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About this edition

This essay considers how mathematical reasoning might change when a system can revise
the representations and operations available to it. It explains the conceptual architecture
of Komorebi. The individual papers, formal developments, and software packages re-
main the sources for their own technical claims.

This reading edition brings that account together with the current papers and compan-
ion studies. It revises the prose and presentation, makes the assumptions in the mathe-
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the reading editions and their supporting evidence.
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CHAPTER 1

Introduction

Mathematics developed within communities of human readers. Its notation reflects what
people can recognize and remember. Its proofs reflect what people find convincing and
explanatory. Its subjects also reflect the history of the communities that taught and de-
veloped them. Even when the objects were far beyond ordinary perception, their descrip-
tions had to pass between human minds.

Those choices have been extraordinarily productive. They should still be distinguished
from the mathematical truths expressed through them. A useful notation is a way of
reaching a result. It is not the only possible way to represent the objects involved.

Mathematics now has other readers. Proof assistants check formal derivations. Com-
puter algebra systems work with representations chosen for calculation. AI systems
can write programs, construct intermediate models, and search over executable objects.
These developments raise a question that extends beyond the speed of theorem proving.
What happens when a reasoner can help construct the mathematical language in which
it works?

Komorebi approaches that question through representation change and abstraction. It
asks how a mathematical object can be described, what a change of description preserves,
and which distinctions can be discarded for a specified purpose. It also asks how a useful
representation can become a reusable operation in later reasoning.

The practical cycle is straightforward to describe. Represent an object, choose an ab-
straction, transport the relevant structure, record any defect, refine what is missing, and
reconstruct what the task requires. If the same pattern recurs, ask whether it deserves a
mathematical name and a place in the system’s working language.

An essay can explain why that cycle is worth studying. Showing that it produces useful
mathematics requires more. The rest of this essay separates the elementary mathematical
constructions from the proposed research architecture and the evidence that would be
needed to judge it.



CHAPTER 2

Representation, abstraction, and
residuals

2.1 Changing a representation

A mathematical object may have several representations,

Rl(X)/ RQ(X)/ R3(X)/

A problem that is difficult in one description may be simple in another. Familiar mathe-
matical methods already depend on this fact. Coordinates, transforms, presentations, and
equivalences often succeed by exposing structure that was difficult to see in the original
description.

Suppose that the object X has representations R,(X). In addition to studying an object
within one representation, one can study maps

Taﬁ : Ra(X) — R‘g(X)

The map becomes part of the mathematical problem. We can ask which invariants
survive, which operators commute with it, what information it loses, and whether the
original description can be recovered. We can also ask how two such changes compose.

For a machine reasoner, choosing a representation could therefore be part of a formal
search. The system would need to compare descriptions and their costs, rather than accept
the initial formalization as a fixed starting point.

2.2 Abstraction as controlled identification

Changing a representation and discarding information are different operations. In the
simplest setting, an abstraction of a set or state space X is a surjection

a: X » A.

It identifies states according to the equivalence relation

X~y & ax)=ay).
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Unless a is invertible, some information is lost. Whether the loss is acceptable depends
on the questions the abstraction must answer.

Let

77:‘{][1'3X_>Yi}iel

be a family of tasks or observations. The abstraction is sufficient for this family if every
task factors through it. For each i, there must be a map f; such that

fi=fieoa
Here the kernel of a map means its equivalence relation of equal outputs. Write
Es=ker(a), Eg = ﬂ ker(f;).
i€l
Then
a is sufficient for ¥ <= E, C Es.

Every pair of states identified by a must already be indistinguishable to all the tasks
under consideration. This is a precise version of the instruction to keep the information
that matters.

2.3 The canonical task abstraction

The task family determines a quotient

Qr =X/Er, 47 :X > Qr.

This quotient answers every task in . If another abstraction a : X - A is sufficient,
there is a unique map h : A — Q¢ with

gF =hoa.
Thus Q« is the coarsest exact abstraction sufficient for the chosen questions. Its univer-
sal property concerns that task family. Changing the questions can change the quotient.
2.4 Which future operations are allowed?

Two states that look the same now may look different after an operation. An abstraction
designed only for the present observation can therefore discard a distinction that a later
calculation needs.
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Let a monoid M act on X through

p: M — End(X),

and let F : X — Y be an observation. The behavior map records every observation
reachable through the allowed action:

Bor: X — M, By, p(x)(m) = F(pux).

