObstructions.WorkspaceDegree s k) :
CircuitObstructions.WorkspaceDegree (CircuitObstructions.toggleProduct s t controls) (k + (controls.length - 1))

L066 workspaceDegree_gate
Source. CircuitObstructions/MultiplicativeDegree.lean:104
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.workspaceDegree_gate {n : Nat} {W : Type} [DecidableEq W]
(s : (Fin n →Bool) →CircuitObstructions.State W) (g : CircuitObstructions.Gate W) (k : Nat)
(h : CircuitObstructions.WorkspaceDegree s k) :
CircuitObstructions.WorkspaceDegree (fun x => g.eval (s x)) (k + g.toffoliCost)

L067 workspaceDegree_run
Source. CircuitObstructions/MultiplicativeDegree.lean:128
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.workspaceDegree_run {n : Nat} {W : Type} [DecidableEq W] (c : CircuitObstructions.Circuit W)
(s : (Fin n →Bool) →CircuitObstructions.State W) (k : Nat) (h : CircuitObstructions.WorkspaceDegree s k) :
CircuitObstructions.WorkspaceDegree (fun x => CircuitObstructions.run c (s x))
(k + CircuitObstructions.toffoliCount c)

L068 run_coordinate_degree
Source. CircuitObstructions/MultiplicativeDegree.lean:139
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.run_coordinate_degree {n : Nat} {W : Type} [DecidableEq W] (c : CircuitObstructions.Circuit W)
(s : (Fin n →Bool) →CircuitObstructions.State W) (hs : ∀(i : W), CircuitObstructions.DegreeLE 1 fun x => s x i)
(i : W) :
CircuitObstructions.DegreeLE (CircuitObstructions.toffoliCount c + 1) fun x => CircuitObstructions.run c (s x) i

L069 canonical_boundary_degree
Source. CircuitObstructions/MultiplicativeDegree.lean:146
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_boundary_degree (n a : Nat) (b : Bool) (i : CircuitObstructions.CanonicalWire n a) :
CircuitObstructions.DegreeLE 1 fun x => (CircuitObstructions.canonicalBoundary n a).encode x b i

L070 canonical_run_coordinate_degree
Source. CircuitObstructions/MultiplicativeDegree.lean:155
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_run_coordinate_degree (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (b : Bool)
(i : CircuitObstructions.CanonicalWire n a) :
CircuitObstructions.DegreeLE (CircuitObstructions.toffoliCount c + 1) fun x =>
CircuitObstructions.run c ((CircuitObstructions.canonicalBoundary n a).encode x b) i

L071 canonical_cut_packet_degree
Source. CircuitObstructions/MultiplicativeDegree.lean:161
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_cut_packet_degree (n a : Nat)
(p q : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a))
(i : CircuitObstructions.CanonicalWire n a) :
CircuitObstructions.DegreeLE (max (CircuitObstructions.toffoliCount p) (CircuitObstructions.toffoliCount q) + 1)
fun x => CircuitObstructions.packet (CircuitObstructions.canonicalBoundary n a) p q x i
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SafeDegree: 22 declarations

L072 mono
Source. CircuitObstructions/SafeDegree.lean:16
Block. 02 Axioms. none

CircuitObstructions.CompleteSafeDegreeLE.mono {n d e : Nat} {f : CircuitObstructions.BFun n}
(h : CircuitObstructions.CompleteSafeDegreeLE f d) (hde : d ≤e) : CircuitObstructions.CompleteSafeDegreeLE f e

L073 bprod_true_iff
Source. CircuitObstructions/SafeDegree.lean:22
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.bprod_true_iff {W : Type} (l : List W) (s : CircuitObstructions.State W) :
CircuitObstructions.bprod l s = true ↔∀(i : W), i ∈l →s i = true

L074 pointIndicator_true_iff
Source. CircuitObstructions/SafeDegree.lean:31
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.pointIndicator_true_iff {n : Nat} (v x : Fin n →Bool) :
CircuitObstructions.pointIndicator v x = true ↔x = v

L075 pointIndicator_degree
Source. CircuitObstructions/SafeDegree.lean:44
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.pointIndicator_degree {n : Nat} (v : Fin n →Bool) :
CircuitObstructions.DegreeLE n (CircuitObstructions.pointIndicator v)

L076 completeSafeDegree_le_inputs
Source. CircuitObstructions/SafeDegree.lean:56
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.completeSafeDegree_le_inputs {n : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.CompleteSafeDegreeLE f n