Its kernel is
x~prYy & F(pux)=F(pny) foreveryme M,
or, equivalently,

EpF = ﬂ ker(F © pp).

meM
The quotient Q pF=X /E p,F retains the distinctions that can become observable under
the permitted operations. What can safely be forgotten depends on both the observation
and the operation language.
Call an equivalence relation R on X M-stable if

xRy = pmxRpny foreverym € M.

The behavioral relation is the greatest M-stable equivalence relation contained in ker(F):

Epr =max{R : R C ker(F), R is an M-stable equivalence relation}.

This gives a specific abstraction problem. Discard as much state as possible while pre-
serving every distinction that could affect a future admissible observation. Different sub-
jects may supply different states, actions, and observations while sharing this form of
question.

2.5 Comparing abstractions

Abstractions can themselves be ordered. Given surjectionsa : X -» Aand  : X - B,
write @ < f when 8 = h o a for some map 1. Equivalently,

E, C Ep.

The finer abstraction preserves more distinctions. The coarser one identifies more states.
A joint abstraction is given by
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(@ ®B)(x) = (a(x),p(x)),  Eaep =EaNEp.

Its codomain is the image of the pair map, so it remains a surjective abstraction even
when that image is smaller than A X B.

An exact change of representation r : X — X’ preserves information. An abstraction
a : X » A determines which distinctions remain visible. Keeping these roles separate
makes the resulting calculus easier to interpret.

For amap r : X — Y, equivalence relations have an inverse image r*. Their pushfor-
ward 7, is the equivalence relation generated by the direct image, rather than the direct
image alone. With these conventions,

nRCS & RCTr'S, 7o 477,

For an exact representation equivalence, these operations give inverse isomorphisms
of the corresponding abstraction spaces. In this sense, the abstraction calculus does not
depend on a particular choice of coordinates.

2.6 Measuring a failed transport

An attempted transport may fail to preserve an operator. In a linear setting, the failure
can be measured directly. Let X and Y be vector spaces over the same field, let Tx and Ty
be linear endomorphisms, and let f : X — Y be linear. Define

or(f) =Ty f - fTx.

The residual vanishes exactly when f intertwines the two operators. For composable

linear maps X i) Y LR Z, it satisfies

Ir(gf) =ar()f +gar(f).

The linear hypotheses matter. They make subtraction and the distributive rules for
composition available. The same identity also makes sense in a suitable additive setting
with bilinear composition.

For a chain X f—1> X1 f—2> i> Xy, the residual expands as

I(fa-f1)= D fur - fer1 Or(fe) firr -+ fr.
k=1

The empty products at the ends of the chain are identity maps. This formula records
how a local defect contributes to the final one. It can help identify where exactness was
lost and which part of a construction needs repair.

5



2 Representation, abstraction, and residuals KOMOREBI P.

2.7 Refinement and the depth of a distinction

An insufficient abstraction can be refined. Suppose the allowed operations have a speci-
fied nonnegative integer depth (). Define

E, = ﬂ ker(F o py).

{(m)<n

As the horizon grows, more observations are available and the relations become finer:

Eo2E{2EyD---, Qoée— Q1 «— Qo ¢e—---.

This refinement also gives a way to measure distinguishability. Let 7(x, y) be the least
allowed operation depth at which an observation distinguishes x and y. Set t(x, y) = oo
when no allowed operation distinguishes them. Then

— 0/ T(x’ y) =
d(x,y) = {2_T<x,y), (x, y) < co.

This is a pseudoultrametric:

d(x,z) < max{d(x,y),d(y,z)}.

After quotienting by behavioral equivalence, it becomes an ultrametric. A small dis-
tance means that a distinction takes a deeper operation to reveal. The construction there-
fore gives a geometry to the observation horizon, as well as an order on abstractions.

2.8 Laws acting on abstractions

Once abstractions form a mathematical space, operations on that space can be studied in
their own right.

Here abstractions are identified through their kernel equivalence relations, or equiva-
lently up to isomorphism of their quotient targets. This convention gives a set of abstrac-
tions on the fixed set X.

An operation of arity n has the form

Az Abs(X)" —s Abs(X).