L077 exists_least_degree
Source. CircuitObstructions/SafeDegree.lean:65
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.exists_least_degree (P : Nat →Prop) (n : Nat) (hn : P n) : ∃r, P r ∧∀(k : Nat), P k →r ≤k

L078 beta_exists
Source. CircuitObstructions/SafeDegree.lean:83
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_exists {n : Nat} (f : CircuitObstructions.BFun n) :∃
r, CircuitObstructions.CompleteSafeDegreeLE f r ∧∀(k : Nat), CircuitObstructions.CompleteSafeDegreeLE f k →r ≤k

L079 beta_spec
Source. CircuitObstructions/SafeDegree.lean:90
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_spec {n : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.CompleteSafeDegreeLE f (CircuitObstructions.beta f)
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L080 beta_le_of_cover
Source. CircuitObstructions/SafeDegree.lean:93
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_le_of_cover {n d : Nat} {f : CircuitObstructions.BFun n}
(h : CircuitObstructions.CompleteSafeDegreeLE f d) : CircuitObstructions.beta f ≤d

L081 beta_le_iff
Source. CircuitObstructions/SafeDegree.lean:97
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_le_iff {n d : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.beta f ≤d ↔CircuitObstructions.CompleteSafeDegreeLE f d

L082 beta_le_inputs
Source. CircuitObstructions/SafeDegree.lean:103
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_le_inputs {n : Nat} (f : CircuitObstructions.BFun n) : CircuitObstructions.beta f ≤n

L083 beta_zero
Source. CircuitObstructions/SafeDegree.lean:106
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_zero (n : Nat) : (CircuitObstructions.beta fun x => false) = 0

L084 canonical_cut_completeSafeDegree
Source. CircuitObstructions/SafeDegree.lean:113
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.canonical_cut_completeSafeDegree (n a : Nat)
(p q : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) (p ++ q) f) :
CircuitObstructions.CompleteSafeDegreeLE f
(max (CircuitObstructions.toffoliCount p) (CircuitObstructions.toffoliCount q) + 1)

L085 toffoliCost_le_one
Source. CircuitObstructions/SafeDegree.lean:124
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.Gate.toffoliCost_le_one {W : Type} (g : CircuitObstructions.Gate W) : g.toffoliCost ≤1

L086 toffoliCount_nil
Source. CircuitObstructions/SafeDegree.lean:127
Block. 02 Axioms. propext

CircuitObstructions.toffoliCount_nil {W : Type} : CircuitObstructions.toffoliCount [] = 0

L087 toffoliCount_cons
Source. CircuitObstructions/SafeDegree.lean:129
Block. 02 Axioms. propext

CircuitObstructions.toffoliCount_cons {W : Type} (g : CircuitObstructions.Gate W) (c : CircuitObstructions.Circuit W) :
CircuitObstructions.toffoliCount (g :: c) = g.toffoliCost + CircuitObstructions.toffoliCount c
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L088 exists_cut_with_toffoliCount
Source. CircuitObstructions/SafeDegree.lean:133
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.exists_cut_with_toffoliCount {W : Type} (c : CircuitObstructions.Circuit W) (k : Nat)
(hk : k ≤CircuitObstructions.toffoliCount c) : ∃p q, c = p ++ q ∧CircuitObstructions.toffoliCount p = k

L089 exists_balanced_toffoli_cut
Source. CircuitObstructions/SafeDegree.lean:155
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.exists_balanced_toffoli_cut {W : Type} (c : CircuitObstructions.Circuit W) :∃
p q,
c = p ++ q ∧
max (CircuitObstructions.toffoliCount p) (CircuitObstructions.toffoliCount q) ≤
(CircuitObstructions.toffoliCount c + 1) / 2

L090 canonical_restored_completeSafeDegree
Source. CircuitObstructions/SafeDegree.lean:165
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.canonical_restored_completeSafeDegree (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
CircuitObstructions.CompleteSafeDegreeLE f ((CircuitObstructions.toffoliCount c + 1) / 2 + 1)

L091 beta_le_half_toffoliCount
Source. CircuitObstructions/SafeDegree.lean:173
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_le_half_toffoliCount (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
CircuitObstructions.beta f ≤(CircuitObstructions.toffoliCount c + 1) / 2 + 1

L092 beta_restoration_bound
Source. CircuitObstructions/SafeDegree.lean:179
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_restoration_bound (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
2 * CircuitObstructions.beta f ≤CircuitObstructions.toffoliCount c + 3

L093 toffoliCount_ge_two_beta_sub_three
Source. CircuitObstructions/SafeDegree.lean:186
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.toffoliCount_ge_two_beta_sub_three (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
2 * CircuitObstructions.beta f - 3 ≤CircuitObstructions.toffoliCount c
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AffineOutput: 14 declarations

L094 restores_append
Source. CircuitObstructions/AffineOutput.lean:12
Block. 02 Axioms. propext

CircuitObstructions.restores_append {X W : Type} [DecidableEq W] (e : CircuitObstructions.Boundary X W)
(c d : CircuitObstructions.Circuit W) (f g : X →Bool) (hc : CircuitObstructions.Restores e c f)
(hd : CircuitObstructions.Restores e d g) : CircuitObstructions.Restores e (c ++ d) fun x => f x ^^ g x

L095 canonical_target_not
Source. CircuitObstructions/AffineOutput.lean:20
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_target_not (n a : Nat) (x : Fin n →Bool) (b : Bool) :
(CircuitObstructions.Gate.not (CircuitObstructions.canonicalBoundary n a).target).eval

((CircuitObstructions.canonicalBoundary n a).encode x b) =
(CircuitObstructions.canonicalBoundary n a).encode x (b ^^ true)

L096 canonical_input_to_target
Source. CircuitObstructions/AffineOutput.lean:34
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_input_to_target (n a : Nat) (i : Fin n) (x : Fin n →Bool) (b : Bool) :
(CircuitObstructions.inputToTarget n a i).eval ((CircuitObstructions.canonicalBoundary n a).encode x b) =
(CircuitObstructions.canonicalBoundary n a).encode x (b ^^ x i)

L097 affine_restored_exists
Source. CircuitObstructions/AffineOutput.lean:45
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.affine_restored_exists (n a : Nat) (g : CircuitObstructions.BFun n)
(hg : CircuitObstructions.DegreeLE 1 g) :∃
d,
CircuitObstructions.toffoliCount d = 0 ∧
CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) d g

L098 betaStar_exists
Source. CircuitObstructions/AffineOutput.lean:76
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_exists {n : Nat} (f : CircuitObstructions.BFun n) :∃
r, CircuitObstructions.AffineSafeDegreeLE f r ∧∀(k : Nat), CircuitObstructions.AffineSafeDegreeLE f k →r ≤k

L099 betaStar_spec
Source. CircuitObstructions/AffineOutput.lean:85
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_spec {n : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.AffineSafeDegreeLE f (CircuitObstructions.betaStar f)

L100 betaStar_le_of_bound
Source. CircuitObstructions/AffineOutput.lean:88
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_le_of_bound {n d : Nat} {f : CircuitObstructions.BFun n}
(h : CircuitObstructions.AffineSafeDegreeLE f d) : CircuitObstructions.betaStar f ≤d
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L101 betaStar_le_inputs
Source. CircuitObstructions/AffineOutput.lean:92
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_le_inputs {n : Nat} (f : CircuitObstructions.BFun n) : CircuitObstructions.betaStar f ≤n

L102 beta_le_betaStar
Source. CircuitObstructions/AffineOutput.lean:97
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_le_betaStar {n : Nat} (f : CircuitObstructions.BFun n) :
CircuitObstructions.beta f ≤CircuitObstructions.betaStar f

L103 betaStar_le_half_toffoliCount
Source. CircuitObstructions/AffineOutput.lean:101
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_le_half_toffoliCount (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
CircuitObstructions.betaStar f ≤(CircuitObstructions.toffoliCount c + 1) / 2 + 1

L104 betaStar_restoration_bound
Source. CircuitObstructions/AffineOutput.lean:112
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_restoration_bound (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
2 * CircuitObstructions.betaStar f ≤CircuitObstructions.toffoliCount c + 3

L105 toffoliCount_ge_two_betaStar_sub_three
Source. CircuitObstructions/AffineOutput.lean:119
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.toffoliCount_ge_two_betaStar_sub_three (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
2 * CircuitObstructions.betaStar f - 3 ≤CircuitObstructions.toffoliCount c

L106 canonical_restored_output_degree
Source. CircuitObstructions/AffineOutput.lean:126
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.canonical_restored_output_degree (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
CircuitObstructions.DegreeLE (CircuitObstructions.toffoliCount c + 1) f