Refinement, coarsening, joint abstraction, and closure under an action are examples of
the kinds of operation one might study. This suggests several levels of description: objects,
representations of objects, abstractions, laws acting on abstractions, algebras of those laws,
and policies that select or construct them.
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A law intended to describe structure independent of coordinates should respect exact
changes of representation. Schematically, for r : X — X’, one asks for

rlAx(ay, ..., an) = Ax(reaq, ..., reay).

The equivalence here compares abstractions through their corresponding quotient data.
Such a condition helps separate a construction that depends on convenient coordinates
from a law that survives a change of description.

There is a related question between domains. Suppose a translation @ : C — D
induces a map @, on abstraction spaces. Given a law A¢, does a corresponding law Ap
satisfy

(D*AC = Az)q);n?

Transporting a law can provide a method for constructing a family of consequences. It
requires more than transporting one theorem, because the operation itself must remain
meaningful in the target setting.

Recurring procedures often become named mathematical objects. A calculation be-
comes an operator, a symmetry becomes a group action, or a decomposition becomes
a transform. A reasoning system might make that promotion explicit. When a sequence
of compatible operations ay, ..., aj recurs, its composite

Y =aqpo---oaq

may be worth keeping as a new primitive. Later searches can then use the composite
directly. The question is whether this change improves later reasoning enough to justify
its cost.



CHAPTER 3

Correspondence and the Langlands
test bed

3.1 Why correspondence matters

The Langlands program is a useful precedent for thinking about mathematical translation.
Arithmetic and automorphic objects can remain different while correspondences relate
selected aspects of their structure. The value of such a correspondence depends on the
compatibility data it preserves.

At a broad schematic level, one encounters global arithmetic data, local Galois or Weil
data, local automorphic data, and global automorphic data. Passing between them re-
quires careful control of Frobenius characteristic polynomials, inertia, monodromy, con-
ductors, local factors, determinants, epsilon data, and global compatibility. The relevant
correspondences belong to the classical theory. They are not new theorems supplied by
Komorebi.

This provides a concrete meaning for the kind of universality considered here. Several
domains might share methods for describing a correspondence, recording its hypothe-
ses, composing its maps, and locating failures of compatibility. They need not share one
normal form or become the same mathematical subject.

3.2 Papers X, XI, and XII

Komorebi Papers X, XI, and XII develop three connected parts of this arithmetic example:
residual seeds and transport, local packet geometry, and patching with Hecke data. Each
paper states which constructions it supplies and which arithmetic inputs it requires.

Paper X, Universal Residual Seeds, organizes deformation forests, transport categories,
and conditional system completion. Its finite arithmetic separator uses a supplied Frobe-
nius occurrence input. Its carrier construction closes supplied compatible data under a
selected finite constituent packet, with the required local comparison laws stated explic-
itly.

The conditional completion theorem has two separate outputs: a transported target
family and a recovered summand inside a supplied carrier. Identifying them requires a
further comparison. The actual source members, carrier, and arithmetic attachment data
remain inputs. This distinction matters whenever a formal transport construction is used
to discuss an arithmetic object. See 1.
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Paper XI, Tame and Wild Packet Geometry for Local Langlands, develops finite Frobenius
packets, tensor refinement, Gauss phases, finite Heisenberg groups, projective commu-
tator envelopes, and gluing on finite transport graphs. Its restricted arithmetic construc-
tions include odd and dyadic families under their stated classical inputs. The general
arithmetic realization problem remains Conjecture 66.

The open work is now more specific than a request for abstract local data. It includes
constructing the arithmetic candidate, establishing the full characterizing local-factor
identities for that same candidate, and supplying the required character and phase data
in the stronger cases. A conditional comparison of supplied candidates and a restricted
tame attachment are established at their own scopes. They do not supply the general
existence statement. See 2.

Paper XII, Patching Support and Hecke Packets, develops local quotient conditions, sup-
port and patching interfaces, compatible-system constructions, and conditional automor-
phic completion. Its finite and completed constructions organize how compatible data
can be assembled and how global points factor through the required local conditions.

An arithmetic application still supplies its deformation problem, applicable patching
package, full patched support, and a compatible Hecke point over the intended coefficient
tield. Classicality and the attached representation must concern the selected eigensystem.
Propagation compares already existing compatible families under common hypotheses.
It does not create missing companions, and it does not assume a solution of Paper XI's
general realization problem. See 3.

Together, the papers show how a common calculus can keep transport, arithmetic real-
ization, and global assembly distinct while expressing the conditions that connect them.
The usefulness of the interface depends on preserving those conditions through each step.

3.3 A possible machine-facing record

A local component might be recorded schematically as

Ly, = (sz WKUsz/ Pu, Ny, Froby, Py, 4y, €4, Ay, Certv)-

The tuple is an interface proposal. It records the local field, Weil data, inertia, represen-
tation, monodromy, Frobenius, local polynomial, conductor, epsilon information, com-
patibility defects, and certificates that need to agree. A global record would also need
compatible-family data, patching constraints, and the bridge that produces the intended
automorphic or Galois attachment.

Langlands seeks deep correspondences between particular arithmetic and automor-
phic worlds. Komorebi’s proposed role is to help express, compose, and inspect corre-
spondence structures. Whether it can help discover new ones is a further research ques-
tion. A common interface would be useful only if it preserves the distinctions on which
the underlying mathematics depends.



CHAPTER 4

Mathematical artifacts for machine
reasoning

4.1 What machine-native means here

I use machine-native mathematics for mathematical representations designed with machine
reasoning as a central constraint. The phrase concerns how objects and operations are
organized. Generating a proof with a machine, or writing a proof that a machine can
check, is not sufficient by itself.

A machine-facing representation may need explicit transformation contracts, typed in-
variants, verifiable certificates, residuals, abstraction operators, reconstruction maps, and
structural signatures that survive a change of coordinates. Human exposition can de-
scribe those objects without carrying all their operational detail in the same form.

There are already suggestive examples of systems constructing useful intermediate de-
scriptions. ARC Prize reported that GPT-6 Astra developed compact symbolic notes while
working on unfamiliar ARC-AGI-3 environments. These notes described objects, rules,
state, and plans. In a separate tool-enabled harness, the model also built game-specific
parsers, planners, search procedures, and software libraries. ARC Prize distinguished
those evaluation settings, which matters when interpreting the results. See 4.

OpenAl’s ARC-AGI-3 report concerns another part of this problem. Preserving reason-
ing between actions and replacing rolling truncation with compaction improved the re-
ported results for GPT-5.6 Sol while reducing output-token use. This supports a bounded
observation about that harness: retaining useful state can change the reasoning that re-
mains possible over a long interaction. It does not establish that the system created a new
mathematical calculus. See 5.

AlphaEvolve offers a different example. Google DeepMind describes a system that
searches over executable algorithmic candidates, evaluates them, and uses successful con-
structions in further searches across mathematics and computing. Executable objects be-
come material for an ongoing search, rather than only the final output of one. See 6.

These examples motivate the question in this essay. They are not implementations or
validations of Komorebi. The proposed next step is to describe representation construc-
tion as explicit mathematics and test whether doing so helps a reasoning system solve
problems it could not otherwise solve as effectively.

10
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4.2 More than one form of a result

A mathematical construction can be represented by a definition, a program, a proof object,
a test harness, and rules for further transformations. These forms have different responsi-
bilities. A test can check selected behavior. A proof object can certify a formal statement.
An implementation can instantiate the construction. Their agreement needs to be estab-
lished, rather than inferred from the fact that they share a name.

Execution can nevertheless be part of the mathematical artifact itself. An object with
a defined interface can be instantiated, transformed, and used by another program or
reasoner. A paper may explain that interface, while source files and formal objects specify
details that would be cumbersome to carry in prose.

A compiler’s intermediate representation provides a useful analogy. Several source
languages may translate into a common operational form, undergo transformations there,
and then be reconstructed in a target language. A mathematical intermediate representa-
tion would have to retain more than syntax. A schematic record might be

K=(X,R,F,L,a,I,A Ref, Rec).

Here X is the mathematical system, R its present representation, # the task family,
and £ the admissible transformation language. The remaining fields record an abstrac-
tion, preserved invariants, structural defects, refinement data, and reconstruction data. A
certified transformation between records would state what it preserves and what condi-
tions its output requires.

That proposal creates an engineering and mathematical obligation. The fields must
have precise types, the transformations must respect them, and the certificates must refer
to the same objects as the implementations. Naming the fields does not discharge those
obligations.