L107 restored_degree_and_cover_bound
Source. CircuitObstructions/AffineOutput.lean:140
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.restored_degree_and_cover_bound (n a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire n a)) (f : CircuitObstructions.BFun n)
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary n a) c f) :
CircuitObstructions.DegreeLE (CircuitObstructions.toffoliCount c + 1) f ∧
2 * CircuitObstructions.betaStar f ≤CircuitObstructions.toffoliCount c + 3
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DegreeChecks: 8 declarations

L108 squareParity_add
Source. CircuitObstructions/DegreeChecks.lean:17
Block. 02 Axioms. propext

CircuitObstructions.squareParity_add (f g : CircuitObstructions.BFun 2) :
(CircuitObstructions.squareParity fun x => f x ^^ g x) =
(CircuitObstructions.squareParity f ^^ CircuitObstructions.squareParity g)

L109 affine_squareParity_zero
Source. CircuitObstructions/DegreeChecks.lean:22
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.affine_squareParity_zero (f : CircuitObstructions.BFun 2) (h : CircuitObstructions.DegreeLE 1 f) :
CircuitObstructions.squareParity f = false

L110 andTwo_degree_two
Source. CircuitObstructions/DegreeChecks.lean:39
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.andTwo_degree_two : CircuitObstructions.DegreeLE 2 CircuitObstructions.andTwo

L111 andTwo_not_affine
Source. CircuitObstructions/DegreeChecks.lean:43
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.andTwo_not_affine : ¬CircuitObstructions.DegreeLE 1 CircuitObstructions.andTwo

L112 andTwo_no_degree_one_safe_cover
Source. CircuitObstructions/DegreeChecks.lean:49
Block. 02 Axioms. propext, Quot.sound

CircuitObstructions.andTwo_no_degree_one_safe_cover :
¬CircuitObstructions.CompleteSafeDegreeLE CircuitObstructions.andTwo 1

L113 beta_andTwo
Source. CircuitObstructions/DegreeChecks.lean:64
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.beta_andTwo : CircuitObstructions.beta CircuitObstructions.andTwo = 2

L114 betaStar_andTwo
Source. CircuitObstructions/DegreeChecks.lean:72
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.betaStar_andTwo : CircuitObstructions.betaStar CircuitObstructions.andTwo = 2

L115 restored_andTwo_needs_toffoli
Source. CircuitObstructions/DegreeChecks.lean:78
Block. 02 Axioms. propext, Classical.choice, Quot.sound

CircuitObstructions.restored_andTwo_needs_toffoli (a : Nat)
(c : CircuitObstructions.Circuit (CircuitObstructions.CanonicalWire 2 a))
(hR : CircuitObstructions.Restores (CircuitObstructions.canonicalBoundary 2 a) c CircuitObstructions.andTwo) :
1 ≤CircuitObstructions.toffoliCount c
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APPE N D IX E

Claim coverage and theorem index
The source register has eight maintained claim groups. This reference expands the maintained ar-
guments into individually numbered statements and adds the later register-product invariant. Prose
statement counts and formal lemma counts have different meanings. The Lean guide lists all 115 for-
mal declarations; the original theorem companion and its historical theorem map remain preserved.

E.1 Coverage of the maintained register

ID Maintained subject Results in this reference Source location
C01 Exact cut-comparison cover Theorem 14.1 Foundations F2
C02 Complete-cover bound and

dual certificates
Results 15.1–15.7 Theory §1; Founda-

tions F4
C03 Unbalanced-OR calibration Results 16.1–16.4 Theory §2
C04 Optimal small restored ora-

cles
Theorem 16.5 Theory §2

C05 Projection cost and safety Results 17.1–17.5 Theory §3
C06 Faithful flat gluing dimen-

sion
Theorem 18.1; Corollary 18.2 Theory §4

C07 Weighted witness finger-
print

Results 19.1–19.5 Theory §5

C08 Overlap obstruction Proposition 20.1; Counterexam-
ple 20.2

Theory §5

The foundational simulation and degree results, Theorem 13.1 and Lemma 13.2, support the ac-
tive claims. The conditional status of Proposition 19.5 is unchanged from C07. Counterexamples are
deliberately indexed as counterexamples, rather than presented as successful universal compression
theorems.

E.2 Dependency structure
The main proof dependencies are:

restored oracle convention =⇒ cut comparison,
cut comparison+ degree per multiplication =⇒ complete-cover lower bound,

safe ideal+ finite linear duality =⇒ evaluation-span certificates,
monotone ideal+ affine input/output changes =⇒ calibration formulas,
affine restriction+ quadratic polar rank =⇒ projection-cost lower bound,

orthogonal idempotents =⇒ gluing dimension,
Boolean coefficient identity+ root bound =⇒ conditional fingerprint test.