4.3 Understanding and reusable structure

A proof establishes a consequence under stated assumptions. An explanation often goes
further by showing why several consequences follow from one mechanism. Finding that
mechanism can reduce the amount of separate reasoning needed later.

A machine-facing calculus could make this form of compression explicit. It could
search for representations in which a collection of results becomes instances of one
abstraction or transport law. The result would be useful if the law can be applied again,
with its assumptions and costs understood.

This broadens the search problem. A conventional automated prover is often given
a formal language and asked to find a derivation. A system with representation search
would also choose descriptions, construct abstractions, compare translations, and decide
which auxiliary objects to introduce. A successful procedure might then be compiled into
a primitive available to later searches.

11
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The distinction is practical. A shorter proof in a fixed language and a better language
for a family of problems are different achievements. A useful evaluation should be able
to recognize either one and measure what it costs.

4.4 Human explanation and machine detail

Machine-native representations need not be inaccessible to people. A useful architecture
should support movement between human and machine descriptions. A machine may
benefit from an extensive record of types and dependencies. A human reader may need
a conceptual account that suppresses routine execution detail.

The reconstruction back to a human-facing account need not reproduce every internal
step in familiar notation. It should expose the mathematical objects, assumptions, invari-
ants, and consequences needed to understand what was established and how it relates to
existing work.

Formal certainty and intelligibility should therefore be treated separately. A derivation
accepted by a proof assistant may be difficult to explain. A persuasive argument may omit
details needed by a formal checker. Neither difficulty is resolved by calling one format
authoritative for every purpose.

Provenance adds another responsibility. A proof certificate answers a question about
validity within a formal system. A provenance record explains where the certified object
came from, which sources it used, and what transformations were applied. A record may
need to retain discarded information, unresolved defects, and assumptions that remain
external to the certificate.

4.5 The corpus as a research object

A research project can organize these materials as a structured corpus. Formal defi-
nitions, theorem statements, proof objects, implementations, computational witnesses,
tests, counterexamples, dependency graphs, and representation maps can be related
explicitly.

Different readers could then request different views. A person might follow the con-
ceptual argument. A proof assistant might read the dependency graph. A computational
agent might use an executable construction. Another reasoning system might request its
abstraction and transport interfaces.

Calling these views part of one corpus does not make them agree automatically. Their
correspondence is an obligation of the project. If that obligation is met, the paper can
become one carefully prepared view of a larger mathematical object.

12
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4.6 Related developments in the collection

Several companion studies give these questions a more concrete form. Machine-Native
Reasoning studies evidence, correction, and the memory needed to retain distinctions that
later evidence can reveal. Its reviewed core includes an exact fixed-width memory bound
for correction under partition evidence. This connects the choice of an abstraction to what
a reasoner must remember, rather than only to the size of its present description. See 7.

Proof Path Theory studies discovery fields, certificates, compression, and mathematical
memory. Its finite trace checker requires both valid derivation steps and a final satura-
tion check to certify the least seeded closure. A typed exchange format lets a proposed
certificate be checked against a separately supplied problem. The proved Lean checker
and codecs have a defined boundary, while the Python implementation and text interface
retain their own testing obligations. See 8.

Realization Boundaries asks what observations fail to determine. It gives families with
the same unmarked finite-quotient data and profinite completion but different isomor-
phism types and computable presentation requirements. A common observation system
can therefore leave important realization information unresolved. This is a concrete rea-
son to record what a representation forgets. See 9.

Stratified Relational Workspace Theory extends the question to people, models, artifacts,
and computational processes that each hold only part of a shared structure. It studies per-
sistent invariants under transfer, joint reconstruction, and tests of whether the relevant
capacity belongs to their interaction. The proposed empirical certification still requires
review and testing. These studies connect representation change to memory, proof ex-
change, reconstruction limits, and collaboration. See 10.

13



CHAPTER 5

Learning, language growth, and
self-improvement

5.1 Keeping what a reasoning episode discovers

SupposeI1; is a policy for choosing representations and abstractions. A reasoning episode
produces evidence Dy, after which the policy may change:

ITi41 = U(ITy, Dy).

If the episode discovers and certifies a law Ay, the law library may also grow:

Ziv1 = CU(Z U {AD).

The closure operation must be specified by the system. The intended process is to solve
a problem, identify reusable structure in the solution, certify it, and make it available to
future reasoning. Whether the new material helps depends on how it is represented and
searched.

5.2 A state description for recursive improvement

Recursive improvement need not mean a system changing its neural weights. It can also
occur in the mathematical machinery that the system uses to produce later improvements.

Write a reasoning state as

6t = (Lt/ 7?/ D%/ Htl (Vt)'

The fields are the operative language, the certified theorem and construction library,
the library of representation and abstraction laws, the strategy policy, and the verifier or
certificate discipline. On problem data P;, a reasoning episode produces a trace

Dt = SO]VG(St,Pt).

A modification generator proposes

ut = G(S¢, Dy).

14
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The proposal might add a theorem, introduce an abstraction law, turn a recurring pro-
cedure into a primitive, or change the policy that proposes future modifications. If it
meets the current certification obligations,

q/t([-lt) = 1/

the state can be updated by

St = U(Sy, u).

There are at least three distinct kinds of change to keep apart. Knowledge accumu-
lation enlarges 7; while leaving the language and improvement policy essentially fixed.
Calculus growth enlarges the reusable language or law library. Recursive improvement
changes machinery that participates in producing later improvements, such as I'l; or the
law-generating part of G.

Schematically, these changes can be written as

7; g 7;+1/

Ly S L1 or £ C L,

and

(ITt, Gt) — (i1, Giy1)-

Adding a theorem alone is knowledge accumulation. A primitive that changes how
later searches are carried out can be part of a recursive mechanism. A policy that improves
the process of finding such primitives is a stronger case. Those distinctions need to be tied
to an observable gain, rather than inferred from a change in notation.

5.3 Capability under finite resources

Fix a problem distribution P, a resource budget B, and a scoring rule s(p, a). Let Lz(S) be
the strategies expressible by state © within that budget. A bounded capability functional
is

Co(S;P)=Ep-p | sup s(p,o(p))

UEZB(S)

The expression requires an agreed cost model, a defined convention for the feasible
strategy set, and a score for which the supremum and expectation are meaningful. The
scoring rule is external to the system’s own account of its progress.

15
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Relative to these choices, an update gives a certified capability improvement if it pre-
serves its verification obligations and satisfies

Cp(St41;P) > Cp(S4; P).

It is recursive in the sense used here if the modification was generated using the earlier
state and changes a component involved in generating later modifications.

There is a simple monotonicity observation. Suppose a conservative extension pre-
serves every previously feasible strategy at the same or lower cost, so that

Lp(St) € Lp(Shy1).

If the external scoring rule is unchanged and the quantities are defined, then

Cp(St41;P) = Cp(S4; P).

This follows from taking the supremum over a larger feasible set for each problem and
then the expectation. It does not guarantee a strict improvement. It also does not guar-
antee that a particular implemented search policy will find the best available strategy. A
system can acquire more expressive resources and still use them poorly.

5.4 The productivity of improvement

A stronger question concerns how efficiently a system discovers useful updates. One pos-
sible definition is

(C(U(S, w); P) - Cp(S;P)),

I'p(S)=E
5(S) Costimp (1)

’ (x)+ = max(x,0).

Here the expectation is over proposals made by the current improvement policy. Im-
provement cost must be positive on those proposals, and the expectation must be defined.
Both the proposal distribution and the cost model are part of the specification.

On this definition, recursive acceleration would require

I'p(St41) > Ta(S).

The abstraction calculus does not imply that inequality. An improvement process can
plateau, cycle, regress, or find changes whose costs outweigh their value. The expression
identifies a claim to test.

A relative stopping condition can also be stated. Fix a generator G, verifier V, distribu-
tion P, and budget B. A state &" is stable for that improvement mechanism if

16
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Au e G(S) suchthat V(u) =1
and Cp(U(S", u); P) > Cp(S"; P).

This says that the specified mechanism has no available certified update with a strict
capability gain. It does not say that no better reasoning system exists.

Komorebi proposes a possible route through this loop. A trace can reveal a recurring
representation change or abstraction pattern. A certified law extracted from that pattern
can enlarge the law library, change the search policy, and alter how the next problem is
approached:

St — Dy — A — L — Tl — Gy

The empirical burden is to make this loop productive over repeated problems. Writing
its steps symbolically is a specification, not evidence that a system can perform them with
a measurable gain.