The gluing-dimension theorem and fingerprint construction are separate from the circuit-cut theorem.
No proof step identifies algebra dimension with unrestricted circuit size.
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E.3 Complete numbered-result index

No. Result Scope Page
13.1 Classical/restored simulation comparison Base 220
13.2 Degree per multiplication Base 220
13.3 Register-product degree invariant Base / for-

mal
221

14.1 Cut-comparison identity and complete coverage C01 222
15.1 Basic size bounds C02 223
15.2 Affine input invariance C02 224
15.3 Affine-optimized complete-cover bound C02 224
15.4 Dual certificate for failure of safe detection C02 225
15.5 Finite support of a dual witness C02 225
15.6 Safe monomial ideal for a monotone function C02 225
15.7 Exact monomial oracle cost C02 226
16.1 Raw calibration parameters C03 227
16.2 Affine optimization of the one-packet parameter C03 227
16.3 Affine optimization of complete coverage C03 228
16.4 Restored cost interval for the calibration family C03 228
16.5 Exact small restored-oracle calibration C04 229
17.1 Affine subspace after multiplication restrictions C05 230
17.2 Exact cost of a nondegenerate paired quadratic C05 230
17.3 Exact nonlinear cost of the whole function C05 231
17.4 Exact cost of the extracted grade C05 231
17.5 Projection does not preserve safe support C05 231
18.1 Dimension of a faithful multiplicative summary C06 233
18.2 Scalar unital summaries are evaluations C06 233
19.1 Exact witness fingerprint C07 235
19.2 Top coefficient as a Boolean-cube sum C07 235
19.3 Weighted top-coefficient identity C07 235
19.4 Finite-field root bound C07 236
19.5 Conditional randomized satisfiability test C07 236
20.1 Disjoint-variable factorization C08 237
20.2 Shared-variable multiplication fails C08 237

E.4 Baseline domains reproduced by the full run
The exactmathematical outputs belowwere comparedwith the preserved baseline. The historical run-
ner also reproduced its seven scientific output records. These finite ranges remain part of the evidence
even where a universal written theorem accompanies them.

Evidence area Executed domain in the baseline Limit of the evidence
Small functions All 276 functions on one, two, or

three inputs; 4,240 scalar input/tar-
get cases; 2,344 cuts

Exact constructions plus proved
lower bounds, not exhaustive
circuit search

Four-input profiles All 65,536 truth tables; all 168 mono-
tone functions

Independent evaluation-span
method checks only the de-
clared 765 cases

Unbalanced-OR family Designated truth tables through
nine inputs; all affine masks through
eight

No exhaustive ninth-input
affine-mask claim
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Evidence area Executed domain in the baseline Limit of the evidence
Projection coefficients 693,965 pair coefficients and nine ex-

act rank cases, through 1,022 inputs
Full truth tables only atm =
2, 3, 4

Projection oracle checks 65,808 logical-input/target cases
across the two constructed oracle
families in the stated small domains

Large entries use symbolic for-
mulas, exact rank, and construc-
tion counts

Weighted fingerprints 1,052,736 verifier/field-point evalua-
tions

Enumerated verifiers have at
most three witness bits

Independent coefficient
extraction

20,544 cases All field points form ≤ 2; re-
stricted coordinate grid atm = 3

Disjoint product rule 4,096 exact controls Does not extend the rule to
shared variables

Scalar algebra maps 66,048 linear maps over the three
specified witness/field domains

Controls the scalar special case;
general dimension theorem has
a written proof

The field used in the fingerprint checker is

GF(16) = F2[t]/(t
4 + t+ 1).

All mathematical arithmetic in these tests is Boolean, exact integer, or finite-field arithmetic. Runtime
is not presented as a complexity benchmark. Equality of checksums certifiesmatching bytes, not math-
ematical truth.

E.5 Excluded inferences
The following boundaries are retained from the release’s failure register. They are part of the closed
scope, not a promise to finish every exploratory route.

Semantic elimination curvature. Exact existential eliminations commute. A nonzero semantic com-
mutator cannot be asserted for those exact operators.

Expanded-state counting. Exponentially many residuals or obstruction descriptions can arise from
a small circuit. The number of expanded objects is not their shared construction cost.

Small-case equality. Agreement of affine-optimized one-packet and complete-cover degrees
through four inputs does not extend to all sizes. Chapter 16 gives an exact separating family.