5.5 Stable abstractions and useful forgetting

A small abstraction can be brittle. A slight change in the task or permitted operations may
force a system to recover distinctions it has discarded. The coarsest exact quotient for to-
day’s question may therefore be a poor working representation for tomorrow’s questions.

If the task family changes from ¥ to ¥, its canonical quotient can change from Q¢ to
Qg . It is natural to ask how large that change is in an agreed comparison structure. An
abstraction condition number might be sought in the schematic form

change in the selected abstraction

Kabs ~ : v p .
change in task or operator specification

This is a research proposal. Distances or other comparison measures on the numerator
and denominator would have to be defined before it became a numerical quantity. The
underlying design question is clear: how much extra structure is worth retaining to make
an abstraction useful across nearby tasks?

A growing law library raises a complementary problem. A primitive can become re-
dundant, dominated by another procedure, or too costly to keep in active search. A useful
system may need to promote, reuse, measure, compress, and sometimes forget its primi-
tives. Growth in the number of available names is not by itself a measure of progress.

5.6 The cost of finding a representation

Let C(P | R) denote the resources needed to solve a problem P in representation R. The
right representation can reduce this cost considerably. Finding and maintaining it still
cost something.

17
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A possible objective is

C*(P) = 1%f [Cdiscover(R) + C(P | R) + Acmaintain(R)] 7 A > 0.

The weight and all three cost terms must be specified for a concrete use. The formula
expresses a practical point: a useful change of coordinates can move part of the work
into representation discovery. An evaluation that starts after the formalization has been
supplied may miss that work.

Human and machine criteria of elegance may overlap without coinciding. A person
may value a short visual argument. A reasoning system may benefit from a description
that lowers branching, certificate size, transport cost, or the cost of future reuse. A rep-
resentation that looks cumbersome to a human could still reveal an economical algebra
of transformations. Its value should be judged through those properties and through the
explanations that can be reconstructed from it.

5.7 Observation, intervention, and decisions

Predicting observations, choosing interventions, and selecting decisions are different
tasks. A representation sufficient for one need not be sufficient for another.

If admissible operations include interventions a € A, one can ask that

F(pm,ax) = F(Pm,ay)

hold for every permitted operation and intervention. The resulting equivalence de-
pends on that enlarged family of questions.

For a specified decision problem, let 7* : X — A be a chosen optimal decision rule.
An abstraction a : X — Q is sufficient for that rule when

*

T =Ttow

for some 7t. One can separately ask for value sufficiency,

Vi(x) = V(a(x)).

These are separate factorization requirements. They do not form an unconditional hi-
erarchy. A chain of increasingly demanding sufficiency conditions can be obtained only
after the task families and action languages are specified with the required inclusions. In
particular, value sufficiency should not be called stronger than decision sufficiency with-
out further assumptions.

The distinction matters for mathematical agents. Choosing a lemma, changing a repre-
sentation, or introducing an auxiliary object changes the state of a reasoning problem. A
useful state abstraction must preserve what those choices need, rather than only compress
the symbols currently on the page.
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CHAPTER 6

What would count as progress?

6.1 A calculus that produces something new

Komorebi does not need every mathematical subject to share a privileged representation.
Its proposed common ground is a collection of laws concerning what can be preserved,
discarded, transported, recovered, or reorganized between descriptions. Whether those
laws are useful is a mathematical question.

Rewriting existing work in a common notation is a weak test. A sufficiently expressive
language can redescribe many things without revealing anything useful about them. A
more demanding test starts with two domains represented as K(A) and K(B). Suppose a
structural law is found in K(A). Can it be transported to K(B) and yield a theorem, algo-
rithm, representation, or computational advantage that was not put into the translation
by construction?

That is the kind of result that would give a common calculus substance. It would show
that the interface carries information useful beyond the example that motivated it.

6.2 Five properties to look for

A machine-checkable proof, a computer algebra expression, a numerical program, and
generated mathematical prose each show a different use of a machine. None alone demon-
strates that the representational architecture has changed in the sense proposed here.

I would look for at least five properties in a machine-native calculus:

1. Explicit operations. Decomposition, transport, abstraction, refinement, and recon-
struction have defined mathematical types and contracts.

2. Structural certification. A transformation records its domain, preserved invariants,
discarded distinctions, residuals, and reconstruction conditions.

3. Productive transport. A structural law moves between representations and produces
consequences that were not built into the translation.

4. Composition. Operations combine into larger procedures while retaining their cor-
rectness obligations and provenance.

5. Language growth. Useful recurring constructions can become primitives available to
later reasoning.

The fifth property should not weaken the first four. A system that can enlarge its lan-
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guage also needs a reliable way to check what the additions mean and when they may be
used.

6.3 A controlled empirical comparison

Let M be a reasoning system with a fixed representation language L, and let Mg be an
otherwise comparable system equipped with a calculus that can construct new interme-
diate representations and abstractions. Give both systems previously unseen problems
from several domains under matched resource budgets.

Final accuracy is one outcome, but it is not the whole comparison. Record proof success,
computational cost, search depth, transfer to other domains, reuse of earlier discoveries,
and the cost of constructing and checking new primitives. Measure later performance on
held-out problems, so that reuse is distinguished from fitting the problems that produced
the primitive.

If Mk discovers a certified law and incorporates it into its operative library, an improve-
ment on later problems could support the claim that changing the language helped. Ap-
propriate controls would still be needed to separate the contribution of the law from extra
computation, a stronger search policy, or access to information the fixed-language system
did not receive.

There is a corresponding failure condition. If the system does not accumulate useful
abstractions, or if they do not improve later reasoning relative to the matched comparison,
the strongest interpretation proposed in this essay has not been demonstrated. A larger
corpus or a more elaborate vocabulary would not repair that absence of evidence.

6.4 A first completion criterion

A broad research program needs a point at which its central claim can be judged. For
the version of Komorebi described here, a reasonable first criterion would require the
following pieces to work together:

1. A formally verified core for task-relative abstraction, canonical quotients, refinement,
and action-relative behavioral equivalence.

2. A verified bridge from quotient abstractions to the project’s projector and residual
machinery.

3. Several mathematically independent realizations of the same abstraction theorem.

4. A nontrivial transport of a law between domains that produces a result not inserted
into the translation.

5. A machine-readable intermediate representation for the relevant objects, invariants,
residuals, reconstruction maps, and provenance.

6. A representation-search system that uses that intermediate representation on previ-
ously unseen problems.
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7. A controlled comparison in which adaptive language growth improves on an other-
wise comparable fixed-language system under matched resources.

8. A self-generated primitive that is formally certified, admitted to the operative lan-
guage, and reused successfully in later held-out reasoning.

Together these would describe an implemented research object with a tested contri-
bution. Until then, the broader proposal remains a research program. The individual
mathematical results and software artifacts should continue to be assessed at their own
recorded scopes.

6.5 Questions for the next stage

Several questions concern the calculus itself. Which abstraction laws survive an exact
change of representation? Which residuals have useful composition laws? What geome-
tries arise on abstraction spaces? When can a law be transported between domains with-
out losing the hypotheses that give it meaning?

Other questions concern a working reasoner. Can it discover useful primitives, and
how should it decide which ones to retain? How stable are its abstractions when tasks
drift? How can exact and approximate abstraction coexist? Can the system inspect and
improve some of its own abstraction procedures while keeping their formal levels and
certification obligations clear?

The cost of changing a language belongs in those questions. A representation that sim-
plifies one calculation may be too expensive to discover or maintain. A successful calculus
would need to explain when that trade is worthwhile and when familiar mathematics al-
ready provides the better description.

6.6 Closing

A person may need an explanation, a proof assistant a formal derivation, and a compu-
tational agent an executable construction. Relating these forms is already part of mathe-
matical practice.

A machine reasoner may also help choose the representations, distinctions, and prim-
itive operations used in later reasoning. Some useful descriptions may be unfamiliar to
people. Their value would have to be shown through invariants, composition laws, con-
sequences, and recoverable connections to existing work.

The question is how a reasoner can help construct a useful mathematical language
while remaining answerable for what it preserves or loses. Komorebi studies this through
distinguishability under transformation: which differences matter, which can be forgot-
ten, and which appear after an operation or a change of description.

That is a concrete direction for research. Its value will depend on the mathematics and
the working systems it produces.
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