Free homogeneous extraction. A projected grade may have greater nonlinear cost than the whole
and can fail to remain safe. Chapter 17 keeps the input length and total affine cost explicit.

Unrestricted gluing. The exponential dimension theorem applies to a fixed faithful linear multi-
plicative map. It does not exclude succinct, nonlinear, or context-dependent algorithms.

Context-free trace multiplication. The disjoint-variable product rule fails at shared witness vari-
ables. A short expression containing an extraction operator is not an efficient implementation of that
extraction.
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Verification and proof boundaries
The arithmetic bridge and restored-circuit model have executable Lean companions. Their coverage is
explicit: the arithmetic package formalizes the fixed twelve-dimensional realization, while the circuit
package formalizes legal reversible gates, cut coverage, the degree invariant with sharing, and the
numerical complete-cover bound.

Component Formal scope Current replay

Arithmetic bridge 96 named theorems in five
modules

PASS: fresh build, axiom inspec-
tion, five kernel replays.

Circuit obstructions 115 indexed theorems in
eight modules

PASS: fresh build, axiom inspec-
tion, eight kernel replays, eight re-
jected controls.

A compiler pass checks elaboration of the source. Axiom inspection records its logical dependen-
cies. Kernel replay rechecks the emitted declarations with Lean’s kernel. Rejected controls test that
the checking procedure detects specified invalid conclusions. These operations do not formalize the
remaining prose merely because it appears in the same volume.

The general-modulus arithmetic theory, symmetry simulation theorems, catalytic gate theory, and
the remaining circuit claims retain their stated written or finite computational evidence. The open
research programs remain listed in their own chapters and appendices. This volume does not assert
unrestricted quantum advantage, a general circuit lower bound, or complete Lean coverage of all its
results.

The symmetry treatment also supplies an adaptive discarded-state certificate. Its written proof
bounds the error by the sum of discarded norms on the computed trajectory. That result does not
itself prove that the required packets or norm calculations remain polynomial in size.
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Ambient realization

A representation or implementation in a larger permittedmodel, with its maps and costs specified.
Arithmetic selector

A diagonal choice of Fourier modes, transported to a signal projector by a unitary basis change.
Complete safe cover

A family of detectors supported on the positive inputs and detecting every positive input.
Gate set defect

The difference between minimum restricted and ambient implementation costs under a fixed gate
alphabet and resource convention.

Residual
The component not retained by a specified projection or coarse representation. Its recovery re-
quires additional data.

Restoration
The requirement that logical inputs and workspace return to their prescribed boundary values
after computation.

Term Meaning

Active packet A symmetry sector or representation component reached by the input
and gates.

Approximate packet A subspace or representation that is not exactly invariant but has
certified leakage.

Compressed packet A packet whose states are represented by a compact classical data
structure rather than explicit amplitudes.

Coherence block PαρPβ with possibly distinct left and right packet labels.
Equitable partition A graph partition whose cells have uniform neighbor counts, yielding an

invariant quotient subspace.
Global interference Dependence of the output on coherent phase relations among many

contributions or packets.
Invariant packet A subspace mapped into itself by every gate in the declared circuit

decomposition.
Leakage Amplitude or probability transferred outside a proposed active

representation.
Multiplicity space Repeated-copy factor accompanying an irreducible representation in a

group decomposition.
Orbit state Normalized uniform superposition over one group orbit of basis states

or graph vertices.
Packet transfer graph Directed graph recording nonzero blocks PαGPβ .
Symmetry collapse Exact or controlled replacement of a quantum evolution by a polynomial

classical representation using symmetry or related compression.
Uniform circuit family Circuits generated from the input by a deterministic polynomial-time

procedure.
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Source lineage
The four primary literature entries are provided in the accompanying reference fragment. Ramanu-
jan’s work supplies the arithmetic lineage. Vaidyanathan’s papers establish the signal-processing set-
ting of Ramanujan spaces and filter banks. The internal Komorebi lineage is Stratified Universality for
Resolved Representations, v1.16.0, Proposition 21.11, printed page 189, with Boundary 21.12 on the dis-
tinction between character orders and coefficient-residue lanes.

The local authoritative source set for the finite example consists of Worked_Example.md, the original
reproducibility verifier, the earlier four-module checked source and proof-boundary document, and
the later five-module checked sourcewith its verification records. Their exact filenames, source hashes,
and evidence classification are listed in the release provenance and the Lean guide. The traditional
paper supplies self-contained mathematical proofs, while those companion records make the imple-
mentation and formal scope inspectable.
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